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ABSTRACT 


The paper compares different definitions of the be- 
haviour of a distribution at infinity with the S-asymptotic 
by some examples and propositions. 


INTRODUCTION 


In the last thirty years,many definitions of the 
asymptotic behaviour of distributions have been presented. We 
can divide them into two sets. To the first one belong those 
definitions which directly use the classical definition of the 
asymptotic behaviour of a numerical function. All of them are 
given only in the one dimensional case. The second set conta- 
ins definitions which correspond to the distribution a class of 
distributions depending on some parameters. 

Representatives of the first set are definitions gi- 
ven by M.J. Lighthill [5] and by J. Lavoine and О.Р. Misra [4]. 
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Definition 1, (Lighthill^s definition). Distribution 
T behaves as the numertcal function f(x) at a point xo if and 
only tf T is equal to a numerical function F in an open neigh- 
bourhood of xo and F(x) = f(x), x + Xo. 

The definition used by J. Lavoine and О.Р. Misra hag 
been improved by other mathematicians. We shall cite the last 
we know [8]. 

Definition 2, (A. ТаКаё! “$ definition). The distribu- 
tion T ts equivalent at infinity with a regularly varying func- 
tion p(x) = xPL(x), p + -n, n € М, tf there exist n € No, n+p>0, 
а > 1 and a continuous function F on К such that T = D" F(x) 


РУП (Хх), x э œ, We write then 


on (а,ә) and F(x) ~ С x 
Е Pon 

Т^ p(x), x + ®. 
L(x) is a slowly varying function, and the constant 


рп 


{ (та) Бос (рїп n EN 
1 o ih S 50% 


Representatives of the second set are: the quasiasymp- 
totic and S-asymptotic. 

The most general definition of the auasiasymptotic is 
given in book [9]. Before we give this definition, we have to 
introduce some notations. 

Let Г be a closed, convex, acute and bodied cone in 
R”; | 

(U., k € I) be a set of linear applications defined 
in R" such that UI = Г, k € I and det U > 0, k €I; 

p(k) be a positive function, k € 168 

I be a subset of К having œ as a limit point. 

Definition 3. (Quaslasymptotic). Suppose that T € $^ 

„with tts support in T. T has the quastasymptotte їп T related 
to the set (Uy, k € I} qnd the function p(k) if in (S^) 


1 


m USD) СЕ). Козел кет. 
p(k) k g = 
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In our examples we shall use only the one-dimensio- 
nal case with Г = [0,«), 


Definition 4. (S-asymptotic). A distribution T € (D^) 
has the S-asymptotic in сопе T, related to some c(h) > O mee 
€ T,and with the limit U € (D^) if there exists 


Lim S Тесто ес) > = Зо > ОО ӨШИ 
he? [В+ 


Then we write T(t*h) 9 c(h)U(Ct), h € T, [7]. 


1,  S-ASYMPTOTIC OF A REGULAR DISTRIBUTION AND 
ASYMPTOTIC BEHAVIOUR OF FUNCTIONS AT INFINITY 


According to Lighthill^s definition, we have cited, 
of the behaviour of a distribution at infinity and bearing in 
mind the local property of the S-asymptotic [7], it is enough 
to compare the S-asymptotic and asymptotic of numerical functi- 
ons and we have at the same time a comparison of the S -asymp - 
totic and Lighthill/s definition of the behaviour of a distri- 
bution at infinity. 

The following example (see [1], p. 45) points out that 
a continuous function can have the S-asymptotic as a distributi- 


on without having the asymptotic: Let 


= 

T(t) = f gGOdx, g € 11(-,°) П C(-9,9), a > 0. 

a 
Then 
т(т+в) 2 1+ f gGOdx, B € R,- 
Gi © 

By Theorem 1 с) [7] T (4+8) 5 1*(] g(x)dx)^,B € R,. Hence 
g(t*8) 21.0, B € R,. a 


But g must not have the asymptotic behaviour when t+» „ This 
example shows that every function from 11 П C has an S-asymp- 
totic zero, when В + e or В + -e, related to c(h) = 1. 
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Е 
Let, now, h(t) = ei f gGOdx, where g(x) has the sa- 
a 


me properties as in the preliminary case. It is easy to see 
that 
h(t+6) = aoa f g(x)dx, BER, 
а 
ВЕСЕ) = nCt) + et g(t) has the S-asymptotic related to еб в є 


H 
€ R,, just et f g(x)dx. But h^(t) must not have an asymptotic 


а 
related to еї because of g(t). All derivatives n 


same S-asymptotic as h(t), related to еб. 


(t) have the 


The following example shows that a function can have 
the usual asymptotic behaviour without having an S-asymptotic 
with the limit U different from zero. This example will be the 
function: exp(x?). Suppose that the regular distribution defined 
by the function exp(x?) has the S-asymptotic relative to c(h)»0, 
he R, with a limit U different from zero. By Proposition 4 [7], 


U has the form U(t) = С exp(at). Then for every Фф €(D), and con- 
sequently for Ф > 0 we have 


1 
Lim —— Sexp[(x+h+ho)2] ф(х)ах = еЗћ° < се@Х px) >. 
h+% c(h) 


Therefore 
eano < U,0 > = 


1 
= exp(ho)Lim — fe (X*h2* ,2ho (x+h) 


Ф(х)ах 
hee c(h) 


> exp(ho) < О, Ф >, for every ho > 0. 


But this is not correct. 


It is easy to show that for some classes of numeri- 


cal functions from the asymptotic behaviour at infinity there 


follows the S-asymptotic. The next proposition is such a one. 


Proposition 1. Let T be a convex сопе and 9 = R” 
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an open set with the property: for every г > 0 there exists 
а В, such that B(h,r) © 2, h ET, lnl > В, 

Suppose that the function G is local integrable 
over 2 and has the following properttes: 

a) The distribution Go is equal on Я to the dis- 
tribution Gg defined by the function G. 

b) There exist number M, and a Local integrable 
funetton V such that 


|G(xth)/e(h)| < Mo, x € В(0,р), xth c f; 


Lim G(xth)/c(h) = V(x), x € В(0,р). 
ne? „ИВ 


Then Go(xth) È c(h)V(x), h € Г. 


Proof. Because of the local property of the S- 
-asymptotic [7] it is enough to prove that for a o € D, 
диррф = В(0,р) 

G(xth) 
Lim {— 0(x)dx = JV(x)p(x)dx. 
ҺЄТ,ЇЇМЇЇз<© c(h) 
Bearing in mind the property of 2 and supposition b), хе 
сап go to the limit in h under the integral sign. 


2. RELATION BETWEEN THE QUASIASYMPTOTIC AND S-ASYPTOTIC 


To compare these two notions we have first to fix 
the basic space and the class of numerical functions c(h). 
As the quasiasymptotic is defined for tempered distributions 
(S^) and related to regular varying functions (c(h) - h?L(h), 
a € R and L(h) is a slowly varying function) we shall compa- 
re, first, in this case, supposing moreover that the limit 
distribution U differs from zero. 

The following example shows the imperfection of 
the comparison of these two notions. In the following 8(t) = 
Bat, в > OS gays. 
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i) The regular distribution T - 6(t) eie a & 
* 0, has the quasiasymptotic 26 in (S^) related to c(h) = 
= 1-1 [2]: = 


k < O(kt) ERES O(t) > 


со 


(e oat 
0 


Set x lax 
= Ta ооч ) 


H со : 
Кш аах A X e іах „(х 
ЕЕ е ME) lo e Ф С) 4х 


ом 8 


1 
k 


+ 2000), к +=, 


~ 


But the distribution T has no S-asymptotic rela- 
ted to ас with a у + 0: 


< e(tthye ten > = et p iato co yai 
© h 
Gi eran Л et sto (tat, 10 эл СЈО 


=œ 
This distribution really has an S -asymptotic but relative 
to the function c(h) = gue 
tt) The regular distribution T(t) = 6(t)sint has 
quasiasymptotic relative to c(h) = bei but it has no S-asymp- 
totic at all: 
co 


В < @(ht)sinht,p(t) > = f sinup(Ž)du 


© 0 
2 1 ‚ 
= 00) + = ч du. 


For the S-asymptotic we have 
-%0 


< O(tth in (t+h) p(t) >~ cosh f sinto(t)dt + 


оо 
—о 


+ sinh ] Cos tọ (t)dt, h> œ. 
со 
tti) For the regular distribution T = Q(t )sinvt 
we can not find an a € В and a distribution U, * 0 such that 
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Lim = DCE de = 805 >, фе (5 
k>% 0 
Suppose on the contrary that such A and U, exist. 


a 
' Then we can choose for the Ф, (t) = e г. t > 0, Жер? о 


Then we have 


олке f sinvkt e Р®ах = < U Ge SS 

kan 0 
The value of the last integral is /Tk//up3 exp(-k/4p) and 
< 0 Сее > is the Laplace transform of distribution U, 
In such a way the last relation says that the Laplace trans- 
form of U, equals zero for Re p > 0, hence 09 = 0. 

A proposition which compares these two notions is 
the following [2]: 


Proposition 2. Suppose that f € (S/(R)) and 
f(tth) 3 n"U(t), h +e, a > -1. Then f has a quastasymptotic 


of order a as well. 


Proof. By relation (6) < f(xsh),0(x) > = (fap)(h) = 
= H(h). This numerical function H(h) has the usual asympto- 
tic of order a, when h + ~. By Lemma 1 [2], it has the quasi- 
asymptotic at infinity of the same order a. The Fourier trans- 
form of distribution f gives FIf(kx)](p) = t FI£YD. From the 
continuity of the Fourier transform follows that F[f] has the 
quasiasymptotic at zero of order 0+1 if and only if f has the 
quasiasymptotic at infinity of order a. 

Suppose now that we chose an Ф = Фо Є (S) such that 
F[O](p) 1 in a neighbourhood of zero. The Fourier transform 
of H(h) = (fs@)(h) gives FIH] = F[£]F[Q]. We know that F[H ](р) 
has the quasiasymptotic at zero of order ati. With the фо we 
chose, there follows that F[f] has the quasiasymptotic at zero 
of order a+1 as well. Therefore f has the quasiasymptotic at 


infinity of the order a. 
If we change the basic space, the conclusion can be 


quite different. Suppose that the basic space is (Ki) (see [6]) 
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со 
Elements of (К+) are functions © from C such that 


(Ф) = sup ek Ix] опо] < o 
x€R,n«k 
The function 0(x) Chx = 59 (x) Ce* + е *) defines an element 
from (Ki) and exp(-px?), р > 0, is from (К+). 
To find the quasiasymptotic at infinity in (K7) 
of Ө(х)Сһ(х) we shall analyse the integral 


© © 
J Chikx)e Pax = 1 Шер ее t" Sž = уртехр(к®/р), 
This shows that there exists no function c(k) of 
the form eakPxb}(k); а, БЕК, 0 S тг S 2, ЦК) slowly varying | 
function, such that 9(x)Chx has the quasiasymptotic relative 
to c(k) with a limit U + 0. 
For the S-asymptotic we have for ф € (К+): 


со 


Lim ef с(х+һ)ф(х)ах = 


ho SC 
со со 
= $ Se*ocxrax + de "H fe p(x) ax 
-h -h 


ИХ 
+5 J e°W(x)dx, h + œ, 
ico 
Therefore 9(x)Chx has the S-asymptotic relative to 


IN ES with the limit U = Тех 


D 


3. EQUIVALENCE AT INFINITY OF A 
DISTRIBUTION AND THE S-ASYMPTOTIC 


By Definition 2, the equivalence at infinity of a 
distribution is related only to the power growth such as 
xP L(x) of a distribution. Therefore, the comparison has a me- 
aning only for such distributions. 

If we have regular distributions, the difference 
between these two definitions of asymptotic behaviour of dis- 
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tributions follows from the fact that the S-asymptotic pre- 
serves the usual asymptotic of numerical functions (Theorem 
1.b) [7]), but the equivalence at infinity generalizes 1°Hos - 
pital^s rule with Stolz^s improvement. Namely, this rule 

says: Suppose that the real valued function H(x) has the first 
derivative for x > хо; H^(x) + 0, x > xo and H(x) + о, x > 0; 


the function F(x) has its first derivative. If there exists 


Lim F^(x)/H^(x) = A, then there exists 


x>% 


А ACINA = SNe 
TV 
We know that the opposite does not hold. Definition 2 uses 
just the opposite statement in l/Hospital^s rule, with H(x) = 
SE The next example shows this disagreement with the 


usual asymptotic by numerical functions: 
-3 x x i eX 
F(x) = x + e cose” = D(x^ + sine”). 
By Definition 2, the distribution defined by func- 


tion F(x) is equivalent et infinity with 5х 
By reason of the same fact, the function 


c 1 
F(x) = x ê + 44nx = D(2x? - со5х) 
-3 A 
is equivalent at infinity with x but has no S-asymptotic 
with a limit U# 0 (see 2 . ii)). 
Without any difficulty one can find a function 
which has the S-asymptotic but for which Definition 2 does not 
hold. We shall give such a one, not trivial: 
Sp = GE - 
F(x) =e Xs ins SEP) = D(54n(5 «е5 


Fee xe = fü 


12 sin -е N) 2 айп = 1). 
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Hence 
yn -1 x y t А See 
ERN 20006 е саа... dy 
(n-1)! gorto 
n-1 
2 sing -1), n ЄК. 
(n-1)! 


The function F(x) can be written in the form F(x) = 
= D'E(x), where E(x) is 
ху t 3 
pee f sint “Кеша 22. ау. 
ооо 
From the previous inequality it follows that the behaviour at 
infinity could be 7736 but Definition 2 does not admit such 


a power. 


Proposition 3. Suppose that T ts equivalent at 
infinity with Ax? L(x) then there extsts no such that T has 
/ the S-asymptotic related to c(h) = hPLC), п > no and with 
the limit U = 0. 


Proof. By Definition 2, there exists a continu- 
ous function f(x), x € R such that T = DS ES x » xo and 


Ex) = АхР*К/(р+1) ... (ptk)La(x), х + х=. 


+ 
Funetion f(x) has the property that for a СЕ К 
and every compact set K c R 


| f(x) | | £(x+th) | Gcem P ** | 
hP HKL) 


—| LC x Є К, 
Gano» tao РУК : 


and 


Lim f(x3n)/hP"*L(Qn) = А/(р+1) ... (р+к). 


h>% 


By Theorem 1.b) [7] £(x+h) $ nP*K in ya/(p+1) Loo (бый у co 20 
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h > 0. Now from Theorem 1.c) [7] follow the statement of 


our proposition with no = k. 
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REZIME 
S-ASIMPTOTIKA | DRUGE DEFINICIJE ASIMPTOTSKOG 


PONAŠANJA DISTRIBUCIJE 


U poslednjih trideset godina matematička literatura 
je obogaćena sa više definicija ponašanja di stri bucija u „bes- 
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konačnosti". Autori tih definicija polazili su ili od izuča- 
vanja odredjenih matematičkih modela, pre svega iz fizike, 

ili od mogućnosti matematičkog aparata. Uporedjivanje tih 
definicija otežava činjenica da su one po svojoj strukturi 
različite. Tako, dok jedne odražavaju lokalni karakter dis- 
tribucije u okolini „beskonačno udaljene tačke", druge defi- 
nicije vezane su Za globalni karakter distribucije. | pored 
tih teškoća, na raznim primerima, kontraprimerima i tvrdje- 
njima ukazano je na odnose različitih definicija ponašanja 
distribucija u beskonačnosti" i S-asimptotike na čijoj teori- 
ji je i sam autor radio. 


| 
| 
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ABSTRACT : 

In this paper a generalization of the well-known fixed point 
theorem of Assad and Kirk for multivalued mappings in convex metric spaces 
is given. The multivalued version of the Palais-Smale condition is intro- 
duced and applied in the proof of Theorem2., which contains an existence 
result on coincidence points for set-valued mappings In metric spaces with 


a convex structure. 


l. INTRODUCTION 

Since Assad and Kirk published their paper [1] many 
authors proved fixed point theorems or theorems on coincidence 
points in metric spaces with a convex structure or in convex 
metric spaces [2], [5], [6], [7], [8], [9], [10], [11], [12]. 

Let us recall that a metric space (M,d) is convex if 
for each x,y€M with х # у there exists ZE M, x#z#y 
such that 

d(x,z) + d(z,y) = d(x,y). 


In [1] the following result is obtained. 


THEOREM A. Let (M,d) be a complete convex metric space, К a nonempty 
closed subset of M,f:K>CB(M) (the family of all nonempty 
closed and bounded subsets of М) so that f(9K)cK and f is а contrac- 


tion mapping ( in respect to the Hausdorff metric Н ). Then there exists 
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Key words and phrases: Coincidence points, multivalued mappings, convex 
metric spaces, metric spaces with a convex structure. 
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Itoh [7], Khan [8], Baskaran and Subrahmanyam [2] 
and Hadžić [6] (for singlevalued, f ) obtained generalizationg 
of Theorem A.Theorem l,which will be proved in this Paper, is 
a theorem on the coincidence point for mappings f:K> CB(M) 
S:K«M and T:K>M. If Sz Tz 14|, from Theorem 1 it follows 
Theorem A. A point yEK is a coincidence point for f, S 
and 1 if 

{Ty,Sy}& fy. 


We shall need for the next text some notions and no- 
tations. If X is a metric space, we shall denote by 2x the 
family of all nonempty subsets of X. Let (X,d) be a metric 
space, f:K>CB(X), S:K>X and f7zKcX. The pair (f,S) is 
said to be weakly commutative if and only if for every y€K 
and z€K such that yEfz and SzEK 


d(Sy,fSz) < d(fz,Sz) . 


For singlevalued mappings the notion of the weak commu- 
tativity is introduced by Sessa in [11]. There are examples of 
mappings which are weakly:commutative but not commutative. If 
f and S are such that for SzEK and fzcK, fSz = Sfz then 


the pair (f,S) is obviously weakly commutative since for 
yefznK and SzEK: 


d(Sy,fSz) = ing d(Sy,u) 
u € #52 
and there exists v€fSz such that Sy-v. This implies that 


Ang d(Sy,u).« d(Sy,v) =d(v,v) = 0<d(fz,Sz) 
u € 52 


In [12] Takahashi introduced the notion of the con- 


vexity in metric spaces. Let (X,d) be a metric space and 


The mapping М is said to be a convex struc- 
ture if for every (х,у,л) €Xx Xx [0,1] 2 


d(u,W(x,y,)) < ad(u,x) + (1-a)d(u,y) 


for every u€X. | 


А metric space with a convex structure be- 


longs to the class of convex metric spaces. There are metric | 


spaces with a convex structure which can not be imbedded in 
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any Banach space [12]. 
} A metric space (X,d) with a convex structure И 
satisfies condition II if for all (x,y,z,1)€ X? x [0,1] 
d(W(x,z,3),0(y,2,1)) < Ad(x,y) [10]. 
If (X,d) is a metric space with a convex structure 
W,Xo9€X and 5:Х+Х we say that the mapping S is  (M,xg)-con- 
vex if and only if for every zEX and every ЛЕ (0,1): 
W(SZ,X0>%) = SW(z,X9,2) 
By a we shall denote the Kuratowski measure of 


noncompactness. 


| Kë A GENERALIZATION OF THE FIXED POINT THEOREM OF ASSAD AND KIRK 


THEOREM 1, Let (M,d) be a complete convex metric space, К а non- 
empty closed subset of М,  S,T:K-M continuous map- 
pings, f:K-CB(M) H-continuous mapping, ЭКЕЗКПТК, fKnkesKnTK, 


(f,S) and (f,T) weakly commutative pairs and the following implications 
nu- пола; ТХЄ ЭК => ТХЕК; SxeaK = fxEK. 


If there exists ЧЄ (0,1) so that: 
H(fx, fy) < qd(Sx,Ty) , for every X,yEK, 
then there exists ZEK so that: 
! {72,52} nfzz f . 
If S,T:M>M are continuous and: 
(т) y€fx, Tx€K = d(Ty,fTx) < d(fx,Tx) 
(ii) y€fx, 5ХЄК => d(Sy,fSx) < d(fx,Sx) 
then there exists ZEK so that: 


17251774 апа ое 


PROOF : Let x€3K. Since ЭКЕТК it follows that there 
exists PEK such that х= Тро. 
From Tpg€ak, using the implication: Tx€ aK = ?ЁхХЄК, we con- 
clude that fpocKnfKSSK. Let р ЄК be such that Sp, = p € 
| € fp, © К. Since pj€fpg there exists р;›ЄЁр, so that 
d(pi,p;) < H(fpg,fp,) + q. Suppose that p,€K. Then 
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pj EKNF(K)STK which implies that there exists p,€K such that 


Тр = Pp . If po £K then there exists 9Є9К so that: 
а(5р, ,9) + 9(9,р›) = d(Sp;,P2) . 
Since q€3K€TK there exists р, ЄК such that q=Tp and зо: 
d(Sp,,Tp,) + 9(Тр,,р›) = 4($р,,р,). 
Let P3 € fp; be such that: 
Ч(р;›рз) < H(fp,,fp,) + 92. 


It is easy to see that in this way we obtain two sequences 
(pj, NEN and {pi}, n EN such that 


1.For every ПЕК; mefm-ı 
2.For every nEN; р„ЄК = pj, = Tron 
Pan К => Tp,,€aK and 


a) Ч (ран 1 Тро) + 4(TPonsPon) = d(Spo 1.524) . 


3.For every NEN: po EK = р ,у= Spa 
Ponti ЁК => San € 9K and: 


(2) Ч (Рос SPansı) + Bä) Panti) = 7р, Posi) - 
d. For every neN: 
Чара) < WIR, fl 9. 
Let Po, P1, Qo and 0 be defined by: 

Ро = {Pon» NEN and Ba = Тр} 
Ру = {Pns NEN and Pon # Тр} 

\ Qo = {Рә›ц+у, NEN and Ponti = SPantı} 

H Q = (Pn, NEN and Pnn # Spi) 


| First we shall prove that: 


(Pan»Pantı) £ Pi xQ and (Pan-ı Pan) £ Q; x P, . 


IM ЕН ënn р тро апа in this case we have that 
Tppn€ К which implies that 
which means that 
(Pan-ı Pon) É 0, E Р, J 

Let us prove that for every NEN: 


! 
Pan €fPan EK. Hence ` Bann = San) 
Pant; Е Чо. We can prove similarly that 
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99 (SP ,,Tp,,) + 928 
(3) Ф(Троһ,5род+у) < i or 


and 99 (SP; Tp, 2) Figen uy qun 


qd(Spa, A Ban al + q?n-! 
(4) d(Sp,, | » Tp) < or 
99(5р; e Ban al + q?n-2 + q2n-l 
If (Pan Baal Є Po *Qo then: 
“(Трои sSPonsi) = AE H(fPon-1>fPon) + 92" < 
< qd(Sp,, ,,Tp, ) + 922. 
Suppose that (Pon;P2n4i1) ЄРох Q]. Then from (2) we obtain that: 
A(TPon»SPonei) < (7р, Pons) = d(P24, P2441) < 
< qd(Sp,, ;,Tp,,) + 92%. 
From the relation (р ‚ру +у) €P,xQ, we have that: 
d(TPon>SPont1) < (Тр, 4. Dal + (рл Pansy) < 
< Ч (Трои Pan) + gd(SP,,_1+1P,,) + 929 < 
< 9 (Трои pon) v d(Sp5, 3 DEEM + das С 
Using (1) we obtain that: 
d(Tpan ,SP2n+1) < d(Spon_y Pan) + g2n С 


Since p;4€P, апа (P5n-1>Pan) € Qı хР we obtain that 
P2n.1€ Do which means that pj, ү = 5р, and so: 


d(TPan:SPan+1) < (Pon Pan) + a?" < 
< 99(5р, ; SU ia) + q2n-l + g2n 
If (Pony Pan)€ Qo*Po then: 
(Spo а 2TPon) = d(Po, A Pan) << ad(SP,, A Ban ә) + rl. 
Suppose that (P,,_):P,2,)€ 0,xP;. Then from (1) we have that: 
Ч (ры Pan) < EH 
< qd(Sp,, Трол 5) + 9771. 


Ee (P2. Pan) € Qi xP, then: 
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d(SPon_) »TP2n) < d(Sp2n.1 »P2n-1) + (рь. »TPon) = 
= d(SPan-1>P2n-1) + 4(Pan-1 Pan) < | 
< 9(5рә о 1 Pon-ı) + OS A »TPan-2) + 9797? < 
< Span. ebe 1) + 9 (Рош Ae Pan) + rl. 
Since P,,_)€0, from (2) we obtain that: 
d(SPon-1>TPon) < 4(TPon_p »Pon-ı) + 927). 
Further from ру 0уЄ0, it follows that py, ЄР, which means 


teg, оо pares: 
Hence; 


dën us Pan) < (РУЗЕ, »Pon-1) алас 
< gd(Span=3+1Panp_2) + 427-2 + g2n-1. 
Using the above inequalities we conclude that (3) and (4) hold. 
Inequalities (3) and (4) can be written in the form: 
Zon = TPonsZon+1 = SPons (NEN) 
gd(Zn»Zn-,) + ER 
do, Zn4) * { or 
qd(z, 5,2, ,) + g" + 4-1, 


which is inequality (*) from [1]. 


Then: ` n 
dän, Zon) < 92 (+n) H 

where 1 | 
6 = 92 max{d(20,2,),d(2,,2,)}. 


Hence the sequence {Zaney is a Cauchy sequence and let 


2 = Limz, = £i 


Tpzn = Linsp 
+1. 
2n+1 


+o 
There exists at least one subsequence Ри ken 


5 {Prngtıdgen Which is contained in Po or Qo respectively 
since 
(Pan»Pan+ı) #Рүх 0, and (Pan-1nPan) $0,xP,: 
Suppose that there exists 


{Pan} such that ep. fex 
every KEN. Then ен Pang © "о 
Ponk = TPanx € fPong- 1 (КЕМ). 


Я Let us prove that Szefz., Using the weak commutativity of the 
pair (f,S) and the relations: 
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Троа € FPang-ınK and SPony-1 ЕК, KEN 


we obtain that: 
d(STPangsfSPanz_1) < AlfPang-1>SPang-ı) < 
< d(TP ony SPanp-1) - 
Since Lim d(TPanzSP2nz-1) = 0, we obtain that 
k>o 
Lim d(STpon, , f Spon; Al = 0. 
ko 
From the ineguality: 
(57р; FZ) < d(STP ony »FSPanz-ı) + Нр 1,12) ; 


since f is H-continuous, we obtain that: 
Lim d(STpanz,fZ) =0. 
k-+o 


Hence from the inequality: 
d(Sz,fz) x d(S2 ,STpany) + d(STpon; ,fz) 


using the continuity of the mapping S weobtain that d(Sz,fz)=0 
and so 52612, which implies that {Tz,Sz}nfz#Pß. 

Suppose now that S,T:M>M and that (1) and (iz) hold. 
From 4. we obtain that for every КЕМ: 


1 1 2n 
d (Pone 1 >Pang) < H(fPong>fPang-1) +q k < 


2 
< 94(TP ony >SPanx-1) +q nk 


which implies that: 


2 

d(Pank+1:TP2nz) = odp Dën Al dud * 3 
Since Lim (Трал; SPony—1) =0, we obtain that: 

ko 

Lin Pony = 2 
and зо: ker“ 
(5) Tz = Т(#4т Ponk+1) = Lin Тр ED 

ko ko 


Using the implication (i) for X=Pmą and y= Bai? we con- 
clude that: 
Ч (ТР пин 1f Pony) $ (рг; > TPang) < UPzng+ 1» Pang) 


and since Lim d (Panzer? Pang) = d(z,z)=0, we have that 
kœ 


Lim d(Tp) рът» Pony) = 0. 
ko 


Further: 
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EEN, 
d(Tpingt fZ) < d(TPonge asf Pang) + H(FTPang of2) 


and since Eco se Е ОИЕ follows that: 
kro 

(6) Lim d(TP2nz+1f2) = 0. 
ko 


Using (5) and (6) we obtain that d(Tz,fz)=0 since: 
d(Tz,fz) « d(Tz,Tpon i1) + (Тра 112) . 


From d(Tz,fz)=0 we conclude that TzEfz. 


COROLLARY (THEOREM A) [1] tet (M,d) be a complete convex metric 
space, K a nonempty closed subset of M, 
f:K+CB(M) so that for every X€9K, fxEK and: 
H(fx, fy) < qd(x,y) , for every x,y€K 
where 96 (0,1). Then there exists ZEK such that z€fz. 


PROOF: ТЕ is obvious that for S=T=Id|K all the conditions 
of Theorem 1 are satisfied. 


3. A COMMON FIXED' POINT THEOREM IN METRIC SPACES WITH A CONVEX STRUCTURE 
In this section we shall need the following defi- 
nition which is given in [5]. 


DEFINITION 1. Let (X,d) be a metric space, A,S:X> 2X and KEX. 

The mapping А is said to be (a,S)-densifying on the 
set К if and only if for every М©К such that S(M),A(M) €B(X) the 
following implication holds: 


a(S(M)) < a(A(M)) => M is compact. 


| 
КИ: ООО се definition of the Palais-Smale condition 
d for the singlevalued mappings is given. We shall re- 
call this definition. Let X and г be metric spaces and 
LEE Г+Х. The pair (p,q) satisfies the Palais-Smale condition 
if for every sequence (elen from r the relation 

Lim d (p(yn) ,a(yn)] = 0 

noo 


: implies that there exists a convergent subsequence {Yng} y c N 
the sequence ({уһ})һєм . 


Bay? 
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From this definition it is obvious that if in Defi- 
nition 1. the mappings S and A are singlevalued and A(K) 
is bounded, the following implication holds: 
А is (0,5) densifying on К = the pair (A,S) satisfies the 
Palais-Smale condition on K (i.e. the pair (Al,,S|,) satis- 
fies the Palais-Smale condition, where A|, and S|, are the 
restrictions of A and $ on К respectively). 

Indeed, if А is (а,5) densifying on K and A(K) is 
bounded then from: 
Lim 4,(5(уа) Ain = 0 
noo 


it follows that a(SL)=a(AL) (this can be proved easily), where 
L = {yn, n€N}, which implies that Г is compact. Hence the pair 
(Als, Sly) satisfies the Palais-Smale condition. 

Let us remark that in [4] the notion of acondensing 
pair (p,q) of singlevalued mappings is given, which is similar 
to Definition 1 if the mappings A and S are singlevalued. 
abe 6 O98 [ris 2х and p:f+X, we can introduce the Palais-Smale 


condition in the following way. 


DEFINITION 2. The pair (p,q) satisfies the Palais-Smale condition if 
for every sequence {yn}n€ № from Г, the relation: 


Lim dy(p(yn),vn) =0, for some {pln EN 
mo 


such that v,€q(yn) (NEN), implies the existence of a convergent sub- 


sequence ni), en of the sequence {у} єн. 


The set of coincidence points for the pair (p,q) is defined by: 


K(p,q) = fy, yer and p(y) €q(y)}. 
and for e>0 we shall define an e-coincidence point for the 


pair (p,q) in the following way. 


DEFINITION 3. A point УЄГ is an €-coincidence point for the pair 
(p,q) if there exists an element vEq(y) such that 
dy (p(y) ,v) <£. 
Similarly as in [4] (Proposition 2.3)we can prove the 
following proposition. 
PROPOSITION: Let (T,d,) and (X,dy) be metric spaces, g:r> 2X 


a closed mapping and P:l- X а continuous map- 
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ping. Let for every/ €>0 the pair (p,q) have an e-coincidenc, 


point and satisfy the Palais-Smale condition. Then 


К(р;9) #0. 


PROOF : Let e=} (neN) and у, be an en-coincidence 
point for the pair (p,q). Let vn€g(yn), (NEN) so 
that dy (P(Yn) vn) < L. Then 
Lim dy(p(Yn) Vn) = 0 
n2o' 
and since the pair (p,q) satisfies the Palais-Smale condition, 
there exists a convergent subsequence Ung], en of the 
sequence {yp}n EN. Let Um улту. Since En dy (P(Ynz) Yng) =0 , 
it follows that 
Lim vg, = £m P(Yn,) = Ply) . 
К = ko k 


From Von, € @(Упу) ‚ (KEN), using the closedness of the mapping 
q, we obtain that p(y)€q(y), which means that y€K(p,q) . 
Similarly as in [5] we shall prove a common fixed 
point theorem if: 
H(fx,fy) < d(Sx,Ty) , for every x,yEK, 
where К is (W,x,)-star convex (X9€ К and W(K,x,,(0,1))c К) 
THEOREM 2. Let (M,d) be a complete metric space with a convex 
structure W with property II, K a nonempty closed 
(W,Xg) - star convex subset of М, $,Т:М+М continuous (W,X,) convex 
mappings, £:K+k(M) (the family of all nonempty compact subsets of М) 
so that the following conditions are satisfied: 


1 ТК is bounded, КЄК П TK and: 
| TxeaK => fXEK ; SxeoaK = fxEK. 
| Qu For every X,yeK: 
: H(fx,fy) < d(Sx,Ty) .- 
D 55 The mapping f is H-continuous and: 


5ХЄК => fSx-Sfx ; ТХЕК => Tfx=fTx . 


4, The mapping f is (0,5) or (a,T) densifying. 
Then there exists ZEK so that Tz€fz and Sz €fz. 


PROOF : 


that Мт ky =1 and fn: Кэ К(М) be defined by: 


i 
| 
As in [5] let {k nen be such a sequence from (0,1) | 
mœ 
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fax = W(fX,X%9.kn) , for every ХЄК and every ПЕН. We shall 
prove that for every n€N there exists x,€K so that 
Txp E fain and SAnE fnXn. It remains to be proved that Т,5 and 
fn satisfy all the conditions of Theorem 1. Since the set К 
is  (M,Xg)-star convex from the condition 1. of this theorem 
we obtain that e 

TXE OK = Tank: Sx€ OK => +„хЄК. 
Further f,Sx, if Sx€K, is equal to the set Sf„x since: 


fnSx = |J м(2,х0,Ка) = U WZ,X0skn) = 
ZEfSX zeSfx 
= (M(Sy,Xo,kn),y € FX} = {SW(y,Xo,kn),y€fx} = Sfax , for every n€N. 
Similarly from Tx€K we obtain that fnīx = TfnX, for every 
neN. It is easy to see that from {1152 = Sfyz we obtain the 
inequality: ` асу f,$z) < d(fpz,Sz) , for yEfnz 


since 
d(Sy,f,Sz) = int d(Sy,z) = ing d(Sy,z) < 


261152 ZESF nz 
< d(Sy,Sy) = 0 < d(f,z,Sz) . 
Since the convex structure W satisfies condition II it fol- 
lows that: 
H(fnXsfny) = H(W(fx,xo,kp) .M(fy,Xo,kn)) < 
€ kpH(fx,fy) < kn d(Sx, Ty) 
for every x,y€K , and hence the mapping fp is H-continuous. 
Further, from the compactness. of fx, for every XEK and the 
continuity of W in respect to the first variable it follows 
that f,x is compact for every XEK. From KESKNTK we obtain 
that fyKnKsSsKnTK. Hence, all the conditions of Theorem 1. are 
satisfied and for every n€N there exists X, EK so that 
TX, Е хи and Sx,€fpX,. The rest of the proof is as in the 
proof of Theorem 2. from [5], For the completeness we shall 
give the rest of the proof. Since TX„Efn%n and Sx,€fyxy (пЕМ) 
there exist ug€fx, and VmEfXmn (MEN) so that 
5х = Na, Basel and Tx, = W(VinsXo2%m) . Then it is easy to prove 
that: 
CD Lim d(Sx,,uy) = Lim (Тху) = 0. 
mro mo 


Hence, for every e>0 there exists an e-coincidence point for 
(S,f) апа (T,f). Since the mapping f is (a,S) or (a,T) densi- 
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fying on the set K and the set f(K) is bounded, we conclude 
that the pair (S,f) or the pair (T,f) satisfies the Palais. \ 
-Smale condition on the set К. Further, the mapping f is 
H-continuous and fx is compact for every X€K and so the 
mapping f is closed. Using the Proposition we conclude that 
K(S,f) 2 9 or K(T,f) #9. From the Proposition it follows that 
y€K(S,f) (if,for example K(S,f) £ Ø ) is of the form у= KR 
for some subsequence Xn een of the sequence 

(len, From (7) we have that Lim vn, = Ty€fy and so 


kœ 
y €K(T,f) NK(S,f) . 
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REZIME 


TAČKE KOINCIDENCIJE VISEZNACNIH PRESLIKAVANJA 
U KONVEKSNIM METRICKIM PROSTORIMA 

U ovom je radu dokazano uopštenje dobro poznate teo- 
reme o nepokretnoj tački Assada i Kirka za višeznačna presli- 
kavanja u konveksnim metričkim prostorima. Višeznačna verzija 
uslova Palais-Smalea je uvedena i primenjena u dokazu Teoreme 2, 
koja sadrži jedan rezultat o postojanju tačke koincidencije za 
višeznačna preslikavanja u metričkim prostorima sa konveksnom 


strukturom. 
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ABSTRACT 


In this paper a multivalued generalization of the 
well known Melvin fixed point theorem [16] is obtained. 

Using this generalization an existence result for 
a class of functional equations is obtained. 


INTRODUCTION 


For functional-differential equations a tool that hs 
been widely used to prove existence of solutions has been 
the fixed point method . The aim of this paper is to obtain 
multivalued generalizations of the well known Melvin fixed 
point theorem [16]. and to apply these results on the existence 


problem for functional equations of the form: 
t 
(1) g(t)ef(t,(Tg)(t),f glu)du) tel -[0,a], 
0 
An existence result for the equation x(t)€F(t,x) is also 


obtained .and may be used in the proof of the existence of a 


solution of functional equations of the form: 


s(t) 
x(t)ef(t, / g(t,u,xCu))du,x(r(t)) ‚tEI 
0 


where r:I+ I апа s:I> I are continuous mappings 
So 
AME Mathematies Subject Classification (1980): 45N95, $4H25. 


Key words and phrases: Fixed point theorems, multivalued map- 
Pings, functional equations. 
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Some multivalued generalizations of Melvin’s fixed point 


theorem are proved in [10] ,[11] ,[12] , [20] and [21] , | 


In [16] Melvin proved the following fixed point theorem: 


Let (X,d) be a metric space,A a nonempty,closed and convex Subset 

of a Banach space (Y,l |) ,T:A* X a continuous mapping such | 

that T(A) is compact in X and G:T(A)xA+ A so that the followin 
| = Se 


conditions are satisfied : 


(i) G(-,u):TCA)+ A is continuous ‚for each fixed u€A 
(ii)  MG(x,u)-G(x,v)l < q'llu-vll ‚for each хЕТСА) 


and each u,v€A ‚where q€[0,1) 
Then there exists x€A such that x = G(Tx,x) . \ 


The idea of the proof of the above fixed point theorem 
is the following . First,the author proved the existence of 
the continuous mapping f:T(A)> A such that for every x€T(A) $ 
f(x) = G(x,f(x)) and then,applying the Schauder fixed point 
theorem to the mapping Q defined by Qx = f(Tx) (x€A) , the 
assertion in the above theorem follows 

Hence,the main problem in the multivalued case of the 
mapping G is to prove the existence of a continuous mapping 
f:T(A)+ A such that for every x€T(A) : £(x)€G(x,£(x)). 
If we denote by F the multivalued mapping defined by : | 

F(u) = (xlxcA,xeG(u,x) ) (ueTCA) ) 


F4 it is obvious that the mapping f (if it exists) is ,in fact , 
x a continuous selector of the mapping F . Let us remark that 
| the upper semicontinuity of the Mapping F is investigated in 
Cheng’s paper [3] 


Using a result of Banks and Jacobs ‚which holds only for 
uniformly convex Banach Spaces,in [12] the following theorem 
is obtained : 


THEOREM А bet 1X be a metric space,A a nonempty ,closed 


and convex subset of a uniformly convex Banach space (© I), 


АХ a_continuous mapping such that T(A) is compact 


| in X and G:T(A)XA + CCB(A)( the family of all nonempty , 
m closed convex and bounded subsets of A) such that the 


S following condition $n ABR Matisia! Kangri Collection, Haridwar 
ene „з... : : 
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1. б(.,ч):Т(А) > CCB(A) is continuous for each 
fixed u€A . 


2. If D is the Hausdorff metric in Y then : 
D(G(x,u) ,G(x,v)) < h(I  u-vll ) 
for each x€T(A) and u,v€A where h:[0,9)25[0,9) 


з is а nondecreasing mapping such that ) h"(t) <e(t>0), 
n€N 
ing Then there exists x€A such that x€G(Tx,x) 


If h(t)=kt(t 20) ‚where k€(0,1) and Y is a Hilbert 
space Theorem A is proved by Kisielewicz in [11] and if Y 
is a Banach space by Rzepecki in [21]. А generalization of 


Theorem A is given in [20] 


Using an another approach (Michael’s selection theorem) 
we prove a multivalued generalization of Melvin’s fixed point 
theorem ,where Y is an arbitrary Banach space and the mapping 
h satisfies some different conditions. than in Theorem A. 

Theorem 1 of this paper can be generalized to the case 
of a complete paranormed space Y ( such a Space is SCHERE) = 
the space of all classes of Lebesgue measurable functions 
from I =[0,a] into RP) by using Zima’s fixed point theorem 
and a generalization of Michael’s selection theorem recently 
obtained by the authors and Lj.Gajié in [10]. 


1. PRELIMINARIES 


Let h:[0,°)+ [ 0,9) and introduce the following 
eonditions as in[28] : 

(A,) h is right continuous 

(A,) For each q >0: 


sup{u | us h(u)*q) =m(q)< e. 
(A,) For each q> 0: lim h"(m(g)) = 0. 


noo 
(А, ) For апу u 0 and v> 0 :h(u)+h(v)< h(usv), 
From [28] we have the following fixed point theorem. 
THEOREM B Suppose that for every x,y€X,where (X,d) is a 


complete metric space,the following condition holds: 
D(Tx,Ty)< h(d(x,y)) 
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where Т:Х+ CB(X) ( the family of all nonempty closed and 


bounded subsets of X) is continuous and h satisfies GEMA 
Then there exists x€X such that x€Tx . 

Remark:It is obvious that (A) implies that h is a nondecreasing 
Mapping . Further,if h is a nondecreasing mapping such that 

lim hP(q) =0 ‚for each q 20 and lim (q-h(q)) = ~ the condition 


nje ; 9% 
(A, ) holds [18] .Condition (A,) is satisfied,for example ,fop 
h(t)q(t)t ,where q is a nondecreasing mapping . 

We shall also use in the next text the following fixed 
point theorem [19] , [24] 
THEOREM C; Let (X,d) be a complete metric space and T:X »CB(X) 
so that for every x,y€X : 


D(Tx,Ty)< а(4(х,у))а(х,у). 
where а: (0, ®) + [0,1) is upper semicontinuous from the 


right . Then there exists |x€X such that x€Tx . 


Let E be a linear space over the real or complex number 


field . The function а:Е+ [0,9) is said to be а paranorm if and 
only if : 


1. q(x) = Deeg x= 0 
2. q(-x) = q(x) ‚for every хЄ E. 
3. а(х+у) <alx)+a(y) „for every x,y€E 


DET f: UM AM 0 and ешт, 95505 from the 
scala iel - 
r field ) then ar xa тах; 0 


Then (E,q) is а paranormed Space,which is also a topological 
vector space in which the family of neighbourhoods of zero is 
given by V =}, sg Where V. ={ х |xeE ,qGO« r} . In 
[27] K.Zima proved a generalization of Schauder?s fixed point 
theorem for mapping Т:К+ K(K CE) ,where К satisfies the followitt 
condition(in the next text the Zima condition) 
a(rx) SC(K) г q(x) ‚for every гЕ[ 0,1] 


and every x€K-K . Here,C(K) is a constant which depends on K 
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Let us give an example of a subset which satisfies the 
Zima condition 

Let a 20 ‚I =[0,a] and for x€S(I,R") ( the space of all 
equivalence classes of Lebesgue measurable functions, 


defined on I with values in R?) ,g(x) is defined by 
| x(t)| ьп 
> = ех. 
q(x) J TFT XEN dt , (x(t))6 x 


It is easy to see that q is a paranorm . Let s >0 and 
ye S(I,R") . Further ‚let K = y + K, where К. 
is defined by 


Ke {x хеп ине gh < $ ,ter} 
5 


Then [8] we have that 
g(r(x,-x,)) < (1+25)р q(x4-x4) 
for every X 4X, EK. and every r20 . This means that 


СК.) = 1 + 25 and so C(K) = 1 + 2s . Hence C(K)=C(K.) 
= 1225 


REMARK: Let Е be a topological vector space, U the family of all 
neighbourhoods of zero in E and K a nonempty subset of E . Motivated 
by Zima’s condition ,in [8] we introduced the following definition: 
A subset K of E is of Zima’s type if and only of for every V € U 
there exists U € U so that co(UN(K-K))e V (co is the operator of 
the convex hull) . 

It is easy to see that if K satisfies the Zima condition it is 
of Zima's type . It is proved in [8] that every subset of Zima’s 
belongs to the class of admissible subsets of a topological vector 
Space [9] . The class of subsets of Zima’s type has many important 
properties which are useful in the fixed point theory [9] . 


THEOREM D Let X be a paracompact topological space, (Y,q) 
a complete paranormed space,F:X+ СС(Ү) (the family of all convex 


Closed nonempty subsets of Y ) a lower semicontinuous mapping 
Such that K = co F(X) ( the convex hull of F(X)) satisfies 
Such that the convex hull of 


the Zima condition . Then there exists a continuous selection 
—— “ima condition . Then there exists a continuous selection 
of the mapping F 
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2.EXISTENCE RESULTS FOR THE EQUATION X€G(Tx, x) 


First Ae shall prove the following lemma . 


LEMMA 1 Let (X,d) be a metric space , A a nonempty 


closed and convex subset of a Banach space (У,! Il) „T:A> x 
a continuous mapping such that T(A) is compact in X and 
G:T(A)xA +CCB(A) is such that the following conditions are 


satisfied: 
(i) G(.,u):T(A)» CCB(A) is continuous ‚for each 


fixed u€A . 

(ii) D(G(x,u),G(x,v)) «h(lu-vl) ` „for each x€T(A) 
and u€A,v€A ‚where h:[0,9)2[0,9). satisfies 
(A,2,(A,), (A4) and lim nP(q) = 0 „for every 

n? 
q>0. 


Then there exists a continuous mapping f:T(A)* A so that 
f(x)eG(x,f(x)) „for every x€T(A) 


Proof:Let U ={g| g:T(A)* Y ,g is continuous } and for every 
51 8p 80 let : 


r(g] >85) = с е! 


Then (U,r) is a complete métri¢ space and let the mapping 
F be defined in the following way: 

F(g) ={ulueu ,u(x)€G(x,g(x)) ,xeT(A)) ‚for gel. 
As in [12] (Lemma 2 ,which holds for any Banach space Y) it 
follows that the mapping x» G(x,g(x)) (x€T(A)) is continuous 
for every g€U and so from Michael's selection theorem [17] 
it follows that F(g)# Ø ‚for every ee . Let us prove that 
for every 51 98, €U we have : 
(2) D_(F(g,]),Flg,))< h(r(g, »8,)) 
where D, is the Hausdorff metric induced by г. 

In order to prove (2) we shall prove that for every 

veF(g,): 


(3) d„(v,Flg,))< h(r(g, »8,)) 
and for every sef(g,) 3 


(4) d (F(g,),s)x h(r(g, ,g5)) . 
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Неге а Cv F(g,))= inf r(v,2) . Let => 0 . Че зла 
zeF(g,) 
prove the existence of weF(g,) so that r(v,w)< h(r(gi +8,))+t 
which implies (3). 
From the definition of the Hausdorff metric D it follows that 
for every x€T(A) there exists y €A such that yy€6 6g, 60) and: 
(5) ll v Cx27y 1 « D(G(x,g C0) ,6(х,5,(х)))+ HP < 
From (ii) and (5) it follows that: 
I v€x2-y JI < bt l g} C07 g4 Gol )+t/2 
and since h is nondecreasing and I g4GO0-g, Cx) < РСЯ] »8,) 
we obtain that : 
ПмСх)-у < h(r(g, »8,)) + ®/2 

From Michael selection theorem and Example 1.3 [17] it 
follows that for every x€T(A) there exists a selector of the 
mapping 2+6(2,8,(2))(zET(A)), denoted by и, :T(A)> А such 
that м,(х)=у, . Since We is a selector Se" the mapping z>G(z,g,(2)) 
we have that w (z)e6(z,g,(z)) ‚for every z€T(A) . Since у and w 
are continuous ,there exists an open neighbourhood U of x so that 
(6) їу(®)-ы„(2)1< h(r(g, ,87)) + t/2 
for every ZEU The set T(A) is paracompact(as a metric space) and s: 
there exists a locally finite partition of unity. Р subordinated 
to covering{U,} хеттду © Let Р.=(Р. loon and suppose that 


supp p,cU, . This means that p,(x)#0 implies that хей. 
Ges "JS Ў 5 
Let w:T(A) +A be defined in the following мау: 


wz) =) р.(2)м, (2) ,z€T(A) 
sca 5 
Since PS and w are continuous and P is a locally finite 


5 O O 
partition of unity it follows that w is continuous and from 


ч (z)eG(z,g,(z)),zET(A) and the convexity of 6(z,g,(2)) it 
x 
5 


follows that w(z)eG(z,g,(z)), zeT(A) . 
Let us prove that for every zeT(A) 


ll vCz)-wCz)l« n(r(g4,g5)) EEL 


We have that 


lv(z)- = d (z)v(z)- ) p (zw, COM = 
v(z)-w(z)Il p Ps Sen TS хь 


(z) [v(z)-w, Lil We 
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А —— 


sl pg C22 [v(2)-w, (25] I 


< ) p, (2) ПуС2) -м, (2)1 
sip, (2270 S 


Since from pg C2? 0 we obtain that 260. it follows 


5 
that p,(2)# Q implies that кик |< h(r(g, ,g5)) *t/2 


and so (6) implies that: 


lI vCz)-wCG2)ln« ) p, C2) [h(r(gi,g5)) + t/2 ] 
sip. (227 0 


=h(r(g, »85))* t/2 
Hence we have that 
r(v,w)< h(r(g, s82)? + t/2< h(r(gi,g5)) ЕЕ 
апа so (3) is proved . Similarly ме can prove (4) 

From Theorem В it follows that there exists fCU so that 
F(f) contains f which means that f(x)GG(x,f(x)) ,for every 
x@T(A) 

Remark: A similar method as in the proof of Lemma 1 is used 
in the proof of Theorem 25.2 in [5] . If h(t) = аб) , 
where q is a nondecreasing and upper semicontinuous from the 
right function from [0,9) into [0,1) we can apply Theorem C 
in order to prove the existence of fEU such that fEF(f) 
If В: [0,°)+ [0,9) is upper semicontinuous and strictly 
increasing function such that вое) < (=> 0) from 
Corollary 2 [25] it КОТО СКС ey iistence of feU such that 
= fCF(f) . Further,if Y is a uniformly convex Banach space 
and h(t)=q(t)t (t 20) ‚where а: [0,=) + [0,1) it is enough 
to suppose that q is only a nondecreasing function . Namely » 
in this case h"(t)< (q(t))™t and so Y n'c«e and w' 
can apply the Lemma from [12] . DEN 
THEOREM 1 Let all the conditions of Lemma 1 be satisfied: 
Then there exists x6A so that xEG(T(x),x) . 


Proof:Let Qx = f(Tx) ,хЄА ‚where feU is from Lemma 1 
From the continuity of f and the compaetness of T(A) it foll 
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= 
| Schauder; fixed point theorem and so there exists х ER such 
that х EX, : Hence ,x €G(T(x.),x ) 
LEMMA 2, Let (Y,l 1) be a Banach space,A a nonempty , 
closed and convex subset of Y ‚М a metric space ,6:МхА+ CCB(A), 
n: [0,°)-[ 0,9) a nondecreasing mapping such that h(t)< t 
(t> 0) and so that the following conditions are satisfied: 
1. For every yEA om G(x,y)(xEM) is a continuous mapping. 
2. There exist УобА ,r? 1 and t > ѕир{ dy, G(x,y, y|xeM } 
so that the sequence (t) neu Ufo}: defined by : 
ажа Gut, 49) ‚тем st =0,t,=t 
is bounded . 
3. For every x€M and y CA(i€ (al 2); 9) 
D(G(x,yi),G(x,y5))« hC I У1-У21 ) 
If M is compact or A is bounded then there exists a continuous 
mapping f:M >A such that f(x)€G(x,f(x)) , x€M. 
З Proof:Since р> 1 it follows from Lemma 7.1 [17] that there 
exists £,:M>A which is continuous and such that 
I £4GO-ygl = r aro GGoy 92) and #10х)Є6(х,у) 
for every x€M .- Let y, = £560 for every x€M . 
It is easy to see that for every n€N there exists a continuous 
mapping GH? ,such that £ CEC (x5 f£, 460) „Рог every XEM 
and : ў 
| її С) -# 4 Goll = р ағ 10260, Ё SE 
Let us prove that for every nEN 
її (х)-# 4 GOS r(t -t„_1) for every x€ м. 
t For п = 1 we have 
NE, (x)-£ G0) =E (х) -у = т абу ,б(х,у )) 
h < r sup d(y,G(x,y,))< r(t,-t,) 
ZEN 
3 
ap Suppose that WE -fn COIS r(t -t„.1? + Then 


ПЕ ааа (0-6, G0II < гр(б(х,Ё (x)) Cx, fp 422) < 


Sr hCIf GO-£, 4 Gx) WS e hGr(t,-t, 4D) = PCy ty) 


From this we obtain that: Ф: 
nom n 


| NE GDE GOD < уз ПАФОС < ху ШЕ 


) ^ 


= DCE 
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H | is a monotone nondecreasing 
ем Ufo) 


sequence such that © =0 St S tS ... S a „it follows that | 
* q z 
: t lim t = © . Hence f i 
there exists t such tha ns is a 


n 
uniformly convergent sequence of functions and let f(x) - 
= Min a x)» As in [12] it follows that f(x)EG(x,f(x)) 


n o 


x6M 
THEOREM 2 , Let (X,d) be a metric space, A a 
nonempty,closed and convex subset of a Banach space (Ү,| | ys 


T:A» X a continuous mapping such that T(A) is compact in x 


h:[0,9)9[0,9) _ а nondecreasing mapping such that h(t)< + 


(=> 0) „and G:TCA)xA+CCB(A) is such that 1.,2. and 3. in Lem 
Ki in Lem; 
hold for M - T(A) 


Then there exists x CA so that x EG(Tx_,x_) 


Proof:From Lemma 2,as in Theorem 1 ‚we conclude that mapping 
Q:A +A ,Qx = f(Tx) (хе А ) has a fixed voint x € Охо 
Remark: If h(u) = К u(u»0) апа КЄ (0,1) then for every 

г 21 such that kr <1 it follows that 


= 2 
EE = (1+kr+k 


is bounded for every t>0 


Gener at T oue N 


. Hence ,Theorem 2 is a generalizatio 
of Rzepecki's fixed point theorem from [21] 

Theorems 1. and 2. 
spaces . — 


can be generalized to paranormed 


From Theorem D ,using Example 1.3 
i the following result 
PROPOSITION! Let x 


from [17] we obtain 


be a paracompact topological space, (Y,q) 
is a complete paranormed space,F:X+ CC(Y) a lower semicontinuous 
d mapping and A a closed subset of X . IORC ORE GX) 


the Zima condition then every continuous selection g:A> Y 


of FIA has an extension f:X >Y which is a continuous selecti? 
Oe Far. 


satisfies 


вар 


Proof: Let us define the mapping H:X sCC(Y) 

H(x) = 
‚for every xeX\ A 
and co H(X)c co F(X) 


by 
g(x) ‚for every Së and H(x) = F(x) 


Then [17] H is lower semicontinuous 


which implies that co H(X) satisfies 
the Zima condition . Then from 


Theorem D: it follows that 
there exists a continuous selection £:X+yY of the mapping ы» 


| 
| 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


em: 
eny 


atio: 


aat | 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Some fixed point theorems for multivalued ...37 


which is obviously a continuous selection of F 


Now,we shall prove a generalization of Theorem 1 for 
paranormed spaces.In the next Theorem C = C(co G(T(A),A)). 


THEOREM 3 Let (X,d) be a metric space,A a nonempty,closed 
and convex subset of a complete paranormed space (Y,g) and. 
satisfy the Zima condition,T:A-X a continuous mapping such 
that T(A) is compact in X ,G:T(A)xA+A and the following 
conditions are satisfied 


(i)? The condition (i) in Lemma 1 


(11)? For every xe T(A) and every u,v€A : 
D(G(x,u),G(x,v))«h(q(u-v)) 


where h:[0,9)7[0,9) is such that the mapping В 


defined by h(t) = C h(t) ‚for every +20  ,satisfies 
(A42, (A42 (A) and lim h(a) = 0 ‚for every a>0 . 


n>% 
Then there exists x EA such that x_€G(Tx_,x_) 
УФ” ОШО 


Proof: Since the set A satisfies the Zima condition and 

А is a convex set it follows that the set co G(T(A),A),which 

is contained in the set A ,satisfies the Zima condition also. 
Similarly as in Lemma 1 ,we can prove the existence of the con- 
tinuous mapping f:T(A)*A such that f(x)€G(x,f(x)) „for every 
x€T(A) . Namely,since we can apply the Proposition we obtain 
on the right side of (6) C(h(r(g, ,g,)) * 5) ‚which implies 
that DC F(g,) sF(g,))<C h(r(g,,g5)) ‚for every g,,g,€U . 


From Theorem B it follows the existence of the mapping f 
and from the Zima generalization of the Schauder fixed point 
theorem [27] we obtain that there exists x,€A such that 
x EG(Tx_,x_) 

Let us give an application of Theorem 1 on the existence 
of a solution of functional eguation (1) 

First,we shall give some notations . 

I -[0,a] (a>0),£:IxR"xR" +ССВСКП) met (I,R") = 

={x|xES(I,R") , IXI n dt«e } ‚А z(wIweL!(r,RP), 


lw(t)i<m(t) a.e. on I} ‚TiArS(1,R") a compact mapping 
and k:[0,a]xR,>R, so that k(-,s)€L (I,R,) (s€R,). 
THEOREM 4 Suppose that the mappings f and k satisfy the = 


following conditions : 3 E 


1.For every (u, v) ER xR” ,tef(t,u,v) is a measurable 
IER ublic Domain. Gurükul Kangri Collec ion, Haridwar, " 
m Д escis d 
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mapping. 


2. For every (t,u, v)€IxR” xR” 
3. For every (t,u,V,)€ TRORA (16(1,2)): | 


,D(£(t,u,v), {8} )<m(t). 


S a en 


D(F(t,u,v,), f(t,u Yg) «КСЕ Iv47 v5] ) 


pn 
ц. For every t€[0,a] ‚k(t,' ) is a nondecreasing m apping 
such that the mapping h: В, >к, defined by h(s) zi k(t,s)à 


satisfies all the conditions he Lemma 1 


n Е 

Then there exists а solution ge! (I,R ) of the functional 
SE 

equation (1) . 


Proof: Let Y = 1101,80) and for every x@S(I,R") and yea 
G(x,y) ={ulu: I+R",u is measurable ,u(t)ef(t, хе). dEr, „tel 
Then [15] G(x,y),# Ø ‚for every xEeS(I, в?) and every | 
y€A and G(x,y)ECCB(A) . Further,the set A is closed and convex 
and С:ТСА)хА+ А. 
Let us prove that for every xeS(I,R") and y, А(16{1,2} ) 


(7) D (G(x,y.,),6(x,y,))< hCly4-y e 
Gros 1 22 154712 


) 
(г, к?) 

Let м166(х,у;) . Then (see „for example [4] ‚Lemma 23.1 
there exists a measurable selector Wo of the mapping 
t»flt,x(t), y„(u)du) so that for every t€ I: 

0 


t t { 
; м, Ct)-w,Ct)| = D(f(t,xCt), f y,(u)du), f(t, x(t), f y,(uddu)) » 
ү at 2 R? 0 1 0 


РА From this we have that : 

wi Iw,(t)-wo(t)l < k(t, 1 fly, (u)=y, (u) dul ED 

P R 0 R 

ik 

5 € k(t,ly,;-y,l 

IE a N 3 

d SEET | 

| and so Iw,-w,| < f k(t,ly,-y = nl dt=h(ly,-Y2 | 
Ае тт) Р 


| 


e ONUS nCIy4-y2! aad 
. Using the same method we can prove rd 


every yEA ‚the mapping x»G(x,y) (xeS(I,R")) is continuous 


si 
сс-о. RARER Koma, Gwaenpagtomempingiwall the condition ` 
een 1 are satisfied . 


Sinilarly,it сап be proved that for every м2Є6(х,у,) there 
exists wieG(x,y,) so that: [м 


which implies (7) 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


E П 
————————8eme fired point theorems for multivalued ...39 
Hence, there exists g€A such that g€G(Tg,g) which means 
that g is a solution of functional equation (1) .Functional 
equations (1) include differential inclusions [1] 
D. Some pedir ic examples of compact integral operators 
in the space S(I,R") are given in [13] 
3.AN EXISTENCE RESULT FOR THE EQUATION x(t)€F(t,x) 
In this section we shall use the following notations: 
ter (X,l | ) is a uniformly convex Banach space } I -[0,a] (a>0) 
Dy C(I,X) is the space of all continuous functions from I into 
729 X,R, = 10,2) ‚x ЄС(І,Х) »иЄС(І,К,); убо.) ={ ul u€C(I,R) , 
0Su(t)Scu (Е) ‚for some с>0 and every teI} ; D(x Yg) 
2) ) = {x| xec(1,X), Ix(t)-x (tds cu (t) »for some c>0 and every 
tel ) and Е :IxC(I,X)+ CCB(X) 
Similarly as in [15] let us introduce the following 
conditions (i)-(iv) 
23.1 (i) For each x€C(I,X) the mapping F(*,x):I» CCB(X) is 
continuous 
(ii) 9: Ku) *VWu,) is a nondecreasing operator 
such that e 
i DC F(t 5x), F(t,y))< QC Il x-yll )Ct) 
E for every x;y€D(x,,u,) and every ЄТ 
(iii) There exists a p>0 such that 
DC t,x {x (t)})< p u(t) ‚for every +ЄІ . 
(iv) There exists a function h:R > В, which satisfies 
conditions CA, )-CA,) and : 
Q(su,)(t)< h(s)u,(t) „tel ‚for every s>0 
i3 THEOREM 5. Let all the conditions (i)-(iv) be satisfied . 
"tr Then there exists x€C(I,X) so that : 
x(t)6FEt,x) ‚tel 
e | Proof: For every x€C(I,X) let 
col G(x) ={f|fEC(1,X),f(t)EF(t,x),t€I1} 
+ fo From the continuity of the mapping teF(t,x) ‚for every x€C(I,X) 


Since FKt,x)eCCB(X) ‚it follows by Michael's selection theorem 
th €D(x_,u_): 
ons ЗВО) cod Si РИС 55.60 бех датон Handw 05 o? o? 
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eee 
г lxCt)-y Ct DI 
ООЗУ = UP ту 


o 
tel, | 


where I ={t|teI ,u,(t)? 0) 
Then (D(x, WR )5 а, ) is a complete metric space . It ig 
obvious that AA. is enced in D(x, › 00 ) ,for every x€D(x oY, y 
Let x€D(x, u, ) and. FeG(x) ; Сге te F(t, Хо ) ISRA Soe, 
| mapping from I Into CBOO and (ХИ 1) is a een convex Вапа 
space from Lemma 5.2 [2] it follows that there exists вес(т Ka 
so that g(t)eKt,xj) ‚for every ФЕТ and: 


l| fCt)-g(t)l = inf I f(t)-zll 
zent 2X) 


Then we have 


I £Ct)- TES (til «Il £Ct)- g(t il +l gCt)- x, (+)1< DC RKt,x), F(t,x_)) + 
Hglt)- Xo (+)1< 901 х-х (=) + DECE, Xo Yo (x, 6929) 
< QCeu, Yr)+pu, (t)< (Cepu, (С 


which implies that : 
d,(£,x )Sh(c)+p  fED(x_,u_) 
Hence G(Xx)ECB(D(x_,ug)). 
Let us prove that: 


(8) 0(6(х),6(у))<Ћ(а,(х,у)) ‚for every x,y€D(x,,u,) 
where D is the Hausdorff metric induced by the metric dj . 

In order to prove (8) we shall show that for every f€G(x) i 
there exists f €G(y) so that a, (£,£,)Sh(d_(x,y)). If fec(x) the 


W£(t)-£,(t) = infil f(t)-zi =D({f(t)}, КЄ,у))< 

zeMt,y) 
< D(F(t,x),F(t,y))« QC х-У| )(t) for some £,€ Gly) [2] - 
From | x(t)-y(Ct)l« ug (t)d Als) (tEI) it follows that 


(8) N£(t)-£, CO) bid (x,y) Du Ct) ‚tel 


and (9) implies that: 

(10) а, (6 f£, ) < һа, (х,у?) 
Similarly ,we сап {ж that = every u 
u€G(x) so that : 

(11) 


498 (y) there exist? 
d 1000, Je h(d 40532) 
Hence,(10) and (23) dotis dien (8) holds 

Applying Theorem B we conclude that there exists 


xED(x >U ) so that x€G(x) which means that x(t)EF(t,x) ‚ee 
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} : Using Theorem 5 ,Similarly as in [15]  ,some sufficient 
conditions for the existence of a solution of functional 


equations x(t)EF(t,x(r(t)) and integro-functional equations 


1 s(t) 
tin, x(t)ef(t,f glt,u,x(u))du,x(r(t))) ‚tel 
0 


апа; 
X) can be given .Here,r:I-I and s:I»I are continuous mappings. 
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REZIME 


МЕКЕ TEOREME 0 NEPOKRETNOJ TAGKI U BANAHOVIM 
PROSTORIMA I NJIHOVA PRIMENA 


U ovom radu je dobijeno vigeznaéno uopštenje poznate 
teoreme Melvina o nepokretnoj tački [16]. 

Korišćenjem ovog uopštenja dokazan je jedan egzistenci- 
jalni rezultat za jednu klasu funkcionalnih jednačina 
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ABSTRACT 


A common fixed point theorem is proved involving two 
pairs of weakly commuting mappings on a metric space (X,d) sa- 
tisfying 

d(Sx,Ty) € g(d(Ix,Jy),d(Ix,Sx),d(Jy,Ty)), for all x,y in X 
where g : [0,9)3 - [0,o) satisfies (i) g(1,1,1) = h < 1-and (ii) 
if u,v > 0 and either и < g(u,v,v) or u € g(v,u,v) or 
и S g(v,v,u), then и < hv. 


1. THE FIXED POINT THEOREM 


In the following, see [6], we defined two mappings S 
and I of a metric space (X,d) into itself to be weakly commuting 
if 


d(SIx,ISx) < d(Ix,Sx) 


for all x in X. It is clear that two commuting mappings weakly 


commute but two weakly commuting mappings do not necessarily 
mU I mox n2 Rate E NER og See Wk 
AMS Mathematics Subject Classification (1980): 54H25, 47H10. 


Key words and phrases: Weakly commuting mappings, common fixed 
Doint, : 
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| Be” з - = 
| NEUE 


| commute as is shown in Example Al, cre (Ne 
The following theorem was proved л Kai. 


Theorem 1. Let S and I be commuting mappings and 
Let T and J be commuting mappings of a complete metric space 


(X,d) into itself satisfying the inequality 
(1) d(Sx,Ty) < с•тах{4(1х,Ју),а(1х,5х),а(Ју,Ту)} 


for all x, y in X, where 0 < с < 1. If the range of I contains 
the range of T and the range of J contains the range of S and ij 
one of S, T, I and J ts continuous, then S, T, I and J have а 
unique common fixed point z. Further, z is the unique ecmmon 
fixed point of S and I and of T and J. | 


Following Delbosco [1],we consider the set S of all 
real continuous functions g : 


[0,9)3 + [0,9) satisfying the fol- 
lowing properties: 
(4) реза. 


(44) let u,v > 0 be such that either u < g(u,v,v) or 


u S g(v,u,v) oru < g(v,v,u). Then u < hv. 


Delbosco [1] proved the following result. 


Theorem 2. Let S and T be two mappings of a complete. 
metric space (X,d) into itself satisfying the inequality 


(2) 4(Sx,Ty) < g(d(x,y),d(x,8x),a¢y,Ty)) 


for all x, y in X, where g is in S. Then S and T have a unique 
“common fixed point. 


We now unify and generalize Theorems 1 and 2 with the. 
following result. 
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| Theorem 3. Let S and I be weakly commuting mappings 
and let T and J be weakly commuting mappings of a complete me- 


trie space (X,d) into itself satisfying the inequality 
(3) d(Sx,Ty) < g(d(Ix,Jy) ,dCIx,Sx) ,d(Jy , Ty )) 


for all x,y tn X, where g is in S. If the range of I contains 

the range of T and the range of J contains the range of S and 
18 tf one of S, Т, I and J ts continuous, then S, Т, I and J have 
if a unique common fixed point z. Further, z is the unique common 
і fixed point of S and I and of T and J. 


Proof. Let x = xo be an arbitrary point in X and 
let x4 be a point such that Sxo = Jx4. This can be done since 
| the range of J contains the range of S. Let х» be a point such 
Fol- that Tx; = Ix2. This can be done since the range of I contains 
the range of T. In general, we can choose x 
such that Sx Jx and Tx 


2n ona 2n+1 ^ 
Using ineauality (3), we have 


2n?%2n+1 MI Хәп+2 


Ix Фор n = ОБЕ 


2n+2 


ЧТо ,4) Sg (ах 7х, 44) AIR, 5х,),907х, L4 TXo (42) 


Sg(d(Tx) A 4,8x5 4), dCTx5, 4 SX.) d (x5, TX9 044)? 


which implies by property (ii) 


AlSx, > än 44) < h- d(Tx,,-4:5X2p)- 


Similarly, 


ЛА а(Тх Sx? < h-d(Sx,„-2> 


2n-1? 


and so 


the 
) < һ21.4(5хо,Тха) 


dx, Tx). 2n-1 ху = 


Edi cose 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Dey e B. Fisher and S. Sessa 


for п = 1,2,... . Since в < 1, we have that the sequence 


(4) {Sxo,TX1,SX2, ... > TX, 4 2SXonoTXon 445. ...} 


is a Cauchy sequence in the complete metric space (X,d) ang 
so has a limit z in X. Hence the sequences 


(x4) = {Jx,,,1} and Үй = (ix, ds 


which are subsequences of (4), converge to the point z. 

Let us now suppose that the mapping I is continuous, 
so that the sequences (І2х, } and (I$x,,) converge to the po- 
int Iz. Since S and I weakly commute, we have 


a(SIx, ,ISx,.) < QCIx,, SX.) 


. and so the sequence {SIx,,} also converges to the point Iz. 
We now have 


a(S Ixo IXan) S g(d(I?x,. ,Jx,. , 2, d(I2x5, ,SIx54), 


2n+1 


(2х, 14» TX25 44?) 


g n tend to infinity and since р is continuous, we have . 


anzi» e Саб т292) 50300. 
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| d(Sz,Tx,. 44) < g(d(T2,Jx), +1) 9012,82),407х0 457X944) 
and letting n tend to infinity, we have 
d(Sz,z) S 5(0,а(2,52),0) 
which implies by property (ii) 
ВЕ Я 
5, E 
This means that z is in the range of S and since the range of 
= 
J contains the range of S, there exists a point z^ in X such 
that J21 = о TRUS 
d(z,Tz^) = d(Sz,Tz^) = Васа EE EE 
SEET 
which implies by property (ii) 
3 
Nr E 
М Since Т and J weakly commute, we have 
е к 


d(Tz,Jz) = d(TJz^,UJTz^) S d(Jz^,Tz^) = d(z,z) = 0. 
Thus Tz = Jz and so 
d(z,Tz) = d(Sz,Tz) < g(d(Iz,Jz),d(1z,Sz),d(Jz,Tz)) 


g(d(z,Tz),0,0), 


Which implies by property (ii) 
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We have therefore proved that z is a common fixed 
point of S, T, T and J. | 
If the mapping J is continuous instead of I, then 


the proof that z is again a common faxed point of Ss, Te; am 
J is of course similar. 
Now let us suppose that the mapping S is continuous 
3 
so that the sequence {52х, 1} апа (51х, 1) converge to the point 
Sz. Since S and I weakly commute, it follows as above that the 
sequence (Sx, also converges to the point Sz. Thus 
2 
а(52х, ,Tx 


)s 5(а(15х ,Jx ),dlISx,, ,S?x 


2п+1 2n+1 д)» 


IX, 41° TXon gy?) . 


Letting n tend to infinity, we have 


d(Sz,z) < g(d(Sz,z),0,0) 


and so 


LO 
N 
u 
N 


è by property (ii). Once again there exists a point z^ in X such 
that Jz^ = z. Thus D 


а(52х, »Tz“) < g(alIsx, ,J2^) ,d(I8x,, ,S?x, ),а0Ј2*,Т2*)): 


Letting n tend to infinity, it follows that 
d(z,Tz^) < g(0,0,à(z,Tz^)) 
and so 
IS m 9 


by property (ii). Since T and J weakly commute, it again 
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follows as above that 


Tz = Jz 
id 
Further 
IS, 
E Tz) € g(d(I 
ie d(Sx44,T2) & g Xj 252) ,dCIx) 4 ,$x4,),d(J2 ,T2)). 
Letting n tend to infinity, it follows that 
), 
d a(z,Tz) = г(а(2,12)050/) 
^. 
and so 
Tz = 2 = Jz 
by property (ii). The point z is therefore in the range of T 
and since the range of I contains the range of T, there exists 
a point z^^ in X such that 1200 =17. Thus 
d(Sz^^,z) = d(Sz^^,Tz) < g(d(Iz^^,Jz),d(Iz^^,Sz^^),d(Jz,T2)) 
iR =. g(0,d(2,$2^^),0) 


and so 
)). 
За в в 
by property (ii). Since $ and I weakly commute, we have 
d(Sz,Iz) = d(SIz^^,19z2^^) < d(Iz^^,8z7^) = d(z,2) = 0. 


Thus 


32 = І2 = 2 . 


— 


We have therefore proved once again that 2 is a com- 
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—— ау 


mon fixed point of S, T, I and J. 


If the mapping T is continuous instead of S, then |. 
the proof that 2 is again а common faxed. POInt огоот апа 


J is similar. 
Now let ы be a second common fixed point of S ang I. 


Using inequality (3), we have 


d(w,z) = d(Sw,Tz) < g(d(Iw,Jz),d(Iw,Sw) ,d(Jz,Tz)) 


| = g(d(w,z),0,0) 


and it follows, from property (ii), that w= 2. Then z is the 
unique common fixed point of S and I. Similarly, it is proved 
that z is the unique common fixed point of T and J. This com- 
pletes the proof of the theorem. 


Remark 1. Assuming g(tı,t2,t3) = c-max{tı,t2,ta} 
for any t4,ta2,t3 > 0, it is easily seen that g is in S. Then 
Theorem 1 follows from Theorem 3. 


The following example shows that Theorem 3 is a 
M stronger result than Theorem 1. 


d. Example 1. Let X = {1,2,3,4} be a finite set with 
metric d defined by 


d(1,2) 
d(2,3) 


3, d(1,3) 117395 d(1,4) 
6, d(2,4) = 8, d(3,4) 


7955 
12. 


Let I = J be the identity on X and define S and T by 
31 = $3 = Si = 3, S2= 4, T1=T3 = T2 = 3, Tu = 24 


A routine calculation shows that Theorem 3 is satisfied if one 
essumes that 


g(ti,ta,ts) = а Заа (ta stade (e сак у, 
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where h and k are real numbers such that 
а ‚ Nos 


——sSh<141, Xo» 
8 


However, inequality (1) dces not hold since we have for x = 2 


and y = 3 


d(S2,T3) 


409,3) = 12 > 8 = max{6,8,0} 


max{ d(2,3),d(2,52),d(3,T3)}. 


Remark 2. If I = J is the identity on X, Theorem 3 


becomes Theorem 2. 


Remark 3. We refer to the examples of [3], where it 
is shown that the weak commutativity (see [7]) of T and J, the 
range of I contains the range of T and the continuity of one 
of the mappings S, Т, I and J are necessary conditions in Theo- 


rem 1 апа therefore also in Theorem 3. 
2. A COMPARISON 


The authors of [4], generalizing Theorem 1, conside- 
d red the family 3 of all real functions f : [0,9) + [0,9) such 
that f is increasing, continuous from the right and f(t) < t 
for any t > 0. In particular, they established, under suitab- 
le assumptions for the mappings S, Т, J and J, a similar result 


to Theorem 3 using the following inequality: 


(8) d(Sx, Ty )<£(max{d(Ix,Jy) ,d(Ix,Sx) ,d(Jy ,Ty),a(Ix,Ty), 
d(Jy ,Sx)}) 


for all x,y in X, where f is in #. Of course, this result ex- 
tends the results of [2] and [7], where the authors considered 
analogous contractive conditions by using a function f in MEE 
Pointed out by Delbosco [1], a function g in S generally does 
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= 
not belong to $ and vice versa, i.e. inequality (3) ang ined 
quality (5) are two different generalizations of inequality 


(1). 
We illustrate this with suitable examples. 


— 


Example 2. Let X, S, T, I, J and d be as in Examp- 
le 1. We already know that inequality (3) holds. Ve now show 
that inequality (5) is not satisfied. Indeed, we have fon 
x = 2, y = 3 and for any f in 3 


d(S2,T3) = d(4,3) = 12 > £(12) = f(max{6,8,0,6,12}) 
= £(max{d(12,J3),4(S2,03),d(I2,S2),d(J3,83),d(I2,T3)}) . 


Adopting the same technical proof of Theorem 3, it 
is not difficult to prove the following result. 


Theorem à. Let S and I be weakly commuting mappings 
and let T and J be weakly commuting mappings of a complete me- 
trte space (X,d) into itself satisfying the inequality 


(6) d(Sx,Ty) < max{cd(Ix,Jy),cd(Ix,Sx),cd(Jy,Ty),ad(Ix,Ty) + 
+ bd(Jy ,Sx)} 


for all x,y in X, where a, b, с are real numbers such that 
0se<1,0<saH+rb<1 and 


(7) e*max(a/(1-a),b/(1-b)) < 1. 


If the range of I contains the range of T and the range of J 
contains the range of S and if one of S, T, I and J is conti- 
nuous, then S, T, I and J have a unique common fixed point ** 
. Further,z is the unique common fixed point of S and I and of 


T and J. f 


Proof. Let x = xo be an arbitrary point in X and» 
as in the proof of Theorem 3, we consider the seauence (4) 
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such that 5х = Jxj4,4, and Zanen = Ix, 4) for п = 0,1,2,... 
Using inequality (6), we have 


d(Sx, ә Тху gq) 5 max{cd(Ix5,, IX, 4) ,ed(Ix,, ,8x, ), 


2n 
ATX, 442 TX an ail elt Dän , Tx, 44) У bd(Jx,. | 1 5924) 

< max( cd (Tx), 4 9X5, 1:63 Gx, п> Хәл)» 
ald(Tx, _4 5x5.) + d(Sx, , Tx, 421) 


which implies that 


а(5х, , Tx,» 41) < тах{с,а/(1-а)}+а(Тх„ 4,8x5,). 
Similarly 
d(Tx, 458x442) 5 max{c,b/(1-b)}+d(Sx,, 7х 4) 
and so 
(8) d(Sx, TX 44) < an +d(Sxo ,Tx4) 
and 
(9) Ч(Тх 4 2SXon ) s a4 a(TX45Sx205 
where 


а = max{c,a/(1-a)}+max{c,b/(1-b)}. 


It is easily seen that 0 < a < 1. This implies, by (8) and (9), 
that the sequence (4) is a Cauchy sequence in the complete me- 
tric space X and so has a limit z. From now on, the proof is 
Similar to the proof of Theorem 3 and we therefore onit it. 


Remark 4. If I = J is the identity on X, Theorem 4 


becomes Theorem 6 of [5]. 
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Пи = 

Remark 5. Assuming f(t) = max{ct,at + bt} fon any 
+ > о with 0 < e< 1 and 0 < а + Ь < 1, it is immediately Seen 
that f is in $. Theorem 4 can therefore also be obtained as 4 
consequence of Theorem 1 of [4]. 


Since inequality (6) is a particular case of inequa- 


lity (5), we now give example where inequality (6) is satisfi. 


ed but inequality (3) does not hold. 


Example 3. Let X = {1,2,3,4} be a finite set with 
metric d defined by 


4(1,3) = d(1,4) = d(2,3) = d(2,4) = 1, 


d(1,2) = d(3,4) = 


1 
N 
D 


Let I be the identity on X and define S, T, J on X by 


84a 25 SO ER 3, 


T а m cra aaie ho 


J1 Zo U2 ed, ug 5 Jo am am 


All the conditions of Theorem 4 are satisfied since 


$00) в (35255. cO Ө 9). 


WOO) в TU за a) 


8) and (7) Oed with a = WA, BE ® апас 4/2. 
36:52 is pon satisfied. Indeed, we have for x 


i- 
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We now observe that inequality (6) implies 


d(Sx,Ty) < max(cd(Ix,Jy),ed(Ix,Sx),cd(Jy , Ty), 


(a+b)-max{d(Ix,Ty),d(Jy ,8x)) ) 
for all x,y in X and so 


(10) d(Sx,Ty) < B8:max(d(Ix,Jy),d(Ix,Sx),d(Jy, Ty), 


d(Ix,Ty),d(Jy ,Sx)} 


for all x,y in X, where 0 < B = max{c,atb} < 1. 

We now show that Theorem 4 fails if we assume the 
more general ineauality (10) instead of inequality (6) when 
1/2 <В < 1. To see this, we give the following example mainly 
inspired by Example 6 of [5]. 


Example 4. X = {1,2,3,4} be a finite set with met- 
ric d defined by 


d(1,2) = a3, Wer 2, асо emda 9 


d(1,4) = d(2,3) = 3/2. 
Let I be the identity on X and define S, T, J on X by 


S1 = 54 = 2, $2 = $3 = 1, 


T1 


T3 Ө Шу hee We ©, 


Ч1 


3, @ e i ШЕ в Aly apu m оў 


We have 


S(X) = {1,2} c X= J(X) 


= {3,4} 
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ала of course 5, Т, І and J are continuous. Further, 


d(TJ1,JT1) = a(T3,04) = d(4,2) = 1 < 2 = d(3,4) = q(J1,T1), 
d(TJ2,JT2) = d(T4¥,J3) = d(3,1) = 1 < 2 = d(4,3) = d(J2,72), 
| астоз,7тз) = d(T1,g4) = d(4,2) = 1 < 3/2 = d(1,4) = 073,73), 
| A(TI4,JTY) = d(T2,73) = à(3,1) = 1 < 3/2 = 4(2,3) = An T4), 


| Thus Т weakly commutes with J апа S commutes with I. It is 
| easily seen that inequality (10) is satisfied with 1/2 < в < 1, 
but S, Т, I and J do not have common fixed points. 
We conclude observing that if 0 < B < 1/2, then ine- 
quality (10) implies 


d(Sx,Ty) s max{Bd(Ix,Jy),8d(Ix,Sx),Bd(Jy ,Ty), 
Bd(Ix,Ty) + Bd(Jy,Sx)) 


for all x,y in X. This inequality is formally analogous to (6) 
by putting В = a = b= c. Therefore Theorem 4 remains valid if 
inequality (6) is replaced by the equivalent inequality (10), 


E provided that 0 < B < 1/2. In this case we note that ineauality 
? (7) is also satisfied, since B < 1/2 implies that 
B 
В — < E S Чо 
AUS [3 
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REZIME 


ZAJEDNIČKE NEPOKRETNE TAČKE DVA PARA SLABO ` 
KOMUTATIVNIH PRESLIKAVANJA 


Dokazana je teorema o zajedničkoj nepokretnoj tački 
za dva para slabo komutativnih preslikavanja definisanih nad 
metričkim prostorom (X,d), koji zadovoljavaju: 

d(Sx,Ty) € g(d(Ix,Jy),d(Ix,Sx),d(Jy,Ty), za sve x,y u X 
gde g: [0,9)3 + [0,9) zadovoljava: 


(Т) За ee ee 


(ii) ako je u,v > 0 i ili и < g(u,v,v) ili 
и < g(v,u,v) ili u < g(v,v,u) tada je u < hv. 


Received by the editors December 9, 1985. 
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ABSTRACT 


In this paper a Caratheodory-type selection theo- 
rem is proved. As an application, a random fixed point theo- 
rem is obtained. A result on the existence of equilibria in 
abstract economies with a measure space of agents and with an 
infinite-dimensional strategy space is also included. 


1. INTRODUCTION 


In a series of papers, Kim-Prikry-Yannelis [2, 3, 
4] have proved a Caratheodory-type selection theorem and used 
it to prove general theorems on the existence of random fixed- 
-points and the existence of equilibria in abstract economies 
with a measure space of agents and with an infinite -dimensio- 
nal strategy space. 

The object of this paper is to prove similar results. 
The paper is organized as follows. Section 2 contains de- 
finitions and preliminary material. In section 3, a Caratheo- 
dory-type selection theorem is proved. In section 4, a random 
fixed-point theorem is proved. In section 5, a theorem on the 


— 


60H25. 
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— 


existence of equilibrium in abstract economies is proved by 


using the Caratheodory -type selection theorem established in 


section 3. 


2. PRELIMINARIES 


) 
| 
$ 
| 
H 


Let X,Y be two topological spaces. The graph of 
the correspondence 6 : X > 2! is denoted by Gy = i(x,y) ЄК 
xY : y € ф(х)}. The correspondence ф : X + 2Y is said to ha- 
ve a closed graph if the set е, is closed in X х Y. A corres- 
pondence ф: X + 2! is said to have open Louer sections if fon 
each y € Y the set ф-'(у) = (ix € X :y € $(x)] is open in X. 
An open‘cover of a topological space X is a collection U = fui 


u = X 
ata a 
An open cover U = tu, : a € A} is Locally finite if every x €] 


: a € A} of open subsets of X whose union SMX) туе: 


has a neighborhood intersecting only finitely many u € U. Let 
(T,r,u) be a complete finite measure space, i.e. н is a realva- 
lued, non-negative, countably additive measure defined in a 
complete o-field т of subsets of T such that u(T) < œ. The cor- 
respondence ф:Т > 2X is a said to have a measurable yraph if 
Sy € т X B(X), where B(X) denotes Borel o-algebra on X and х 
denotes o-product field. 

Let now X be a Banach space. Li(u,X) denotes the 
Space of equivalence classes of X-valued Bochner integrable 
functions f : T + X normed by 


Well = f ИЕСЕНан се). 
T 


A correspondence A : T + 2* is said to be integrably bounded 

if there exists a map g € L,(y) such that for almost all t e$ 

Apps : x € $(t)) < g(t). A Banach space X has the Radon-Wi- | 

kodym property with respect to (T,t,u) if for each n-contin" | 

-ous vector measure G : т + X of bounded variation there exist? 

ЕЕ Li(u,X) such that G(E) = f gdu for all E € т. 

Let X be a topological space and Y be a linear tog 

pological space. Let $ : X + 2! be a nonempty valued corre?" 
pondence. A function f : X + Y is said to be a continuous 99^ 
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lection from ф if f(x) € $(x) for all x € X, and f is ke 
ous. Let T be an arbitrary measure space. Let у : T > 2t be a 


nonempty valued correspondence. A function f : T + Y is said 


.to be a measurable selection from y if f(t) € W(t) for all 


t € T, and f is measurable. Let Z be a topological space and 
POV TA Z + af be a nonempty valued correspondence. A function 
Е: Tx Z+Y is said to be a Caratheodory-type selection from 
ф if £(t,2) € $(t,z) for all (t,z) € T x 7 and f(»,z) is méd= 
surable for all z € 7 and f(t,*) is continuous for all t € T. 


3. SELECTION THEOREM 


The following selection theorem is due to Kim-Prikry- 


-Yannelis [2]. 


Theorem 1 Let (T,t,u) be a complete measure space, 
Y be a complete, metrizable and separable Hausdorff linear to- 
pological space and 7 be a complete metrizable and separable 


topological space. Let X : T + ot be a correspondence with me- 


asurable graph, and à : T x 2 > 2t be a convex valued corres- 


pondence (possibly empty) with measurable graph, such that: 


(1) for each t €-T, ott, x) c X(t) for all x € 7. 
(tt) for each t, o(t,*) has open lower secttons in 
2, t.e. for each t Є Т, and each y € Y, фу! Уу) 
= {x€ Z: у € o(t,x)} is open in Z. 
(iii) for each (t,x) € Tx 2, such that $(t,x) # 0, 
o(t,x) has a nonempty interior in X(t). 


Let U = {(t,x) Е Tx Z : o(t,x) £ 0} айе с each 


ж @ Za NEE tis чы (ee) E U} and for each t € T, ut = (x € 2: 
(t,x) € U} . Then for each 2 @ 5 U, is a measurable set in T 

and there exists a Caratheodory-type selection from ly t.e. 

there exists a function f : U > Y such that f(t,x) € (t,x) 

for all (t,x) € U and for each x € 2, £(°,x) is measurable on 


U and for each t € T, f(t,*) is continuous on U. Moreover, 


f(+,-) is jointly measurable. 
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BEE 


We now prove the following selection theoren, 


hag ma LATTE 


\ y Theorem 2 Let T,Y and Z be as in Theorem 1, Sup- 
| pose that 6 : TX Z * 2 is a convex-valued correspondence 


(possibly empty) such that the following conditions hold: 


(1)° if S is a countable dense subset of Y, then 
for each t € T, and x € ut = {z EZ: (t,z)€ 
€ U), there exists y € S such that 
x € int (y) where $: (y) = {2 € 2 : Ул) 

(ii) for each t € T, and y € Y the correspondence 
в: т- 24 given by B(t) = Änt{z Є 2::уЄф(+,2] 
has a measurable graph. 


Then the conclusion of Theorem 1 holds, i.e. $ has a Caratheo- 


dory-type selection f, that is jointly measurable. 


Remark The Theorem 2 is different from the Theorem 
1 in the following ways: 
1. The conditions (i) and (iii) of Theorem 1 are 
altogether removed in Theorem 2. 
2. The condition (i)“ of Theorem 2 is weaker than 
BL the conditions (ii) and (iii) of Theorem 1. To 
| see this suppose that conditions (ii) and (111) 
of Theorem 1 hold. Let S be a countable dense 
subset of Y and t € T with x € 028 
Now х e Ut implies that $(t,x) £ ф. Hence, the condition (iii) 
implies that there exists y € d(t,x) N S, since S is dense: 
Now y € ф(х) implies x € ф=1(у). Condition (ii) implies that 
ф=1(У) is open. Hence, x € intz (y) = éz'(y) and condition 
(i)" of theorem holds. Thus conditions (ii) and (iii) of Theo’ 
rem 1 imply -condition (i)^ of Theorem 2. 


j 
3. Те measurability of ġ:TxZ> 21 in Theorem i 


312 (0) 
has been replaced by the condition (11)”. We g 
not know if the two measurability assumptions. 


are related. It seems that they are not comp?” 
rable. 
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Proof The general line of argument is the same as 
in Kim-Prikry-Yannelis [2]. As in [2], U, is a measurable set. 
Since Y is separable there exists a countable dense subset 

{¥isYooe--5) Of Y. For each п 5115252773 аена Eon 
oe : T > Y by fot) = Wa fop alll ele, тарас f is clearly me- 
asurable. 

Now for each t € T and x € Us assumption (i)^ im- 
plies that there exists f (t) for some n, such that 
NE Е (t)) = ES (t). This implies that the EES sets 
Dale) fi кз Ос E. form an open cover of the set ut ‚ and 
B. (0) = {2 62: ғ (t) € ó(t,z)). Assumption (ii)^ implies 
that Pa (*) has a measte DiS graph. 

For each m = 1,2,... define the operator ( 2 
Эл = (иЄ: Жеф; Z\W) > > da. oye TS boon oo Cul t € do 
let. Ca (t) - pa GEDN St, "o, CC 
Then C. (t) is open in Z а it can be easily checked that 
(Gr : n= 1,2,...) is a locally finite open cover of the set 
{x € 2: (t,x) € T = Ut. 

Since E (*) has a measurable graph, it follows that 
e (*) has a mc graph by Lemmas 5.6 and 4. 8 of Kim-Pri- 


ВЕНЕ [2]. 
dist(x,Z\C, Ct)) 


Define, for п = 1,2,..., Z(t x) = 
} dist(x,Z\C, Ct)) 
k=1 


This is a partition of unity subordinated to the open cover 


(c, Ct) Pine deg овоо 
Define f : U > Y by f(t,x) = „2 2, gy Ct» XES (t). Since (c, (t) 
m S dogs...) si Осал finite, each x has a neighborhood Ny 


which intersects only finitely many C(t). Hence, f(t,*) is a 


functions on Ny and it is therefore 

continuous. Furthermore, for any n such that g(t x) 05 

хє C(t) ев (+) = (2 ЕСЕ CEDME $(t,2)), в-е-> RCDE 

€ (t,x). So f(t,x) is a convex combination of elements f(t) 
Conseauently, f(t,x) € (t,x) for 
urable graph, dist(x,Z \ 


finite sum of continuous 


from the convex set $(t.x)- 
ала (5, Є u onee e E oM 
` CAG чеш Reha function by Lemmas 4.6 and 4.7 of 
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nam 


Kim-Prikry -Yannelis [2]. Therefore for each n and x, Oz) 
is a measurable function. Since for each n,f (+) is а measurpa. A 
ble function, it follows that f(*,X) is measurable fon each y, 
Aug HAGE RO) 158 а Caratheodory -type selection from oly: 

The joint measurability of f follows from Lemma 4,12 


сии 


of Kim-Prikry-Yannelis [4]. 


bk A RANDOM FIXED-POINT THEOREM 


ge ШЕ 


Let T be any measure space and X be a nonempty sub- 
set of any linear topological space. Let ф be a correspondence 
from T x X into 25. The correspondence $ is said to have a ran- 
dom fixed point if there exists a measurable function x : TUM 
such that x(t) € o(t,x(t)) for almost all t € T. 


Below we prove a random fixed-point theorem. 


Theorem 3. Let (Т,т,р) be a complete finite measu- 
i re space, and K be a nonempty compact convex subset of a sepa- 
1 


rabie, complete and metrtzable locally convex linear topologi- 
cal space E. Let $ 


map such that 


SU Rd e SN non-empty convex valued 


(t) tf S ts a countable dense subset of E, then 
for each t € T, x € oe = {z ЕК: o(t,z) # à) 
there exists y € S such that x € int ex! (У) 
where Фу (y) (z- GC € gw Gp 
(ii) for each t € T and y € Y the map B : T> Ge 
given by B(t) = int{z ЄК: y € d(t,z)} has 
@ measurable graph. 
Then $ has a random fixed-point. 


Proof. All the asumptions of Theorem 2 are satis- 


fied for $. Hence, Theorem 2 implies that there exists a join- 
tly measurable Caratheodory-type selection f of ф, 
f(t,x) € $(t,x) for all (t,x) € T x K. 

репе ЕТ Koby E(t) = {x EK 


1.е., 


8 5 = Sess) а (03 
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т 


r(t) #ф by Tychonoff^s fixed point theorem. F has a measurable 
graph since f is jointly measurable. Hence, Aumann^s measurab- 


le selection theorem implies that there exists a measurable 


. function x* : T + K such that x*(t) € F(t) for almost all 


t € T. Consequently, x*(t) = f(t,x*) € $(t,x*) for almost all 
t € T, and the theorem is proved. 


Remark The theorem proved above is similar to 
Theorem 3.3 of Kim-Prikry-Yannelis [4]. It should be noted 
that unlike Kim-Prikry-Yannelis we do not assume that $ has 


closed values or that E is a separable Banach space. 
5. EQUILIBRIUM EXISTENCE THEOREM 


Let (T,t,u) be a finite, positive, complete measure 
space. Let Y be a separable Banach space whose dual possesses 
the Radon-Nikodym property. For any correspondence X : T+ 2Y, 
Li(u,X) will denote the subset of Li(u,X) consisting of those 
x € Li(y,X) which satisfy x(t) € X(t) for almost ал Бш? 

An abstract economy Т is a quadruple ((T,T,u),X;,P, 


Al, where 
(1) (T,t,u) is a measure space of agents; 
(2) XS BOE c ai is a strategy correspondence; 
(3) РОД Хх Malu) <> 2Y is a preference corres- 
pondence such that P(t,x) с X(t) for all 
(t,x) € T x L{(u,X); 
(4) А : тхо 2ї is а correspondence such 
that A(t,x) с X(t) for all (t,x) € T x Lim). 
Notice that since P is a mapping from T x L,(u,X) to 
pde we have allowed for interdependent preferences. The inter- 


pretation of these preference correspondences is that y € P(t,x) 
means that agent t strictly prefers y to x(t) if the given 


strategies of other agents are fixed. Notice that preferences 


need not be transitive or complete and therefore need not be 


representable by utility functions. However, it will be assumed 
that x(t) € con P(t,x), the convex hull of рых Бо 
x Є Li(u,X) and for almost all t in Т, which implies that 
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x(t) € Plt,x) for all x € Li(u,X) and almost all t in T, 1.е., 


P(t,:) is trreflextve for almost all t in Т. ` 
An equilibrium for Г is an x* € Li(u,X) such that =f 


for almost all t in T the following conditions are satisfied: 


(i) x*(t) € cLA(t,x*), and 
(ii)  P(t,x*) c&ACt,x*) = ф. 


The following equilibrium existence theorem is due 


to Kim-Prikry-Yannelis [2]. 


Theorem 4 Let T = [(T,t,0),X,P,A] be an abstract 


economy satisfying the assumptions (A.1)-(A.4) where: 


== 


(А.1) (T,t,u) is a finite, positive, complete, separable 
measure space. 
(4.2) с Kee 2ї is an integrably bounded. correspondence 
with measurable graph such that for all t € T, X(t) 
18 a nonempty, convex and weakly compact subset of Y, where Y 
is a separable Banach space whose dual possesses the Radon-Ni- 
kodym property. 


(A.3) IX 8. AC YS Тр) + gu is a correspondence such that: 

(mes E тх (их) ху : y € Arte Hl € 
€ тох B(Li(u,X)) х B(Y) where B (Li (u,X)) 18 
the Borel G-algebra for the weak topology on 
Li(H,X) and B(Y) is the Borel o-algebra for 
the norm topology on Y; 

(b) it has weakly open lower sections, i.e., for 
each t Є Т and for each у € Y, the set 
AZV(t,y)= {x E€ 1л(и,Х) : y € A(t,x)} is wea 
kly open in Li(U,X); 

(o). for all (t,x) € T x Li(u,X), A(t,x) is conve? 


and has a nonempty norm interior in X(t); 
(d) fer each t 6 T, the correspondence A(t,°) 
Li(u,X) + 2°, defined by A(t,x) = CLA(t,x) 


A8 
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ДАИР, 
(a) 
(b) 
` (а) 
(а) 


T 


for ati (t,x) ЕТ X EE te) ав сона 
sense that the set {x € Lı(u,X) : A(t,x) = V) 
ts weakly open in Lli(u,X) for every norm open 
subset V of Y. 
х Lal On wee 
{(t,x,y) € T x Ly (u,X) x Y : y € conP(t,x)} € 
Goa Pe Ba OX) x B(Y) 

it has weakly open Louer sections, i.e., for 
each t € T and each y € Y, P-!(t,y) = {x € 

€ Li(u,X) : y € P(t,x)) ts weakly open in 
Li(u,X)2; 

for all (t,x) € T x Li(u,X), P(t,x) їз norm 


is a correspondence such that 


open X(t); 
x(t) € con P(t,x) for all x € Li(u,X) and for 
almost att tin. 


Then T has an equilibrium. 


We now use Theorem 2 to weaken some of the topolo- 


gical assumptions Theorem 4. 


Theorem 5 Assume that all the conditions of Theo- 


rem 3, except (A.3b) and (A.4b), hold. Suppose that in additi- 


on, the following conditions hold: 


(t) 


(tt) 


Then the economy Ї has 
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ay S tea countable dense subset of Y, then 


for each t € НЕЕ Li (u, X) such that A(t,x) П 


n conP(t,x) Я o> there exists y € S such that 
x € Antik (у) п сопРу\(у)) 


for each t € T, and y € Y, the corresponden- 
T > pha (HX) given by 


ce B 
гу € ACt,z)f conP(t,z)} 


B(t) = ént{z € Lı(u,X) 
has a measurable graph. 


an equilibrium. 
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Proof Although the proof is similar to that in 


ake of completeness. ` 


[3], we include it for the s | 


Define у: T * Li(uX) + af py y(t,x) = con P(t,x) for (t,x) є 
€ Tx Ly(y,X) and o : T x ПЕ) 8:202: by. OCE, x) = АСЕ. ХС 
€ w(t,x). 

Assumptions (i) and (ii) imply that all the condi- 


tions of Theorem 2 are satisfied. Hence, Theorem 2 implies that 


there exists a function f : U * Y such that f(t,x) € $(t,x) 


for all (t,x) € U, and for each x € Li(u,X), fC*,x) is pec 


rable on Ur and for each t € T, f(t,*) is continuous on Ut 


where CO is endowed with the weak topology and Y with the 
norm topology. Moreover, for each x € li(u,X), О. is а measu- 
rable set. y , 
Define 8 : Т x Lı(n,X) + 2. by 


SEN 


DECHE 
6(t,x) = | 


ecLA(t,x) if (t,x) € U. 

By Lemma 4.2 Kim-Prikry-Yannelis [3] for each 
4 x € Li(u,X), the correspondence c£A(*,x) : T + 2 has: a measu- 
rable graph. Therefore, by Lemma 4.3 of Kim-Prikry -Yannelis 
то Gael x @ iby (Migs), ООо) 8 Т>» ai has a measurable graph. 
Notice that assumption (i) implies that the set ut is weakly 
open in Li(u,X). Consequently, by Lemma 4.5 of Kim-Prikry -Yan- ` 
nelis [3], 6(t,°) : LiQu,X) > 2! is u.s.c. in the sense that | 
the set {x € L,(y,X) : 0(t,x) s V) is weakly open in Lı (м,Х) 
for every norm open subset V of Y. Moreover, 6 is convex and 
non-empty valued. Define F : L,(u,X) > 211 uX) by F(x) = (y € 
Е L, (и,Х) : for almost all t in T,y(t) € 6(t,x)). Since for 
each x € Li(u,X), 0(*,x) has a measurable graph, F is nonempty 
valued by Lemma 4.6 of Kim-Prikry-Yannelis [3]. Since 9 is 
convex valued, so is F. By Lemma 4.9 and Remark 4.2 of Kim-Pri” 
'"kry-Yannelis [3] Е is weakly u.s.c. Furthermore, since X(-) is 


integrably bounded and has a measurable graph, Li(u,X) is non- 
empty as a consequence of Aumann/s measurable selection theo; % 
rem; also since Х(,) is convex valued, Lı (u,X) is convex. By 
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Lemma 4.8.and Remark 4.1 of Kim-Prikry-Yannelis [3] Lilu, X) is 
weakly compact. Therefore, by the Fan fixed point theorem, 
there exists x* € Li(u,X) such that x* € f(x*), i.e., x*(t) € 

Е 0(t,x*) for almost all t in T. We now show that the fixed 
point is by construction an equilibrium for Г. Suppose that for 
а nonnull set of agents S,(t,x*) Є U for all t € S. Then by the 
definition of 0 x*(t) = f(t,x*) € ó(t,x*) © conP(t,x*) for all 
+ Є S, a contradiction to assumption (A.4)d. Therefore, (t,x*) 
€ U for almost all t in T and so for almost all t € T, v (s 
€ cLA(t,x*) and $(t,x*) = A(t,x*) N conP(t,x*) = ф. But, 
A(t,x*) n conP(t,x*) = ф implies that A(t,x) П P(t,x*) = 4. 
Since by assumption (А.3)с, P(t,x) is norm open in X(t) for 

all (t,x) € T x Li(y,X), the fact that A(t,x*) П P(t,x*) = 6, 
implies that cRA(t,x*) П P(t,x*) = ф, i.e., x* is an equilib- 
pium for Г. This completes the proof of the main existence 


theorem. 
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REZIME 


KARATEODORIJEVA SELEKCIJA, TEOREME 0 STOHASTICKOJ 
NEPOKRETNOJ TAČKI | EGZISTENCIJA EKVILIBRIJUMA 


U ovom radu dokazana je teorema selekcije ката eo 
dorijevog tipa. Kao primena EU Је геогепе о ато ge 
nepokretnoj tački. Rad sadrži i ч = DO ә Bee? E 

| brija u abstraktnoj ekonomiji sa merljivim pr a 
| beskonačno dimenzionalnim prostorom strategije. 


| Received by the editors December 9, 1965. 
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ABSTRACT 


In this paper some common fixed point theorems in 
convex and probabilistic convex metric spaces are proved. 


1. INTRODUCTION 


Takahashi [1] introduced the notion of convexity in 
metric spaces and generalized some fixed point theorems in Ba- 
nach spaces. Subsequently, Itoh [2], Tallman [3], Naimpally, 
Singh and Whitfield [4], Rhoades, Singh and Whitfield [5], and 
Hadžić [6] have studied convex metric spaces and fixed point 
theorems . 

In this paper, we shall first introduce the concept 
of starshaped subsets in a convex and probabilistic convex me- 
tric space. Then we shall show some fixed point theorems for 
sive type on a starshaped 


commuting mappings of the nonexpan 
| Our 


Subset of convex and probabilistic convex metric spaces. 
AMS Mathematics Subject Classification (1980): 47H10. 


Key words and phrases: Common fixed points, conver metric space, 
Probabilistie convex metric space. a 
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pems improve and generalize the corresponding results in 


theo | 
fom ayo, 29]. d 
2. DEFINITIONS AND LEMMAS 
Definition 1, Let X be a metric space and 
Т = [0,1]. A mapping М : Хх X х I+ is said to be a conver 
= sad. 
structure on X if for every (х,у) € X * X * I and u € X 
(1) Alu,W(x,y,A)) < Ad(u,x) + (1-A) dCu,y). 
І 
| Х together with a convex structure W ts called a convex metric 
| space. V d 
| In the following, we assume throughout that X isa ( 
| сопуех metric space. 
Definition 2. A nonempty subset K of X ts satd to 
be convex tf for each (x,y,4) E X X X st, Wx,y,A) € К. 
Definition 3. A nonempty subset K of X ts called 
starshaped tf there exists a xo Є К such that the set 
{W(x, xo,) Исе Ле Б СК Tho хо ts вата to be а star- 
ў -centre of К. 
| " 


Clearly, every convex set is a starshaped set and 
the inverse is not true. 


Definition 4. Let К be a starshaped subset of X 
wtth a star-centre Xo. , We say that K satisfies condition (B) 
tf for all (x,y,A) C K X K X TI 


d(W(x,x0,A),W(y,x0,A)) < Ad(x,y). 


Definition 5. A mapping S : X + X is said to be 
(W,x,)-eonvez if for each (x,,) € X x I.  W(Sxsxo,A) = SC 
Xo,A)). 
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Lemma 1. Let К be a starshaped subset of X with 
a star-centre Xo and let S : К + К be a (W,x0)-convex map- - 
ping. Then the fixed point set fix (S) of S ts a starshaped 
set with @ star-centre Xo. 


Proof. By (1) we have xg = М(хо,хо,А), VÀ € I 
W(Sxo»Xo;02) = Хо. It follows from definition 5 that Sxg = 
= S(W(xo,Xo,À)) = W(Sxo,Xo,À) VÀ € I. Putting А = 0, we obtain 
Xo = Sxo and SO Xo Efix(S). Now for any x Efix(S) and A € I, 
we have 


W(x,Xo,À) = W(Sx,x0,A) = S(W(x,xo,A)). 


Thus the set {W(x,x0,A) : x € {4х(5), AE т} = хб, toc 
4ix(S) is a starshaped set with the star-centre Xo. 


Definition 6. A continuous mappings f : К К їв 


said to be a-densifying if for any bounded D c К with a(D)>0, 
a(f(D)) < a(D), 


where a is the Kuratowski measure of noncompactness. 


For terminologies, notations and properties of Men- 


ger spaces (X,F,t), the reader may consult [7]. 


Definition 7. Let (X,F,t) be a Menger space. A 
mapping W : X X X x I > X is said to be a convex structure tf 


for all (x,y,u,A4) E X x X x X (0,1), 


Se CE 
о) = tC, xo? u,y 1- 2 


for each Е > 0 and W(x,y,0) = У, W(x,y,1) = х. 


A nonempty set К Є X is said to bea 
convex struc- 
E? T 


Definition 8. 
Starshaped subset of a Menger space (X,F,t) with a 


` Е 
м 
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ture W if there exists a Xo € K such that the set 
MORD E XEK, A € т} © К. The хо ts called a star- 
3 3 2 


-centre of К. 


Definition 9. A starshaped subset К of Menger зра- 
ce (X,F,t) with a convex structure W satisfies condition (8) 


if for all (х,у) EX x X x (0,1), 


Ле) 2 Е. (е). 
о И, хо: А) E х,у 


for every є > 0. 


Definition 10. Zet (X,F,t) be a Menger space with i" 
a convex structure W. A mapping S : X +X ts satd to be (W,x,)- 
-convex if for each (x,d) € X X I, W(Sx,xo,À) = S(W(x,xo,3)). 

Using a similar argument as in Lemma 1, we can easily 
prove 


Lemma 2. Let (X,F,t) be a Menger space with a con- 
ver structure W, and let K be a starshaped subset of X wtth 
а star-centre xo. If S : К К їз a (W,xo)-convex mapping, 


then the fixed point set fix(S) of S is a starshaped subset 
with a star-centre Xo. , 


3. MAIN RESULTS 


Я 
A 
" 
E 


Theorem 1. Let К be a closed starshaped subset of 
а complete convex metrie space (X,d) with a star-centre Xo 
and К satisfy condition (В). Suppose that f : К” К ts а non“ 
expansive mapping, i.e. for each x,y € K 


d(fx, fy) < d(x,y), 


f(K) is bounded and there exists m € N (the set of atl positi- 
ve integers) such that f" is a-densifying on {W(x,xo0,A) : X 5 
€ £(K), A € I). Then f has a fixed point in К. 


гете басс. 
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Proof. Let КЕМ be a sequence of real numbers A 
from (0,1) such that Lim k_ = 1 and for each n € N, define 


Noo 
о ео | 


Since К satisfies condition (8), we have that for all x,y € K 


асе х y) = d(WCEx,x05k_ ), W(fy хо, )) 


IA 


kpg (fx fy) S kd(x,y). 


By Banach’s contraction theorem, for each n € N, there exists 
Ee D 
Xn € K such that Xn f urthermore , 


d(x,» fx.) dCf xu fx) z dOlC£x, »X0 sk) fx.) 


IA 


k„atfx, ,fx,) + (1-k, )d( fx, ›хо) 
and since f(K) is bounded, it follows that 

Lam d(x, хр) = We 

n 


Since f is nonexpansive, we have 


m-1 
k; k+1 
асыр <] PA PS з al E пбх») 
к= 0 
апа ѕо 
(2) Lim ас oE Xn) = (D. 
ne 


Let us prove that the set (W(fx,xo,À) : x € K, A € (0,1)) is 
bounded. 
This follows from the inequality 


d(u,W(£x,x0,A)) < \d(u,fx) + (1-A)d(u,xo) 


for all (u,x) € K x K and since f(K) is bounded. From x, = a? 
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vn € №, we have that {xh haen © (Wise À) : x € K, ЛЕ (0,1) 
and so the set {х Jen > is bounded. Furthermore, for any e > 9 


A- 


we have from (2) that / 
m 
alix Inen? © aB nen E 590 Uxane? te 
where 
В(А,Е) = {x € K : d(x,A) <=} (A € К) (see [8]) 
and so 


aC {x} ey) < а(х n’nen?? 


This implies that а(х nen? = 0 and a a conver- 
gent subsequence x, ben Let can Xny = SI: Then from 


d(x*,fx*) S d(x* Any) + Alxny o ëm) + Alfxn, »fx*) 
and (2), since f is continuous, it follows that х®* = ebd c 


Theorem 2. Let K be a closed starshaped subset of 
a complete convex metric space (Х,а) with а star-centre Xo: 
ў and К satisfy condition (В). Suppose that ПОЗЫ s 9 5 > К 
such that S and T commute with Е (or g), Ё(К) (or g(K)) ts 
bounded and the following conditions are satisfied 


2 (1) There exists m € N such that f" is a-condensing on 
| ИС) XE (К), А € I) and for alt x.y € S 
T d(fx,gy) S (Sx,Ty), 


(tt) S and T are (W,xo)-convex and continuous. 


|| Then there exists x* € К such that xt = fx* = gx" = Sx* = Tei: 
Е 


i 
| " с | 
| Proof. Let 4ix(S,T) denote the set of common fixed 


points of S and T. Since S and T are (W,xo)-convex, it follo | 


from Lemma 1 that xo € fix(S,T) and fix(S,T) c К is a starsha’ 


| 
ped subset of X with a star-centre хо. Ву the continuity | 


S апа Т, {ix(S,T) is also closed. From (i) we have that for | 
all х,у € (4х(5,Т) | 
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d(fx,gy) < d(x,y) 


and hence fx = 8X for all x € $4x(S,T) and for all x,y € 
ERS) 


d(fx,fy) < d(x,y). 


For each x € (4х(5,Т), since S and T commute with f, we have 

fx = fSx = Sfx and fx = ЕТх = Tfx and so fx = gx € 44x(S,T). 

Hence, it follows from Theorem 1 that there exists x* in 
(£x(S,T) such that x* = fx* and so x* = fx* = gx* = Sx* = 


END 


Remark 1. It is easy to check that Theorem i of 


[6] is a very special ease of Theorem 2. 


Theorem 3. Let K be a closed starshaped subset of 
a linear space X with a translation invariant metric satte- 
fying a(ax + (1 = А)у,0) < Ad(x,0) + (1-A)d(y,0) and (X,d) 
is complete. Suppose that f, р, S, T: K+ К such that S and 
T commute with Е (or р), f(K) (or g(K)) £e bounded and the 


following conditions are satisfied 


(i) There exists m € N such that f" is a-densifying on 
Пао) B 6G £00, 1 € I) and for all x,y Є К, 
d(fx,gy) < d(Sx,Ty). 

(iz) S and T are continuous such that for each (x,A) € 
Ga ay Jr 
S(Ax + (1-А)хо) = Ах + (1-3)Xo, 

T(Àx + (1-А)хо) = ATx + (1-А)жо, 


where xo is а star-centre of К. 


ane д = х = = *. 
Then there exists x* Е К such that X" = fx* = gx Sx Tx 


Proof. We define the mapping W : Xx Хо лш 
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W(x,y A) = Ax + (1-А)у. 


It is easy to check that W is a convex structure on X and so 


X is a complete convex metric space. Hence Theorem 3 follows 


from Theorem 2. 


Remark 2. Theorem 3 improves and generalizes Theo- 


геш 2 of [9] and the corresponding results а о Д1]. 


Theorem 4. Let К be a closed starshoped subset of a 
complete Menger space X with a convex structure М which satis- 
fies condition (В). Suppose that f : K * K ts such that f(K) 


is probabilistic bounded (which means that sap Dex) lE? = 1 > 
є> 
where D (=) = Sup Ang E (0), € > 0), for some m Е М, 
£(K) r<e p,q€f(K) p.a 
f" is precompact on the set (W(x,xo,ÀA) : x € f(K), A € (0,1)} 


where Хо ts a star-centre: of К and for all x,y Е К and є 2 0 


Ce) = (=). 


(3) Ry Xy 


Then f has a fixed point in К. 


P o 
roof Let tk, } n€N 


condition in Theorem 1, EM for each n € N, define fX W(fx, ) 


be a sequence satisfying the 


Xo; Kk.) for all x Є К. Since К satisfies condition (В) from (3), | 
we have that 


Е ОЗУ > 
EEN W(£x,x0 5) WEY ‚хо ,k, ) n^ 


> Fex, gy (8? 2 DM INCL 
for all x,y € К and n € М. Since f(K) is probabilistic bounded | 
-it is easy to check that the set {W(fx Хок) : x € K) is also | 
probabilistic bounded for each n € N. From miesten McAI OË | 
[12] it follows that for each п Є N, there exists x € K such d 
that “= ЖЕ Furthermore , i 
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Е 


— (PE) = Pe X fx ДЄ) ap (2€) 
n п n T 


СЕХ 5X0 Kk. 5х 


> t(F аур Е m £ 
Fey sf Uc re ко Gp = EOP xx? 


1 

i 
— 
D 


Since Ё(К) is probabilistic bounded, for each z Є К we have 


ХАЛЕ. (Е) > дир ing Е (р) = D (Е) 
nem С^ oće p,q€f(k) P9 ENS, 
and so 
(4) sup &n( E Ae) = О KE 
e20 n€N n exo £09 
Since 
Е ЕВ 
CH SH „xo em = «(= fx, erae) у ло 


using the continuity of t, relations (4) апа (5),and relation 


SCH k, = 1, we obtain that Hm Tex, Sr: ) = 1 and so for 


еасп © F (0), 


(6) Lim Sx nee (є) = 1. 
noo n n 
Since for each n € N, xa = ES NL fx > Хо к) € {W(x,xX0,%) 


X € £(K), ЛЕ (0,1)} and f" is precompact on {М(х,хо,А) 


`xE 000 є (0,1)}, there exists а subsequence ny Jey of 


OREN such that Lim xn, = xt € К. By (3), for each є > 0, 


each ne N and each К € N, we have that 


ЕК А (є) 2 F (є) 
f KAREL ZE : x, fX 


and so 
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Е 
— 


EN SEC (Oe 
T SA de (Я) ЕСЕ £x ^22 | 
EN Xa? E*n 2 n? n y 


€ 
2 ey) 
dd x Xn 271 
Hence, from 401,1) = 1, the continuity of t and (6), we ob- 
7 NG 
tain that 


Lim F me (G3 в Чо Ме > 0. 
i» no Xt Zon 


The continuity of t, relation (7) and the inequality 


Е G 
F „(e) 2 dr, EMX Руа рт Фф) 
Nk Do. k 


imply that £4m Xny = x*. From the inequality 
kv 


F (= de А (ғ 
INK 


x* ; fx* 


B Е ED) 
2 dU EN" crure P Py ot H 


it follows that Ея gyn (8) =1 for each Е > 0 and во x* = fx*. 
, 


Theorem 5. Let K be a closed starshaped subset of 
a complete Menger space X with a convex structure W which | 
satisfies condition (B). Suppose that f,g,S,T : K + К are such 
that S and T commute with f (or р), f(K) (or g(K)) is probabi- 
Liette bounded and the following conditions are satisfied: 


(t) There exists m € N such that f" (or g") is precom- 
pact on the set (W(x,xo,À) : x € F(K), A € (0,1)} (or | 
ООСО ХЕ ЕК), ХЕ (0,4))) and for all х,у € К 


nn ee TEE 


(8) F 


fx, gy ©) 2F 


Sx, Ty 8?» 


(tt) S and T are continuous and (W,xo)-convex 
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when there extsts x* Є К such that xt = fx* = gx* = бу = Tx" 
Proof. Let 44x(S,T) be the set of common fixed 

points of S and T. Since S and T are (W,xo)-convex, from Lem- 

ma 2, it follows that xo € fÄX(S,T) and $Kx(S,T) is a агага а 

haped subset of Х with а Star-centre хо. By the continuity of 

of S and Т, §4x(S,T) is also closed. From (8) we have that 

for all x,y € 44x(S,T) 


F ex, gy 5? 2 Fy ЕЁ)» or eub (e >л (n. 


and hence for all x € 44x(S,T), fx = gx and so all х,у € 
€ 44х(5,Т) 


, 


> > 

Fey, ty (Е) 2 P MED IE > 0. 
Since S and Т commute with f, for each x € ({4х(5,Т) we have 
that fx = fSx = Sfx and £x = iid = TEX andi oon AAGE 
Thus, from Theorem 4 it follows that there exists x* € fix(S,T) 
such that x* = fx* and so x* = fxt = gx* = Sx* = Tx*. 


Remark 3. Theorem 5 improves and generalizes Theo- 
гет 2 of [6]. 
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ABSTRACT 


A non-repulsive fixed point theorem is proved for 
upper semicontinuous, set-valued, acyclic and sequentially 
condensing transformations, T, of a convex, bounded, closed 
and infinite dimensional set, C, of a Banach space E into it- 

| self. It is also shown that in certain cases a sequentially 
) condensing map can be made condensing with the choice of a 
р suitable new measure of non-compactness. 


1. INTRODUCTION 


| Let C be a convex, closed and bounded set of a Ba- 

| nach space E and let Т: C + C bea single-valued or a set-va- 
| lued map. It is known that if C is infinite dimensional and T 
is upper semicontinuous, condensing and such that T(x) is асус- 
lic for every x € C, then T has a non-repulsive fixed point 


(see [61, [3] and lee 
AMS Mathematics Subject Classification (1980): 47410, 47H99. 


Key words and phrases: Repulsive fixed points, measure of 
3 Noncompactness. 
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In the first part of this paper we show that the 


condition "T is condensing", 1.е. 


GRAD a(T(A)) < a(A) 
for every А © С, a(A) + 0, can be relaxed by assuming that 
(1.1) holds only for countable sets AICIC, ССА) + 0. 

In the second part we obtain a result which shows 
that at least in certain cases, the above generalization is 
only apparent, since we can introduce a new measure of non- 
-compactness, В, such that 
(1.2) B(T(A)) < BCA) | 

A 


for every А © С, B(A) + 0. 

‘Lemmas, Propositions and Theorems are stated and 
proved for set-valued maps, except in one case, (see Propo- 
sition 3.1), where the proof for single-valued maps is much 
simpler than the proof for set-valued maps (see Proposit. 3.2), 


2. NOTATIONS AND DEFINITIONS 


A set-valued map T : C + C is said to be upper se- 
mtconttnuous if for every x Е C the set T(x) is compact; and ) 


for every neighborhood V of T(x) there exists a neighborhood 
W of x such that 


(2.1) полет 


for every у Е W. 


We say that T is acyclie if for every x € C the setii 
T(x) is acyclic in the Čech cohomology with rational coeffici | 


The map T is said to be condensing if for every | 
A c C with a(A) * 0 we have 
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(2.2) a(T(A)) < а(А) 


where a is the Kuratowski measure of non-compactness [597 


і.е. 


(2.3) a(A) = infle : there is a finite covering of A 
with sets whose diameter does not 
exceed =}. 


It is known that a has the following properties 
(i) a(A) = 0 iff A is compact; 


(ii) ACB aA) < a(B); 
(iii) (А U В) = max{a(A),a(B)}; 


(2.4) (iv) «(со А) = a(A) (see [2]), where co A is the 
closed convex hull of A; 
(v) a(tA) = |t|oCA); 


(vi) (А + В) < a(A) + a(B). 


We shall say that T : C > C is sequentially conden- 
sing if (2.2) holds for countable sets A c C, O(A) #0. A 
condensing map T is sequentially condensing, but the converse 
may not be true. The advantage of replacing the previous con- 
dition "T is condensing" with the new one stems from the fact 


that the latter is more easily verifiable. 


3. SEQUENTIALLY CONDENSING MAPS AND 
NON-REPULSIVE FIXED POINT THEOREMS 


Lemma 3.1. Let f : C + C be sequentially condensing 
and continuous. Then there exists a nonempty compact set K 


such that 


f(K) = К. 
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Proof. Let xo € C. Consider the seguence 
? 
ous] = (хо) ох = f(x, 42» 
со Ў? 
miro nan U Оо) £9(xo) = хо. Then А is compact (2.4.4) 
=0 
and ч c A. Hence (see [7]) there exists K c A such that 
£(K) = 

Proposition 3.1. Let Ё : С EC be sequentially 

condensing and continuous. Define C= PU where Co = C, 

Cara = ce £(C,). 

Then C, Ce closed, convex and not empty. | 
Y 
/ 

Proof. Note that К © С... 

We now take up the multivalued case. We again want 
to show that C, is not empty. 

Proposition 3.2. Let Т: C+ С bea sequenttally 
condensing and upper semicontinuous map. There С. is closed, 
convex and not empty. 

Proof. The only non-trivial property of C, is that | 
C + @. To prove it consider the set А = U т (xo) where ) 


n=0 
xo Є С. Since the image of a compact set under an upper seni- 


continuous map is compact we see that A is separable. Let 

ў Er } © A be a dense seauence in A and let ix. ) © A be such 
that d(x, Y ) + 0 as n + *e, Then for every Е > 0 there exists | 
n(e) En that 


à o n(e) 

х c B(U Е) ( U )) 

nas n novos i=1 "ij. 

It follows that a({x,}) = a({y }). Obviously x, € ТР(хо) IR 
n 


some p, i.e., there exists we TP "ts ) such that x, Е TO 
Assume a(A) > 0. Then 


a ee 
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a(A) = a(A) = а((у 2) = al {x I) 5 alu T(w)) < 
< o((w.)) < a(A). 
This contradiction shows that A is compact. This implies that 


if we select a sequence Zo = Xo, Z4€ T(xo), 22 € Т2(хо),... 


then there exists n, + +» such that 2пр * X for some же 


H 


From Zn, € Спр and from C, > Су we obtain x € C, for every 


n. Hence C, + 0. 


Theorem 3.1. Let T: C + C be sequentially conden- 
sing and upper semicontinuous. Then C. is invariant and com- 


pact. 


Proof. Obviously T(Co) © Co. Moreover, from тс? = 


© Cu we can easily get TC OD ENG Hence ES is invariant 


n+1° 
We also know that C. is not empty. It remains to show that 


a(C ) = 0. We shall prove that for every sequence {x} =. C. we 
have a({x,}) = 0. 
те У = (x) : 3 no te such that x, € Спр}. De- 

fine 

(3.1) as suptal{x )) : {x} © 21 

and let {у}. € Z be а sequence of elements in Z such that 
alyana? > а аз q + +. 

Let 


(3.2) М = U(U у.) 


where Уса is the n-th element of the a-th sequence. M is co- 
untable and obviously can be rearranged in a sequence {wi} Thi 


Moreover, nt well = Ale 
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Assume a > 0 and let m, + +° be such that Wn E 


€ co T(Cm,-y) for every m. Let 2, € co T(C, 4) be such that 


1 
= = I <=. 
Ww, = 2,1 = УИ < È 


Then {у} is convergent and altz }) = a({w }). Since Zn € 


€ со Dia A) there exist finitely many points x, ,...,x4. 


D Jm 
in Cn -1 such that 
р ; 
Im. 
2 € co( U T(x.) А 
г i=0 i 
Let 
Jm y 
(3.3) N= @ Ух, ). 
iso № 


Then N is countable and it can be considered аз an element of 
Z. Hence 


az altz,}) < a(co(T(N)))= alT(N)) < a(N) = a. 


This contradiction shows that a = 0. 


The basic ideas of the previous proof are derived 
from Р. Massat [8]. 

We are now ready to prove the main result of this 
first part. Recall that a point xo € C such that xo € T(xo) is 
Said to be repulsive if there exists a neighborhood V of хо 


Such that for every neighborhood W of xo there exists n such 
that | 


(3.4) PN OD) ҮМ = Ue 


Theorem 3.2. Let T : С + C be an upper semicontinW 


ous set-valued and sequentially condensing map. Assume that 1 


nennen 


I 
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45 асусїїс and dim С = ә. Then T has а non-repulsive fixed 


point. 


Proof. Let P c С be an infinite dimensional and 


compact set. Define 


Qo! = СПОРУ 


с. состор 
C = d Cn 


Then C, is non empty, closed, convex, infinite dimensional 
and invariant. Moreover, with a minor modification in the 


proof of Theorem 3.1 it can be shown that C, is compact. Hen- 


obviously non-repulsive in C. 


Remark 3.2. In the case of single valued, continu- 
ous maps Theorem 3.2 contains Sadovskii^s [10] result as a 
particular case. In [10] the map £ is assumed to be condensing 
and the principle of transfinite induction is used. Subsequen- 
tly several authors (see [4], [7], [8], [9]) succeded in giving 
proofs of Sadovskii result without using the principle of 
transfinite induction. The first proofs of this type are due 
to M. Martelli [7] and M. Furi-A. Vignoli [4]. The following 
construction provides another proof which is noteworthy for 
its simplicity. 

Let хо € C. Define Ао = Xo; A, = со(хо U f(xo)), 
Aa = GOCA, U ECA4)), be бОбА E 
that 


A4 © Aa) cn. СЕ 


Moreover f(A) € А, sin- 


By the continuity of f we obtain f(A) S 
This property of A is 


Therefore the set A = U An is convex. 


ce f(A, 
39 y Bi 447 


Tt remains to show that A is compact. 
established by observing that 


» i 
СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 


92 L. Janos and M. Martelli 
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A c со(хо U #(А)). 


———— 


“te 


Notice. that the above construction cannot be exten. 


ded to upper semicontinuous multivalued maps, T, since T(A) с 


c A does not imply T(A) c А. 


Remark 3.3. Properties (iii), (iv), and (vi) of 


the a-measure of noncompactness are never used in the Lemmas , 


Propositions and Theorems of this part. 
4. ®-MEASURE OF NON-COMPACTNESS 


Let Т: C + С be an upper semicontinuous set valued i 
map. Define the sequence of sets (C) as in 3, and assume that 
all, ) + баз п + +=, Under this assumption we want to show 
le we can define a new measure of non-compactness, В, such 
that B(T(A)) < BCA) for every A с C, B(A) + 0. 

We start by selecting a sequence {a} of real num- 


bers such that 


Given М © C we consider the sequence of sets 


X 
Mo = co M, M4 = co T(Mo), 
and we define 
В(М) = max {a oM.) О 
let us now study the properties of В. 
Proposition 4.1. g(M) = 0 iff М is compact and 
8(co М) = В(М). | 
aa 
Proof. If B(M) = 0 then a(M) = 0 and M is compact” | 


| 
| 
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ТЕ M is compact then T(Mo) is compact since T is upper semi- 
continuous. Therefore M4 is compact, and, in general, Ma is 
compact for every n. Thus B(M) = 0. 


The second property is evident. 


It is also obvious that M < М implies B(M) < B(N) 
ar) T. is positively homogeneous then B(tM)-t8(M) for +>0. 


Theorem 4.1. Т: С + С £s B-condensing, ї.е. 


B(T(M)) < В(М) for every non-compact set Мес. 


Proof. Define N = T(M). Then No = co Т(М) = co T(Mo) 
= M,, and in general, 
Ne 
Since the sequence {ay is increasing we have В(М) = тах {а aMn): 
mr e d ER : n= 1,2,...) 2 тах{а ам, ) 
n= 0,1,..-} = BEEN 


Remark 4.1. We have presented our results in the 
context of Banach spaces, but it can be easily shown that they 
hold in complete, locally convex topological linear spaces, at 
least to the extent of proving that f has a fixed point. The 
definition of a needs to be suitably modified and the Tichonov 
fixed point theorem will be used ence а compact, convex and 


invariant set C has been produced. 
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REZIME 
SEKVENCIJALNO KONDENZUJUCA PRESLIKAVANJA 


Nerepulzivna teorema o nepokretnoj tački je dokazana 
za od gore neprekidna, višeznačna, aciklična i sekvencijalno 
kondenzujuća preslikavanja T, konveksnog, ograničenog, zatvo“ 

| гепод | beskonačno dimenzionalnog skupa С u samog sebe, gde 
| je С © E а E je Banahov prostor. Pokazano je da u odredjenim 
slučajevima sekvencijalno kondenzujuéa preslikavanja postaju 
kondenzujuća u odnosu na novu meru nekompaktnosti . 
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THE FRENET FORMULAE OF THE RIEMANN-OTSUKI 
SPACE 


Djerdji F. Nadj 


University of Sopron, Department of 
Mathematics, Н-9401 Sopron, Hungary 


ABSTRACT 


In this paper the Frenet formulae of the Riemann- 
-Otsuki space with respect to covariant and contravariant 
part of the connection are obtained. 


INTRODUCTION 


The basis of the theory of Otsuki spaces has been 
laid down by T. Otsuki and A. Moór. The metric used determi- 
ned that the observed space is of Weyl-Otsuki“s or of Rie- 
mann-Otsuki^s kind. In this paper we shall consider the Rie- 
Mann-Otsuki space and we shall determine the Frenet formulae 
with respect to the co-resp. contravariant part of the con- 
nection. According to the following observation, we get that 
only in the contravariant part of the connection the Frenet 
formulae of the RO, space are different from the known Fre- 
net formulae of Riemannian geometry. The difference came 
from the fact that in Otsuki spaces D8; + 0 holds. 

AMS Mathematics Subject lassi ications (1980): Primary = 
53805, Secondary 53815. 


Key words and phrases: Riemann-Otsuki spaces, Trenet jose 
ae. 
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In all Otsuki spaces we have, with respect to the 
of an лш NE differentiable ma- / 


such that dedo Изо 


al 
n ln 


the metric Otsuki spaces the oe tensor 213 Седа, й +0) 
is given so that in the W - 0, Weyl-Otsuki Space 

= in the R-0 (Riemann-Otsuki space) 
VB; = YyEiss but in n 


i 
local coordinates x 
nifold, an a-priori given Sod Pt 
holds and the inverse tensor o} exists so that pt ur 6 


(0.1) Ук: 5 = 


holds. In Otsuki spaces the covariant differential of the 
tensor ту is defined by 
г 


Ben ат” UU и 


г = weg = 
(0.2) DI; = P_P_ DT b rk b b kin 


b 
The Leibnitz formula does not hold for this differential. Te 
differential D is the baste covariant differential. The dif- 
ferent coefficients of the connection are characteristic of 

the Otsuki spaces, and here аге 


(0.3) he amigas ч 
ё [к j k que 


The coefficient of the connection E was determined from 
. O e 1 
the relation (0.1) and the coefficients of connection Г. k 


are got from 


H (0.4) 3 "s + cop і ра 2 pi-p a 


This relation is known as Otsuki s relation. | 


In Otsuki spaces it is possible to determine the | 
covariant differentials D and D with respect only to the €? | 


esp. contravariant part of the connection. So | 

I 

(0.5) "pri. = "0 pig k = at E EG 270) Ae 30) ait ayes | 
j k j ^ > сакт. + b кїз - Г. Кы? 


holds. For this basic covariant differential the Leibnitz 
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formula holds. The basic covariant differential ^D can be 
defined in the same way. Tt is characteristic that the ba- 
sic covariant differential ^D is identical in the case of 
contravariant indices with the basic covariant differential 
D, and similarly in the case of covariant indices the basic 
covariant differential ““D is identical with the basic cova- 
piant differential DA 


In the following we shall use the relations 


(0.6) “Dey; = 48:4 E a 

(0.7) “Dza = de, e “т ад СИ 
йу — Е о. 

(0.3) ЕО 


1. THE FRENET FORMULAE WITH RESPECT TO THE 
CONTRAVARIANT COMPONENTS OF THE VECTORS 


Let the point P of the curve C : xt = х (8) Ce given 


aorte s is the arch length parameter. In that point Y 2 
= are the components of the unit tangent vector у. Apply- 


ing the basic covariant differential ^D on the relation 


(а) J 204 


81388 

using the Leibnitz formula and the symmetry of the tensor 

81 we get 

(1.2) (lel yi) 52 
a SE 8 8 ijo 

From relations (0.6) and (0.7), it follows that 28; ; n 
Dë 3) Substituting it in relation (1.2) and using 

En i : 


that “Dv) = ^5, we get 
о @ 
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1 
g.. v> (Dv) Sry DS.) E 0 | 
1) о o o H 


са 


Let yi be the components of the unit vector ү so 
1 
that 


| „ 5 1 Я = D PN j а i я 
| (1.3) a) y : = etsy by" ay Dos) ke > 0; b) Sat Y s 
1 


holds. From the above relations we can see, that Y al y and 


i 
^. апи алуа _ Бау} | 
(1.4) KG) = (е By Y рё.) (Dy Y 584) | 


апа 
(1.5) Dy? = Ky] + EN 


hold. (1.5) is the first Frenet formula of the basic covari- 
ant differential applied on the contravartant components of 
the vectors. 
Applying now the basic covariant differential ^D on 
relation (1. 3.1) with a calculation like the one above we 
get that E: af * (Dy? = y n562) = 0. This means the Ke 
Y is orthogonal Ze di Нет of Dy? ту "pel, and if Y 
озуна the components of the unit Pedron orthogonal on the ai 
plain determined by the vectons Y and Y it follows that | 


(1.6) Буј - уРбё 
1 1 m о 22 


holds. Now we shall use that Y 1 Y and apply the covariant 
differential “D on the КОС 5; ңө. = 0. A calculation 
like the one above with the SS vena уі from (1.5) and 
Gy) from (1.6) according to (1.1) and (1. a b) gives 


(1.7) 


a= -K(s). 
1 


Substituting it in (1.6), we get d 
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E а 80) д т 
pon о. 
| j e A и з Deed 
| From this relation there is Vai ets) “PY uad Ds) and 


K(s) = (в; (By! + Ryne eons 
2 27 у 
Now we can formulate 


Lemma 1. If v ts the unit vector, then (Dvi - 
255) = = d (ту: = Би 
EU D0-)84Y 0 and ( Vs v„D 3)8 у; = 0 holds. 


E (The proof of the covariant case follows in $2.) 
( We shall now make the following generalization. 


Let for mutually orthogonal unit vectors у С=О 
осі) 19) Бе 


a o Py j j Ben 
(1.9) Dy con M Озу йа. у Се 


so that к = 0, and if а = PEDES H 


| О а 
| р 5 P- 


: ine i a Е а 
According to the above Lemma 8:37 (Dv = Do к= 6 holds an 


We can to write the linear combination 


(Lote e ру! Pej jogo oem дз 2; 


= Gov] + алу 
o 1 


a SES 
$ P+1 Р+1 


zi 
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to = 


: 3k : 
Contracting this with Zij ГӘ using that ў m у (m + 2) and 


it follows 


Y is the unit vector, We get 1 
| Loses ers 
S fulva (Dv - v Dé Уе | 
| «y = 8:3 $ р Bou | 
| D 
| i - yi у) K з.е 
| With respect to (1.9) a, = - 83531. p 2+1 
| д е p-1, then a, = 0, and if 1 = р-1, then a = - К holds. 
) 


Substituting this in (1129 
Byler =k j K v | 
| (1.13) Dy р р р+1 pia р а | 


and we can formulate 


Theorem 1. If С: xt(s) is the curve of ап К - 05 | 
(р < п) are mutually orthogonal | 
| 


space and v,* = 0, so og Daily 
unit vectors which satisfy the relation (1.9) and рї; ts the 
unit vector orthogonal to all before and к = 08% Kos 0 holds, 


then the vector v satisfies the relation (1.9), too. 
Р 


If we use Otsuki" s. covariant een D, then | 
from the connection ру) = pl Dv" it follows that pv? = дру". | 
Applying this оп (1.9), we zet 


. 5 a 5 A E a 
(1.14) ру) = Pi (- GER +k ov)? + done | 
with respect to % = 0,...,(n-1); K= О; к = 0. We can now | 
state. | 
Theorem 2. If in the point М of the curve С in the 
В - 0, space the mutually orthogonal unit vectors үу jV, tt tou a 
СЕ луч relations (1.9) and (1.10) so that к 6 and S sail 
hold, then (1.14) ts the Frenet formula of ae С of | 
the R - 0, space. This formula is applied with respect to the | 
covariant несат р on the contravariant components of L 
the observed vectors. ? 
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Remark 1. The relation (1.14) is the Frenet for- 
mula with respect to the covariant differential ^D, too, 


applied on the contravariant components of the vectors. 


One can see that the difference between (1.14) and 
the known formula of Riemannian geometry is the covariant 
aifferential of the Kronecker-$. In such a case but not only 
such special ones where this differential is zero, the for- 
mula (1.14) reduces to the known Frenet formula multiplied 
with the tensor Pi. 

Now we shall apply the basic covariant differential 
--5 on (1.1). Using the Leibnitz formula, the symmetry of: 
the tensor 8; ij and (0.7), we get that £i 3 зу = O, 267 
vi Dy holds. This means that we can сое от the unit 


o 
vector у 1 у so that 
4 


A) ^" = Key), 
where the scalar к* (5) satisfies 
^x is^ j 
(1.16) к®(5) = (g. “Dy By’) 
1 


The relation (1.15) is the first Frenet formula of the basic 
covariant differential ^^D applied on the contravariant com- 


ponents of the vectors. Now we Shall prove 


Theorem 3. From the connection between the basic 
= d 
covarzant differentials ^D and “Dit follows that y y an 
E: 
the value of « ts equivalent to the value of ET, 
1 


Proof. It is easy to see that 
(1.17) "oy 3 By A pe! 


t that according to 


holds. Substi i this in (1.16) we ge 
ubstituting x en Me 
1 


(1.5) «(s) = k^(s) holds. In the following 
1 1 
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denote that the curvature will be expressed with the aid of 


O O ^^ 
the basic covariant differential “`D. 
According to the characteristics of the covariant 


Na 


differential ^^D, we can state 


—=—== 


Theorem 4. With respect to the baste covartant 
differential "D the Frenet formula of the curve C of the 
RE On space ts not different from the known formula of the 
Rtemanntan space. If Ye soon, are in point Р of curve C 
in a suitable vay constructed mutually orthogonal unit vec- 
tors, then 


од Mar ed a roa i а a 
(1.18) Dy = Р;( ER а + As ур à 


is the Frenet formula with respect to the covariant dtffe- 
rential applied on the contravariant components of the obser- 


ved vectors. 


2. THE FRENET FORMULAE WITH RESPECT TO 
THE COVARIANT COMPONENTS OF THE VECTORS 

According to the definition Va = uum holds and 
у; are the covariant components of the unit tangent vector V. 
Applying the basic covariant differential ^D on the ИЯ 
Joen = 1, using Be Leibnitz fornuta and relations (0.8), (0.6) | 
and (0.7), we get gt )vi (2 Dy. + у pS; D) = 0. This proved the 
second part of Lemma 1 from cue fus paragraph. Now again, 
as in the first paragraph, we can construct the mutually 
orthogonal unit vectors Y (% = 0,1,....п-1), so that 


(2.1) ру. = - ка E КЕ v -Y, Ds? 
j S 
À 2 2-3 GE Kl iT J 


“holds with the remarks к®* = 0, k^* = 0, and if р = ай 
then n 


+ 
(2.2) рка? = (s 19 ЖТТ +У De )( “Dv. kv. +V 08%) . 
zx rdum gig pij + 
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We can now formulate 


Theorem 5. From the relation y; = gp tt followe 
M | D Е 
that the value of к * is equal.to the value of d and v = 


ау 
holds. 
Proof. If Я = 0 then according to v. = у. and v. = 
д Mem ol ' ol ol 
Е sai using the Leibnitz formula from (2.2), we get 
Z 
LS ye р а . (^58 Seef 
ГРЕЕ (= (( Dg; a)y + а‘ Dy ) + Dëss, 06.) 
H 
= b -=,,b Е 
Dany + Zip Dy) + ggyy 525) ° 
Since еа == 28.3085) and (1.5) holds according to (1.3 b), 
it follows that к®* = к. Now we shall suppose that k** = к 
4 1 


holds, and using the calculation as above, we get that 


Chan e si =j 2 i 
kk = ENT Ae 
244 (81497, 4+1 се” 
Since ШУ are the unit vectors here, the statement of the 
+1 
first part of the theorem follows. 


To prove the second part we shall use that y = у. 
Now we shall suppose that v =- v. (p= 0,...,£), and from 
(2.1), using the first part of the theorem, it follows that 


v 1 D 261). 
у “= == (ру cis № v oW 

gr 
$43 254 Үз 


Since PONE 25 using the Leibnitz formula and the calcu- 
4 1) 
lation as above, contracting by ёл ал “е get that 


azr 
V? = 1 Dve +K Es - Y Бб), 
K $, 9 5-1 
2+1 L+1 
Т.е. according to (1.11) ,v^ = „уу holds. 


+1 L 
In the following ** by % 


Curvature will be expressed with the aid of the baste 2 
Plant differential ^D applied on the covariant componen 


ae shall denote that the 
ova- 
s of 
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| 
the vectors as in (2.2). | 


A 


Theorem 6. If in the point М of the curve С in f 


the R-0, space the mutually orthogonal unit vectors узул 55 
1 


... V are constructed so that Y РАЕН... п) satis frek 
n-1 


1 IK Je de r 
Е + cee M Е 
(2.3) че ЖТ A реа MI É 065) 


wtth 


^ 
" 
e 
^ 
A 
С. 5 
Ш 
о 
» 


~ 
кә 
Де 
w 
A 
e 
< 
u 


J = кий ий = agr | 

P; ( Ke Уд. з [8 vi) 09103 | 
р-1 р+1 р+1 

is the Frenet formula with respect to the covariant differen- | 


tial ^D applied on the covariant components of the observed 
vectors. 


If we make the above calculation with respect to the 
basic covariant differential ^^D, according to relation (0.9) 
and the fact that in the case of covariant indices the basic | 
covariant differentials D and ^/D are not different, it fol- д 
lows that this case is not different from the observation of | 
Riemannian space. We can only say 


| Remark 2. The relation 


| (2.5) ру; = PJ(- кайа у. кава y.) 
1 ak 1 
р P p- р+1 ge 
is the Frenet formula with respect to Otsuki's covariant dif- 


-ferential D applied on the covariant components of the vectors: 


Here *##, by scalars, denotes that the curvature will k 
be expressed with the aid of Otsuki^s basic covariant differen" A 
tial D applied on the contravariant components of the vectors- 
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= 
ate (2.5). it follows that 
(2:6) gene = (83 оу; ir aeie vi) (Dv. БОКУ y 
. +1 j 

p P Ро 2i 

nolds. Using connection Dv; = “Dv, + у DS; 5 we get 
DET BST s hii Saaft ep 
ki = (= (Эру KA y ИКУ Б КАУ ED 
z ur с“... 


LL Ds? : 
+ КИЙ y. + v 5) 3 
P »-1 ра J 
This means that the value of the curvatures is not different 
in the case of different differentials. This result can be 


expected because the curvature depends only on the curve and 


p——————— 


on a suitably constructed vector frame which is unequally 

determined. The Frenet formulae are different from the known 
formulae of Riemannian space only if D: * 0 holds, i.e. if 
the basic covariant differential of the metric tensor is not 


zero. 
REFERENCES 


[1]  Moór, A.: Otsukische Übertragung mt nekunentem Mas- 
4ten&o^, Acta Sci. Math. Szeged, 40 (1978), 129 - 
143. : 


[2] Мобг, A.: über die durch Kurven bestimmten Sektional- 
krümmungen der Finslenschen und Weylschen Räume, Publ. 
Math. Debrecen, 26 (1979), 205 - 214. 


[3]  Otsuki, T.: On general connections 1, 
gama Untu., 9. (1959 EI = 10% 


[4] Tamass : tschen Formeln gün Kurven in aggin- 
у, L.: Faenetscnen 
zusammenhängenden Räumen, Publ. Math. Debrecen, 8 
(1961). 


Math. J. Oka- 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


НИНИН ССО 


Digitized by Arya Samaj Foundation Chennai апа eGangotri 


106 Djerdjt F. Nadj 


REZIME 


FRENETOVE FORMULE RIMAN-OTSUKIJEVOG PROSTORA ( 


U radu su date Frenetove formule s obzirom na 
razne kovarijante diferencijale primenjene na kovari jante, 
odnosno na kontravarijantne indekse vektora. 
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SOME FURTHER PROPERTIES OF TOTAL AND RICCI 
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ABSTRACT 


This note treats some problems concerning the concir- 
cularly semi -symmetric metric connection on a Riemannian mani - 
fold. Actually, if the main tensor of connection in the Weyl- 
-Otsuki space of the second kind (SW-On) is self-recurrent in 
the adjoint Riemannian space, the metric covariant connection 
is semi -symmetric. 


1. INTRODUCTION 


This research work is mainly based on the results of 
three relatively fresh papers on the same problem (een oa 
ly semi-symmetric metric connection, m-semi-symmetric metric 
connection) and in our last paper, published this Уе] apply- 
ing the results of [7] on SW-On satisfying VPs = 1.53» now 
named the self-recurrent SW-On. 

The T-semi-symmetric metric connection is defined in 


the following way: 


(ao al) т(х,ү) = T(Y)X - TOY 
haee ct — 
AMS Mathematics Subject Classification (1980): 53B12. 


г ; -0tsuki 
Key words and phrases: Total and Ricci curvatıve, Weyt-0 
Space, 
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where T is an 1-form, for the torsion tensor 


(1.2) Vg = 0 


for the metric tensor 


— BÓ —— рсе 
EC 


(1.3) (9 т) (У) = 


for arbitrary vector fields X,Y. 
From (1.1), (1.2), (1.3) this yields 


(1.4) thes = Vy¥ + N(Y)X - g(X,¥)P 

where V denotes the Levi-Civita covariant differentiation on 3 
| the manifold, and P is such a vector field that g(X,P) = T(x) 
| 
| for any vector field X. 
The same is the meaning of the definition of concir- 
cularly semi-symmetric metric connection, but it is expressed | 
in local coordinates (more familiar to us): 
| (1.5) Tak = Gre ) + бїр, = ise | 
, | 
| (1.6 Е ee 5 | 
| ? EE "Ру P3Py + PEjk | 

where Gr ) denotes the coefficients of the Levi-Civita соппест à 


tion on the Riemannian manifold, V denotes the covariant dif-. | 
ferentiation Berne to {зк} and p is an arbitrary scalar 
function. 

The main results regarding the concircularly semi- 


И -symmetric metric connection (T-semi-symmetric metric connecti- 


on) from £11, £2], [71 are the following propositions: 


Proposition 1. Thea conoibeular curvature tensor of 
А 9 0 
. the conctrcularly semt-symmetric metric connection is equal ў | 
2 ? п. 
the coneircular curvature tensor of the Levi-Civita connect? | 
| 
Li 


Proposition 2. 


The projective curvature tensor ie { 
the conetreularly semi-symmetric metric connection is equal | 
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da projective curvature tensor of the Levi-Civita connecti- 


on. 


Proposition 3. The conformal curvature tensor of 


"the concireulyrly semi-symmetric metric connection is equal 


to the conformal curvature tensor of the Levi-Civita connec- 


tion. 


Proposition h. If a Riemannian manifold admite a 
semi-symmetric metric T-connection, V, then the manifold is 
of constant curvature if and only tf tt ts of constant curva- 


ture for V. 


Proposition 5. Ifa Riemannian manifold admits a 
semi-symmetrie metrie T-connectton V, then the manifold is an 
Einstein manifold if and only if it is an Einstein manifold for 


the connection V. 


Proposition 6. Ifa Riemanntan manifold admits a 
semi-symmetric metric T-eonnection У, then a necessary and 8uf- 
ficient condition for the Ricci tensor to vanish is either the 
Levi-Civita curvature tensor being equal to the projective cur- 
vature tensor or to the conformal curvature tensor of the Levi- 


-Civita connection. 


Proposition 7. Ifa Riemannian manifold admits a 


semi-symmetric metric connection ("-connection) with a covartT 


antly constant torsion tensor, then the manifold is Ricei-eym- 


metric if and only if S(X,Y) = -(n-1) (P)gCG Y) (Rij = и 


а 
SCH 
1285 Jc 


Proposition 8. The Ricci tensor Of the semi-symmet- 


3 rom ‚ -form 
rie metric m-connection is symmetric if and only if the 1-f 


T ts closed. 


If a Riemanntan manifold of dimenst- 


Proposition 9. u 
SE T-eonnectvon Я with 


on n (n > 3) admits а semi-symmetrie mettra 
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P a Killing vector field, then a necessary and sufficient 
condition for the Ricei-tensor of V to be skew-symmetrie is 


that the Ricci tensor of the Levi-Civita connection is given f 


by: | 


pan m 


S(x,y) = (n-2) mCP) g(X,¥) - T(X)T(Y) 
(1:7) 


= Led D 
СА; 5 = (n-2)Em 7835 7,7411 


Proposition 10. If a Riemannian manifold of dimen- 
sion n (n > 3) admits a semi-symmetric metric T-connection 
whose Ricci tensor is skew symmetric and if P ts a Killing | | 
vector field, then the manifold cannot be Ricci-flat. If п = 3 


= 2 and P is a Killing vector field, the Ricci tensor of V is 
skew-symmetric if and only tf the manifold is RTcoi-flat. | 


It has to be noticed that, in a local sense, Lan de- 


note the contravariant components of m, or components of vec- 
tor P. 


We shall apply most of these results to the Weyl-Ot- 
suki space of the second kind (denoted by SW-On). The covari- 


ant differentiation in such a space is given by (for example) | 


| 
| | г 2 
(1.8 еер те p> рс | 
| ) Tjk,h * Pa "bein "j Pk > 
where РТ are coefficients of a linear isomorphism of the 5ра- | 
ce, and Tam is the basic covariant differentiation given РУ | 
two classical affine connections; one of them (77Г) works 
exceptionally on covariant indices, and the other one (T) | 


works on contravariant ones. SW-On are metric spaces and there 
hold the following conditions: 


a) 


a symmetric tensor field) 
b) the connection ^T is symmetric 
z а . 5 
с) Pis EE Р} 15 symmetric. 
The inverse of tensor P is denoted by Q. The under” 


Я | 

815,к 7 Үл; x (yy, is a vector field and m;; 3 | 
A 

lying Riemannian space is called the adjoint Riemannian эраси | 
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its Levi-Civita covariant differentiation is denoted by V. 


ror further properties, the reader is urged to see, for 
ple 131, C4, ea, TERI: 


If SW-On satisfies the condition 


exam- 


= i 
(90 > nr 


i 
J 


it is said to be self-recurrent. 


Let us consider a self-recurrent SW-On and its con- 
nection ^T (that is, the covariant part of the metric connec- 
tion if Yk? from condition a) vanishes). We can calculate its 
coefficients : 

22 d = i + 1.61 22 . qi 
(2.1) ee б) ae = Буе! 5 
where 7. means the image of "7 ру the linear isomorphism Q. 
We can dur that com is a semi-symmetric metric connection. 
In [5] facts were investigated about the conformal 
2 it 
curvature tensor of the connection d n and about its equality 
n 
to the conformal curvature tensor of the adjoint Riemannia 
ec- 
Space. Next, in [6] conditions were investigated for we 
or 
tor field т; to satisfy the concircularity condition (an 


onditi- 
UT to be ое semi-symmetric metric). That с 


r field 
on holds in the adjoint Riemannian space for the vecto 
fita 8 
i 
V A m + pP. 
(2.2) Wem = Bag + туту ОР a> 


is easy to show that, if it 
tor field. So, fora 
s 1. and 2. 


Where р is a scalar function. It 
is properly chosen, п; is a harmonic vec SCH 
harmonic vector field m» we can apply Proposi “ahd 
to the self-recurrent SW-On, as we have done in 


According to [81], we have: 
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a АЩ 
Corollary 1. If the one dimensional Betti numb en 
of the manifold M is different from zero, the covartant mete 
ric connection of the self-recurrent SW-On can be concireulap. 
ly semi-symmetric metric connection (semi-symmetric metric (Eer, 


пеоъїоп) (111). 


Except for this, two helpful equalities hold: 


Os Fa ае, ^ x { 
Wms = Qs Ухта uu 
(2.3) . dm | 
"Gu ка = Se 
WS = 70,0; | 


According to Proposition 4, we have 


Corollary 2. If the one-dimensional Betti number of 
the manifold M is different from Bent: „ER ap т; ts a harmonic 
vector field, the metric connection -T ts of Sono tant curva- 


ture tf and only if the adjoint Riemannian space ts of constant 
curvature. 


Suppose that the adjoint Riemannian space is of con- 
stant curvature, then | 


i Д і і 3 
0239) Rike = КСВ: хбр = 83,5 | 
: | 
(2.6) Rig = (n-1)kg., or БЫ = (n-1)k62 
(2.7) R = n(n-1)k 


| 
li ES In regard to Corollary 2, analogic relations hold 
for Rike? Re R, EC 
From [1], we have 


m 
(2.8) BOR. DRE =1) мал 
ij Bik + би 7.835? 


and 
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CO Onde 


m 
p. ren = BEC 
\ (2.9) В = К + п(п-1)т LE 


| According to (2.7), we have 
ons | 


| -M 
| n(n-1)^^K = n(n-1)K + n(n=1) WH, 


and, consequently 

Theorem 1. If the vector m is harmonie and if the 
adjoint Riemannian space is of constant Gaussian curvature K, 
| then the connection “T also is of constant Gaussian curvature 


eX = K+ ^m. If their total curvatures are equal, the SW-On 


№ 
Г is trivial. 
| 
| After this, according to Proposition 5, we have 


a: | Proposition 11. A self-recurrent SW-On with "; а 


harmonic vector field is an Einstein space in regard to linear 


m D D D + D D 
connection “T tf and only if the adjoint Riemanntan space v8 


an Einstein space. 


Moreover, taking into account (2.8), we can state 


| Proposition 12. The Ricci teneor of „Я in a self- 
onte vector field is a symmet- 


-recurrent SW-On with п; а harm | 
of the adjoint Rie- 


rie tensor tf and only tf the Ricci tensor 


manntan space is symmetric. 


concerned with the Ricci curvature of 


This section is 
in relation to the Ric- 


a self-recurrent SW-On with harmonie 1 


| ci curvature of the adjoint Riemannian space. 


| Before all the calculations, We can state 


joint 
Proposition 13. The Ricci curvature of the айјої 
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ет. 


Riemannian space cannot be positive definite in the direc- 


tion T;. 2 


| 
Now, we shall consider the case when the Ricci ten- | 


m 2 S 
sor of “Г vanishes. In this case, we get 


S(x,y) = - (n-1)™(P)g (х,у) 
(3.4) E 
CRE = = (n-1 FT в, 5) 
апа | 
| 
(3.2) В = - n(n-1) TT, 3 


Consequently, the adjoint Riemannian space is an Einstein spa- 


ce. Then, according to Proposition 6, we have either 


i at 
2 a. 8 95 
(3.3) SST Вр 
or 
i Na SN S а К i gt ) 
Ken RCEg А58, + Ro 5 Кру85 = п21(8803 SEIT 


So, we have: 


Theorem 2. The necessary and sufficient condition 
for the Ricct tensor of the connection ^7] to vanish is either 
| (3.3) or (3.4), for the Ricci tensor and the scalar curvature 
of the adjoint Riemannian space. 


iA : m 3 
If the Ricci tensor of the connection 1 vanishes» 
so does its scalar curvature. So, we have for this case: 


Theorem 3. The curvature tensor of the connection 
LI y ; n 
ech $8 equal to the curvature tensor of the adjoint Riemannt? 
space tf and only if either (3.3) or (8.4) holds. 


| 
| 
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or 
Corollary 3. The relation 
leche Tm TE 36:3 а! eee E 
= Cum. (mj. + PPk + FB T T Bap - 
(3.5) = (їп, + Va + géi D EN + 
+ Cm, + my + DP, + SET TOES. = 


holds tf and only if (3.3) or (3.4) hold. 


By the fact of Proposition 8, we have 


Corollary 4. The necessary and suffictent condition 
for the Ricci tensor of the connection 22 (metric semi-symmet- 
rie T-connection) to be symmetric is that the 1-form " is clo- 


sed. 


e the conditions for the vec- 
tor field, 


Now, we shall investigat 
tor 7 to be a Killing vector field. For a Killing vec 


we have 

(3.6) Ee A Vava = 0 

and, consequently i 
(3.7) yv = 0 


We use relations (2.3) and (3.6) and get 


o e ~ = аг БЕ с 
(8,95) 9. SR PL = Q$V.m - йл. + Gë ji 
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which is the Killing eguation for the vector т. = Qi". and 
the Levi-Civita connection of the adjoint Riemannian space, 
But, the vector 7 satisfies the concircularity condition, f 
That fact is expressed by (2.2). After that, the Killing equa- | 
tion will take the form | 


(3.8) 1,1. = 7 023 


where p is the scalar function appearing in the T-concircula- 


pity condition. We can express (3.8) in the following way: 


a е E | 


(9-99) т.т. = = PP; „Ps ij 


13 


ц, 


(3.8) i.e. (3.9) holds if the vector field 1; is a Killing 
vector field. 


Now, if we apply (3.9) to (2.2), the following rela- 
tion yields 


Yen = 7 vi: | 


As, consequently, we apply successive covariant dif- | 
ferentiation to the components of the tensor Pia? we get | 


(9520 УР = V = = Руку, 


and, consequently 


(3.11 AE = 
) PgjFkig *PksRjig = 0 


according to the Ricci identity for repeated covariant diffe- | 
rentiation, and, hence 


29512 Е р = 0 s 
(2:199 Beat = - UPL Reap 


59 nem 
for the components of the curvature tensor of the adjoint P 
mannian space, 


So, we have 
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Theorem 4. If the vector 7. ie concireutar and 


Killing simultaneously, the components of the curvature ten- 


sor in the adjoint Rtemanntan space have to satisfy condition 


(3.12). 


Corollary 5. If the vector LA is conecircular and 


Killing simultaneously, then 


1 S. COE S 
(3.13) 9Р5 уар = 7 OkPpskjiz 
J s b) S 
(3.13.а) QpPksRsig = ЧР рк 
and 
da e ОР, ке 
(3.13.b) Hafe іе = 9 Рак 


Applying the Ricci identity, we can also get the 


following relation: 
= grex Ot (руа 
(3.14) КШ = ррРуу + PM. OK PT S25 


Now, we are concerned with the possibility of such 
realization. We know that a concircularly semi-symmetric metric 
i i i i tor 

connection is realizable on a Riemannian manifold if the vec 


un is a harmonic vector field. Then 


ar, 


(3.15) PEN ee 
Pi 
and 
i. ok 
0) = = PP = 2T Ir 


i.e. the vectors т and 7 are mutually orthogonal. 


А d Kil- 
Theorem 5. The vector Ti сап be concireular ап i 


i 
A ; isomorphism P. 
ling simultaneously if its image by the, tenean быш : 
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EN nn 


d and if " and ™ are mutually ortho- 


is a harmonic vector ftel 


gonal. 
Now, we can state first: 


Corollary 6. The Ricci curvature of the adjoint Rie. 
mannian space cannot be a negative definite along the direction 


To 


yo tf л is orthogonal to T. 


| 
| 
| 
Theorem 6. For a harmonie use ton field п; and it, 
orthogonal to it, the Ricci tensor of $ du ts skew- ynne a if 
and only tf the Ricei tensor of the Levi-Civita connection in | 
the adjoint Riemannian space ts given by › 


(3.16) Ris = (n-2)(7 


or 


£3 А Sa. 4b кра y 
(anaoa) E онр Gate GET) 


Finally, we get 


Theorem 7. If the vector т satisfies condition (3.10 ) 
and if the Ricci tensor of Ma is skew-symmetric, then «Ф can- ( 
not be Ricci-flat. | 

4 | 
D | 

Corollary 7. If the vector m is harmonic and if ï% | 
orthogonal to it, then the Ricci curvature of the adjoint кА | 
таптап space ts negatively definite along the direction eu U ч 
positively definite along the direction of п and positively deft 
nite along the direction of ї; its one-dimensional Betti" | 
cannot vanish and, except for this, tt admits a опе-ратато tit | 
“group of motions. If, moreover, ve build a self-recurrent Wey 
-Otsuki space node the second kind on such a Riemannian spac, 


connection -T cannot be Ricci flat if its Ricci tensor $8 
-aymmetrioc. 


key" 
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=== a «20 


ut, if the Ricci 4 20 5 
But, i tensor of [ is skew-symmetric, 


m 
sian curvature of “T i Au. 
the Gaus vanishes. Then, according to 


Theorem 1. and Theorem 5. we have 


Corollary 8. For a harmonic vector field m. and m 
orthogonal to tt, tf the connection -T ts of auaa ат m 
ture вето and if the Rtect tensor of the adjoint Riemannian 


space is given by the expression 


Res = (м-2) (198. : 


1] = 1:1:)3 


35) TJ 


then the adjoint Riemannian space has a constant negative to- 


tal eurvature. 
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REZIME | 


NEKE OSOBINE TOTALNE 1 RIČIJEVE KRIVINE | 
SAMOREKURENTNOG VEJL-OTSUKIJEVOG PROSTORA | 
DRUGE VRSTE 


U radu su ispitane osobine totalne i ВЕС! jeve krivi- | 
ne samorekurentnog Vejl-Otsukijevog prostora druge vrste (rad 
je baziran na rezultatima o koncirkularno-semi simetri€noj met- 
riökoj koneksiji и Rimanovom prostoru. Ispituju se veze samo- | 
rekurentnog SW-On sa pridruZenim Rimanovim prostorom. 3 
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, 
(Dedicated to Professor Yuzo Utumi on his sixtieth birthday) 


ABSTRACT 


In this paper two generalizations of injectivity 
are introduced and used to characterize some well-known clas- 
ses of rings. 


INTRODUCTION 


Throughout, A denotes: an associative ring with 
identity and A-modules are left unital, unless otherwise sta- 
ted. J, Z stand respectively, for the Jacobson radical and 
left singular ideal of A. Two generalizations of injectivity, 
called CY and KY-injectivity, are introduced to study von 
Neumann regular and Noetherian rings. Conditions ere given 


for two modules to have isomorphic injective hulls. This pae 
CY -injective 
hull in M; 


te contains the following results: (GA TS Ма 
module, then any cyclic submodule has an injective 


(2) If А has a classical left quotient ring {өч нее © 
16430, 16433. 


very 


2 Mathematics Subject Classifications (1980): 
А52. 


CY-injeetive and KY- 
herian rings; Dë 


Key words and prases: injective modules; 


injective modules; Von Neumann vegular; Noet 
Mi= 


simple Artinian. 
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aivisible torsionfree A-module is CY-injective, then Q ig 


semi-simple Artinian; (3) The following conditions are equi- 


valent for a left non-singular ring A: (a) A is left Noethe- 
pian; (b) every CY -injective A-module is KY-injective; (c) 
every CY-injective A-module is injective; (4) For any left 
K -injective ring A, A/J is von Neumann regular and J = 7, 
(5) If A is semi-primary , M, N A-modules such that eithen 
Tw (Z) is isomorphic to PN (2) or GER is isomorphic to 

SN (as left Ne s. then M and N have isomorphic in- 
ene hulls. It is also shown that in certain situations, | 
proper direct summands of semi -prime right KY -injective | 
rings possess non-trivial central idepotents. 

For any A-module M, Z(M) = {z € M/Lz = 0 for some 3 
essential left ideal L of A} is the left singular submodule 
of M and M is called singular (resp. non-singular) if Z(M) = 
= M (resp. Z(M) = 0). Thus A is left non-singular LEE ЛАО 
An A-module M is called divisible if M = cM for each non-ze- 


po-divisor с of A. М is called torsionfree if су + 0 for eve- 
ry non-zero-divisor с of A and non-zero element y of M. Rec- | 
all that A-module M is p-injective if, for any principal Jes 
ft ideal P of A, every left A-homomorphism of P into M ex- | 
tends to one of A into М. Then А is von Neumann regular iff | 
every left (right) A-module is p-injective. Note that р-їп- › 
jective modules need not be flat and the converse is not true ( 
either. However, if I is a p-injective left ideal of А, then 
A/I is a flat A-module. If M is a maximal left ideal which is 
a two-sided ideal of A, then дА/М is flat iff A/M, is injec- 
tive iff A/M, is p-injective. As usual, A is called a left 

V-ring if every simple left A-module is injective. Injective 
modules have been extensively studied by many authors since 

several years (cf. for example, [2], [3]). We now introduce 


the following two generalizations of injectivity, the first 
one being motivated by p-injectivity. 


Definitions (1) An A-module M is called C-i?" 
tive tf, for any A-module Y, any cyclic submodule C of Y 
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—— m aa 


every Left A-homomorphism of C into M extends to one of Y 


inte Ms 

(2) An A-module Y is called KY-injective if, for 
any complement submođule K of Y, any left A-monomorphism 
a a ЖО y and Left A-homomorphism F : K > Y, there exists 
an endomorphism h of Y such that hg = f. 


| Tt is easily seen that any direct summand of а 
КҮ -injective A-module is KY -injective. 

CY -injectivity and KY-injectivity are distinct ef- 
| fective generalizations of injectivity. Recall that an A-mc- 
dule M is continuous if every submodule isomorphic to a com- 


plement submodule of M is a direct summand of M (улы oe 


mar 


Continuous modules generalize auasiinjective modules. Since 
a continuous A-module is КҮ -injective, it follows that KY- 
-injeetivity does not imply CY-injeetivity (cf. [1] and Pro- 
| position 8 below). The converse is not true either (cf. Theo- 
vem 5). 

We start with various properties of CY -injective 
modules. Obviously, СҮ -injeetivity implies p-injectivity but 


| the converse is not true, as shown by our first proposition. 


Proposition 1. Let M be a CY-injective A-module. 
particular, every сусїїс CY-injeetive A-module is injective. 


Proof. Let © ia а Gyolic submodule of М, E an in- 


jective hull of C. If g, j are the inclusion maps of C into 


M and C into E respectively, there exists a left A-homomorph- 


im ho: E ж М such that hi = ge Foren 


= g(d) = nj(d) = h(d) = 0 and since C is an essential left 


Submodule of E, then ker h - 0 which implies that h is a mono- 
-module contained 


р Then any cyclic submodule has an injeetive hull in M. In 
| 
| 
| 
| 


morphism, whence h(E) (= E) is an injective А 
in M. This shows that © has an injective hull contained in M 
(because C c n(E)). In case M is cyclic, then it) is obvrous 


shat M is injective. 
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ә———— 


Corollary 1.1. (а) А їз а Left V-ring iff every 


simple A-module is CY-injective; 
(b) A is left self-injective regular iff every fi- 
nitely generated left ideal of A is a CY-injective A-module, 


Recall that a ring Q is a classical left quotient 


——————. 


ring of А if | 
(i) ASQ; 

(ii) every non-zero-divisor of A is invertible 
in 0; 

(iii) every element of Q is of the form q = bla, | 

a, b € A, b being a non-zero-divisor. 

As usual, a left (right) ideal of A is called reduced if it 3 


contains по’ non-zero nilpotent element. 


Remark 1. (a) Let A have a classical left quotient 
ring Q. Then Q is injective iff Q is СҮ -injective. Consequen- | 
tly, if A is left non-singular with n CY-injective, then 0 
is left self-injective regular and is the maximal left quoti- 
ent ring of A; | 

(b) If A is left Noetherian such that each prime 
factor ring contains a non-zero СҮ -injective left ideal, then 

А А is left Artinian; 


> 


(c) A is a division ring iff A is a prime ring con^ 
| taining а non-zero reduced CY-injective left ideal (cf. [8 
E Proposition 6]). | 


Proposition 2. A direct sum of A-modules is cY-in- 
jective if and only if each direct summand is CY-injeetive' 


Proof. Given М = perms» where each M, (i єт 1512 
СУ -injective A-module, we prove that М is Cy-injective- Let 
"N be an A-module, c EN, f : Ac + M a left A-homomorphis™ 

у = Q E А f 
y = f(e) Yil + Уз) Е У, Yis ие 
Pj M Mj is the natural projection for each j, 1 с 


then р Ас > M, and since M. is CY-injective, there 
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exists 4 left A-homomorphism ha IN Mss which extends p.f. 
ппен: N > М by h(u) = hy(u) +... + h,(u) Бор all v € М. 
Then h(e) = pate)! +e № ËCH B Tea a which 
shows that h extends f to М. This proves that М 15 CY ~injec- 
tive. Conversely, using the natural injection and projection, 
jt is easily seen that a direct summand of а CY -injective A- 


-module is CY-injective. 


It is well-known that A is left Noetherian iff any 


divect sum of injective A-modules is injective. 


Corollary 2.1. If every CY-injective A-module is 
injective, then A is Left Noethertan. Consequently, A is a 
principal Left ideal ring iff every finitely generated left 
ideal of A is principal and every Ci-tnjective A-module is 


injective. 


Corollary 2.2. The following conditions are equi- 
valent: (a) A is a left Noetherian left V-ring whose quasi- 
-injective and CY-injecttve modules are injective; 

(b) An A-module is quast-injective iff it is CY-tn- 
jective. (ef. 12, Proposition 20.48)). 


Remark 2. If A has non-zero left socle S, than S 
is а CY-injective A-module iff every minimal left ideal is 
injective. Therefore, A is simple Artinian iff A is prime 
with a non-zero socle which is a left and right CY -injective 
A-module. 


Remark 3. If A is von Neumann regular, then every 
cyclic submodule of a projective CY -injective A-module is ın- 
jective. 


Proposition 3. 22? A have а classical Left quotv- 
ent ring Q. If every divisible torstonfree A-module ts CY-in- 


jective, then O ie semi-simple Artintan. 
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Proof. Let С = Qy be a cyclic Q-module. It is 
sufficient to prove that С is a direct summand of every о. 
-module M containing it. Then every cyclic Q-module will he 
injective and the proposition will follow from [4, Theorem 
3.2]. Since C is a torsionfree divisible A-module and ААУ is 
essential in AC: then C is injective (cf. the proof of Pro- 
position 1). Therefore M = C e P and since M is divisible, 
реп во ie Р. For any y ЄР, any q E Q, q = ьа, b, а ER 
if'u = gy = b-'w, where w = dy, since Р = bP, then w = by 
for some v € P and hence bu = w= bv which implies u = ve 
ЄР с M, showing that P is a left O module. Thus oM = of ө 
o gh which proves that C is an injective left Q-module. 

Corollary 3.1. If A has a von Neumann regular 
olasical Left quotient ring Q and every ђ-їпјесъїое torsion- 
free A-moduls is CY-injective, then Q Ze semi-simple Arti- 


ntan. 


As usual,A is called left duo if every left ideal 
is a two-sided ideal. 


Corollary 3.2. A left duo ring whose divisible 
torstonfree left modules are CY-injective possesses a clas- 
steal left quotient ring which is a finite direct sum of dt- 
viston rings. 


Proposition. 4. Let A be Left non-singular such 
that every direct sum of the injective hulls of cyelte singu 
La» A-modules is injective. Then the singular submodule of 
any CX-injective A-module is injective. 


Proof. Let М be a CY-iniective A-module with 


_ Z(M) * 0. If 0 + z € Z(M), then Az has an injective hull H 


contained in M by Proposition 1 and since A is left поп-51Л^ 
gular, we know that U must be contained in Z(M). Let E den?" 
te the set of the injective hulls of all cyclic singular Be 
-modules contained in M. Then the set Е of all independent 
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families Sm of elements of E is an inductive set and by 

^s Lemma, F has a maximal member } м = } 
Zorn > NEL No ier 


с Z(M) and „К is injective by hypothesis, which implies 
(м) = Ко У. If 0 + we V, then Aw has an injective hull 
И contained in Z(M). Then М П К = 0 yields a member of F 


wich strictly contains {N. ilicre » contradicting its maxima- 


jity in F. Thus V = 0 and Z(M) = K is injective. 


Applying [7, Proposition 4], we get 


Corollary 4.1. If A ts a left Noetherian ring 
whose divisible singular modules are CY-injective, then А is 


left heredttary. 


The next result connects CY-injectivity with KY- 


-injectivity. 


Theorem 5. The following conditions are equiva- 
lent for a Left non-singular ring A: 

(1) A ts left Noethertan; 

(2) А is of left finite Goldie dimension and every 
direct sum of the injective hulls of eyelic 
singular A-modules is injeetive; 

(3) Every CY-injective A-module is KY-injeetive; 


(4) Every CY-injective A-module is injective. 


Proof. Obviously, (1) implies (2). 

Assume (2). Let M be a CY-injective A-module. By 
Proposition 4, M = Z(M) e Q, where А200) is injective and 
aQ is non-singular. Since the injective hull of a non -singu- 
lar A-module is non-singular, by [5, Theorem 2.5], any direct 
Sum of the injective hulls of cyclic non -singular A-modules 
is injective and non-singular. As in the proof of Propositi- 
П 8, it ean be shown that NU (which is also cy -injective) 
is a direct sum of injective hulls of cyclic non-singular 
= Submodules, whence ne is iniective and (2) implies (3). 

Assume (3). If AM is CY -injective, E the injective 
S is CY -injective (Propo- 


hull of aM, set $ = „Мө e Then д 
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a HR 
sition 2) and is therefore KY -injective by hypothesis. If 
je MoS, р: Ss > M are the natural injection and projec- 
tion (p i is therefore the identity map on M», 3j км Җ D, ( 
мове the inclusion maps, then there exists a map h 
S + S such that huj = ме phu = а, we have а left A-ho- 
momorphismq : E * M such that qj = phuj = pi, the identity | 
map on М, which proves that aM is a direct summand of ДЕ | 
Thus M = Е and (3) implies (4). 

(4) implies (1) by Corollary 2.1. 


Using [2, Theorem 24.20], the next result may be 


similarly proved. 


Proposition 6. The following conditions are equi- ; 
valent: | 
(ip) A 20 quasi-Frobentusean; 
(2) The direct sum of an injective and a projec- 
tive A-modules is KY-injective. 


Looking at Theorem 5, we may ask the following: 


when are KY-injective A-modules injective? The next KY -in- 
jective analogue of [2, Proposition 20.4B] holds. 


Remark 4. The following conditions are equivalent: 
(1) Every KY-injective A-module is injective; ) 
(2) The direct sum of any two KY-injective A-modules is К- 
-injective. 


Remark 5. (1) If A is of left finite Goldie di- 
mension such that every divisible singular A-module is inje- 
ctive, then A is left hereditary, left Noetherian; (2) The 
following are equivalent: (a) An A-module is CY -injective iff 
it is KY-injective; (b) All CY-injective and KY -injective p 

. -modules are injective; (3) If the sum of any two KY -injeett” 
ve A-modules is KY-injective then A is a left hereditary» 
left Noetherian, left V-ring. 


Note that if АМ is KY-injective and N is 4 left 

ig à 
submodule of M, then ,N is a direct summand of jM iff М 19 
complement left submodule of M which is KY -injective- 
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А is called left KY-injective if дА is KY -injec- 
tive. An element c of А is called left regular if 1(с) = 0. 
Then с is а non-zero-divisor iff it is left and right regu- 
jar. The next result extends [6, Lemma 4.1]. 


Proposition 7. Let A be a Left KY-injeetive ring. 
Then (1) Every Left regular element ts right invertible in 
A; consequently, every Left (right) A-module is divisible; 
(2) 2= d and A/Z ts von Neumann regular. 


Proof. (1) Let с € A such that 1(с) = 0. Since 
the map g: А А given by g(a) = ас (а € A) is a monomorp- 
hism, then with і : A > A the identity map, there exists a 
left A-homomorphism h : A ? A such that hg - i, which yields 
1 = hg(1) = h(e) = ch(1), showing that any left regular ele- 
ment is right invertible. It follows that every non-zero-di- 
visor is invertible and every left (right) A-module is divi- 
sible. 

(2) For any 2 € 2, а € A, since 1(za) M 1(1-za) = 
= 0, then 1(1-za) = 0 which implies 1 - za right invertible 
in A by (1), showing that z € J. In order to have 2 = ok 
since (J + Z)/Z is contained in the Jacobson radical of A/Z, 
it is sufficient to prove that A/Z is von Neumann regular. 
Bet о Ез БЕ Ум, = № 5 БЕЛ. b € 7. There exists а 
non-zero complement left ideal @ of A such that E = C? 1Cb) 
is an essential left ideal. БОО E cb * 0 and 
Since the map g : C * A given by gle) = cblc € C) is a mono- 
morphism, if i : C > A is the inclusion map; then there 
exists a left A-homomorphism h : А” A such that hg = i. For 
every с € C, с = hg(e) = h(cb) = ebd, where d e Бре 
Therefore € c 1(b-bab) which yaelas ВЕ LO mence 


b= bdb in A/Z, proving that A/Z is von Neumann regular. 


Corollary 7.1. А 73 Left continuous regular iff 


A . 
ts а left non-singular le 
Plement left ideals are finitely generated. 


ft KY-injeetive ring whose com- 
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Corollary 7.2. A left Noetherian left KY-injec- 


tive ring is left Artintan. 


Questian: When is 4 left Noetherian left KY-in- 
jective ring quasi-Frobeniusean? 

T is called a strongly regular ideal of A if T 
is a reduced two-sided ideal which is a regular ring. If A 
is left KY-injective, then any peduced principal left ide- 
al is generated by an idempotent (cf. the proof of Proposi- 
tion 7 (2)). If A is also semi-prime, then any reduced left 
‘ideal is a two-sided ideal of A which is a strongly regular 
ring. (We shall later look into conditions when non-reduced 
left ideals in semi-prime left КУ -injective rings contain 1 


central idempotents.) | 


Remark 6. Let A be semi-prime left KY-injective. 
Then S, the sum of all reduced left ideals of A, coincides 
with the sum of all reduced two-sided ideals of A and is the 
unique maximal strongly regular ideal of A. If, further, eve- 
ry complement left ideal of A is finitely generated, then 
А = S9 T, where S is a left and right continuous strongly 
regular ring and T contains all the nilpotent elements of A. 

We are now in a position to mention а few charac- 
teristic properties of semi-simple Artinian rings. ( 

Combining [4, Theorem 3.2], Propositions 1 and 7; | 
together with the proof of Theorem 5, we get 


i 
" 
a 


Proposition 8. The following conditions are eaut” 
valeat: 


(1) A Za semt-stmple Artinian; 
(2) Every cyclic semi-simple A-module is CY -injec 
tive; 


. Г ТЕ 
(3) Every cyelte torsionfree A-module їз cy-inject 
ve; 


г ts 


(4) Every finitely generated torsionfree A-modul 
KY-injective: 
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(5) А is semi-prime left W-injective satisfying 
KA the maximum condition on left annihilators. 


Recall that A is directly finite iff 
^ implies M = 0. 
д 9 ni = АА implies М 


——— 


Corollary 8.1. Let A be directly finite such that 
any cyelte torstonfree A-module not isomorphic to дА is Œ- 
-injective. Then A is either semt-stmple Artinian or an in- 


tegral domatn. 


Proof. It is clear that every principal left ide- 

| al of А is projective. Suppose that А is not a domain. Then 

А there exists b Є A such that 1(b) = Ae, where е is а non-tri- 
vial idempotent. Since A = Ae ® A(1-e) is directly finite, 
then both Ae and A(1-e) must be CY -injective and hence injec- 

| tive by Proposition 1. A is therefore left self-injective 

which implies that every cyclic torsionfree A-module is CY- 

-injective and the corollary follows from Proposition 8. 


Tne next remark also holds. 


Remark 7. The following conditions are equivalent: i 
(1) А is either semi-simple Artinian or a left principal ide- 
H al domain; (2) А is a directly finite ping such that any 


[ left ideal not isomorphic to АА is injective. 
| 


| 
We now turn to conditions which will ensure that | 
two injective modules are isomorphic. For any left A-module 
| M, any two-sided ideal T of A, ry(T) = (y € M/Ty = 0} is a 
| left submodule of М. If М, М are A-modules and Е: Мэ М is 
| 


a left A-homomorphism, then f (ry(J0) € ги). 


Theorem 9. Let A be a left KY-injective ring sa- 


tisfying the maximum condition on left annihilators, M, N 
A-modules, u: M> N, v : N> M left A-monomorphisms. If E, 
:NOH are left 


H are injective A-modules and f : M>E,8 

` А- ; (» 

monomorphisms such that Er) (resp. 8\ry NGC 
Sential left Strachen oF rg? (resp. Ty G2), then АЁ MESE 


(J)) ts an es- 
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Proof. Since АН is injective, there exists а lees 
A-homomorphism В ` E > H such that gu = hf. If y € ker h q 
n Imf, then y = f(z), 2 € M and g(u(z)) = h(f(z)) = h(y) = | ( 
implies u(z) = 0, whence 2 = 0, yielding у = 0. Now ken nq 
n £y (G2) = 0 implies ker» h n Geld) = 0 те fry (J)) | 
is essential in rg) (as left A-modules)). pun Suppose 
that J + 0. Since A is left KY-injective satisfying the maxi. | 
mum condition on left annihilators; then by Proposition 7, 
J = Z is nilpotent. Let n be the least еы. integer such | 
that J' = 0. Then J" ker h = 0 implies m к у = Pg) n | 
П ken h = 0. If п-1 > 1, we similarly have J ker h = 0 and | 
во on. Finally, we reach ker h = 0. By symmetry, we also get 
a left A-monomorphism of H into E. It follows from [3, Theo- 
rem 1.13] that Е = Н. Now if J = 0, then A is semi-simple 
Artinian by Proposition 8 and in that case, АЁ БЫ АМ яз aN FS d. 


The next proposition may be similarly proved. 


Proposition 10. (1) If A is semi-primary, М, N A- 
-modules such that either ry(2) is isomorphic to гң(2) or 
ry(J) is isomorphie to гу(Ј) (ав left A-modules) then „М and 
aN have isomorphte injective hulls; 
| (2) Let A satisfy the maximum condition on left an 
Ч nihilators. If P, Q are A-modules such that гр(2) апӣ г0(2) A 


are isomorphic (as left A-modules), then „Р and pQ have 180- | 
morphic injective hulls. 


Note that, in general, for any non-singular A-mo- 
dule M, ry(2) = M. 


Proposition 11. Let A be a commutative ring, M e 
non-singular injective A-module. For any ideal T of A, гу 
is ап injective submodule of M. 


Proof. Let E be an injective hull of РСТ) in 
For any y € E, there exists an essential ideal L of 4 Sus 


that Ly c ry CT) which implies LTy = TLy = 0, whence Ty ee 


contained in the singular submodule of M which is zero- 
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nefore Y € ry C? which proves that ry) is an injective 


A-module H 


Corollary 11. Let А be a commutative non-singular 
Ing satisfying the maximum condition on annihilators. For 
ri 
ny non-singular divisible A-module M and any idealT of А, 
d Я 


n (T) is an injective A-module (ef. [3,P. 102 ex. 18]). 
M 


The proof of Theorem 9 and Proposition 11 yield 


Remark 8. Let A be commutative with a nilpotent 
ideal О. If Mis а submodule of a non-singular A-module N, 
then M is essential in N iff GER is essential in ry CU). 


Proposition 12. The following conditions are 
equivalent for a commutative ring A: 

(1) A is self-injective regular; 

(2) For any finitely generated A-module M and any 
ideal P of A, Puzcm) Р? is an injective pro- 
jective A-module; 

(3) For any finitely generated A-module M and any 
$ я CY-injective 
ideal P of A, rusz P? 18 a A 


projective A-module. 


Proof. Assume (1). For any finitely generated 


A-module M, we know that N = M/Z(M) is a non-singular A-mor 
jective by [9, Сого- 


dule which is therefore injective and pro 
(P) is 


llary 6]. If Р is an ideal of A, by Proposition 11, Ty 
an injective submodule which is therefore a direct summand 
9f N. Thus (1) implies (2). 
(2) implies (3) evidently. 4 
Assume (3). In as much as NU is projective, 
get 7 = 0 and hence (3) implies (1) by Propositions 1 and 7. 


we 


tam 
A theorem of M. Ikeda - T. Nakayama asserts a 
с 5 o 
А їз left self-injective, then for any left ideals №» where 
№ ag) = r(L) + r(S). We now consider situations 


с ү à -trivial cen- 
ertain Proper direct summands of A contain non uae 
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tral idempotents. 


Theorem 13. Let A be a semi-prime Left KY-injeo- 
tive ring such that ов м 9) в Ob) + r(S) for any left 
ideals L, S. Let I be a non-singular CY-injective Left ide- 
al of A containing two non-zero principal left ideals Р, 0 
with the following properties: P contains no direct sum of 
a pair of mutually isomorphic non-zero left tdeals of A | 
while Q contains no left ideal isomorphic to P. If А = бек, | 
then K contains a non-trivial central tdempotent. 


Proof. For any b € I, there exist a € A such | 
that b= bab (cf. the proof of Proposition 7). Consequently, ) 
P and Q are direct summands of „А. By Zorn^s Lemma, the set 
E of all left A-monomorphisms from some submodule of AP into 


ni contains a maximal member g. Let g : D > Q, Dc P. Since 
P, Q are also direct summands of I, they are CY-injective a 
and hence are injective A-modules by Proposition 1. If g(D) = 
= F, let D, F be the injective hulls ОЕ D, E in Р; О respec шш 
tively. If we suppose that D + D, then р extends to a left | 
A-homomorphism в : D > Q. Since D is essential in D, then g | 
is a monomorphism belonging to Е, which contradicts the maxi- 
mality of g. This proves that D = D and therefore F = F. If 
P= De Az, z= z? € I, then z + 0 (in as much as © contains 
no left ideal isomorphic to P). If Q= F 9 T, F= Au, T = Av | 
u, у being idepotents in I, then we claim that zAu = 0. If | 
not, let 0 + w= zdu, d € A. Since l(w) = АК, К = К?, the 
map Н : Az э Aw given by H(az) = aw for all a € A yields 
Az/ker Н м Aw. Then ker Н = Akz implies Az/Akz = Aw. Since 
Akz = As, S = s? € I, and А = As 9 A(1-s), then Az = As ° 

Snc d пет аСТ) - A ics) 0 Az. Now г = z(1-s) © ^" 
which implies Ar = Ae, e = e? € Az, whence Ae = Ас, where 

` Aw = Ac, с = c? € Au, yielding g-'(Ac) 9 Ae = P and g7’ (Ac) : 

= Ae, thus contradicting the hypothesis on P. This proves | 
that zAu = 0. If we suppose that zAv + 0, then there exist Т 
similarly non-zero idempotents t € Ау, q Є Az and ап isomor 
hism m of Ag onto At. Now the тарп: De® Aq + Ее At р 


e 
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py n(p + аа) = g(p) + m(aq) for all р Єр, a € A, is a mo- 
nomorphism which contradicts the maximality of g in E. The- 


pefore zAv = 0 also which yields 20 = 0, = # 0. Since Q is 


then K is the left an- 


If T = QA, in as much 
as А is semi-prime, 1(T) = r(T), 1(T) ПТ = 0 and hence А = 


= p(1(T)) + РСТ) = 1(1(Т)) + ICT) which implies that A = 
= CGR) ФО ТУЕ Again, since A is semi-prime, 1(Q) = 1(T) 


a direct summand of Pur ifA=Q° kK, 
nihilator of h, where Q = Ah, h = h2. 


is generated by a central idempotent and it follows that 
К = 10) contains a non-trivial central idempotent of A. 


Corollary 13. Let А be a semi-prime EU EDITI poti 
ping with non-zero socle. If Q is a non-zero non-singular 
injective left ideal which contains no mintmal left ideal 
and А = Q9 V, then V contains a non-trivial central tdem- 


potent. 


We conclude with a last remark. 


Remark 9. Let A be a left continuous regular 
ring, P, Q two non-zero injective left ideals having the 
Same properties as in Theorem 13. If A = Ое К, then К eon- 


tains a non-trivial central idempotent. 
REFERENCES 


1 1 du£es але 
[1] J. Ah ; Rings all of whose cyckic mo 
ARM то, Proc. London Math. Soc.,(3), 27 
(1973), 425 - 439. 


[2] C. Faith: Algebra IT: Ring Theory, Springer, Ber- 
Lin-Heidelbeng-New York, (1976). 


1 -singular hings 
[3] К.В. Goodearl: Ring Theory: Non-á4ngu 
and modules, Pure and Appt. Math. Ser. 33 Dekker 
(New York) ( (1976). 


s whose simple 


[4] 6.0. Michler, D.E. Villamayor: Ring, tto 185 


modules axe nj e otov d AGANE 
- 201. 


Semi-simple maximal quotient 


[5] F.L. Sandomierski: 128 (1967), 112 = 


rings, Trans. Amer. Math. Soc., 
120. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri == 


136 Roger Yue Chi Ming 


ME 


— 


e i 1 d self-inj A 
6 y. Utumi: On continuous nangs an јесу 
p nings, Trans. Amer. Math. Soc., 118 (1965), ТБ 


173. d | 


7 R. Yue Chi Ming: On generakizations 0$ V-Aing4 a 
[7] regular ALngs, Math. J. Okayama Untv., 20 (1978) 4 
123 - 129. | 


[8] R. Yue Chi Ming: On V-nings and prime rings, J. | 
Algebra, 62 (1980), TE 20. 


[9] J. Zelmanowitz: Injective hulls of Zornskonfree | 
о сло. т. Ma£h., 23 (1971), 1094 = 110 
REZIME 


0 INJEKTIVNIM MODULIMA 1 UOPSTENJIMA / 


U ovom radu dva uopätenja injektivnih modula su 
uvedena i korišćena za karakterizaciju nekih dobro poznatih 
klasa prstena. 
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ABSTRACT 


The lattice (S(A),<) of all L-valued (fuzzy) sub- 
algebras of the given algebra А is considered. It is proved 
that for a finite algebra A, (S(A),S) is isomorphic to ia 
subdirect power of the lattice L, if S(A) (the set of EUM E: 
ry subalgebras of A) is closed under unions. Thereby, (s( Tu 
is distributive if and only if L is distributive. These resu 
ts are applied to a class of groups. . K 


tte e Ur) Dea finite algebra, and К € A sjeća Ё 
of its constants. Let (L,1,v,0,1) be a pounded lattice (in 
the following denoted by L). An L-valued subset of bone L-va- 
lued set on) A is a mapping A : A > L (the set A and 2 sub- 
Sets will be identified with their characteristic functions, 
where 0,1 € L; thus, K(x) = 1 if x € K, othervise K(x) = 0). 


улкендт OS EN 


= 5 fA 
An L-valued subalgebra B of A is any L-valued subset of A, 
Such that 


a) Ке B, and 


з ea 
E Are T 


e 


iE 205 : 2. 
AMS Mathematics Subject Classification (1980): 03Е? 


ts. 
Key words and phrases: Universal algebra, fuzzy зе 
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Deeg 


>) По Зы Во) A es A BE Jy for 
all X4, ... > x, E As PACU Че CN 
SCA) is the set of all L-valued subalgebras of A, ( 
S(A) is the set of all ordinary subalgebras of A, and it is | 


clear that S(A) = S(A). | 
($(А),<) is a complete lattice (see, for example | 


| 
141). | 
ИЕ, за р: А > р, where, for x € A, | 


al aie 2 (5 ОХ 


| 

TS | 

Ар(х) = { | 

Nd Р р, otherwise. | 


КООП пар ED then Ap € (A). \ 
Proof. Obvious. 


Proposition 2. A mapping f : L > S(A), given by 
f(p) = Ap £8 an embedding of the lattice L into (3(А),<). 


Proof. By the definition of Ap, f is one-to-one, | 
апа | 


#(р Aq) = Арла = Ap ^ AQ, ; 

since ) 
No че | 

(Ap л Bq)(x) = Ар(х) л Malax) = { | 

; D A Go af x К. 


_In exactly the same way one can prove that | 


Ар v p = Ap v Аа. 


Proposition 3. Let А = (A,F) be a finite algebra 
with the property that B,C € S(A) implies B U C € (А). Then 


“о (5(А),<) is isomorphic to a sublattice of 
11А1- 


› where this sublattice ts а subdirect power. 


Proof. Let А = {ал,...,а Сл... сх}, KF aen 
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and derd say LARK 


З ‚ where B + 5704), and 
а доо од 
Ғор 1 „ 


CB) Gs) B(a;). 


Since for c € K, B(c) = 1, it follows that f is 
one-to-one. In the following, we identify f(B)(i) with Bla, jc 
i.e. we consider S SCA) as a subset of „Al -|к . It is EE 
under the lattice operations: 


Let B,C € SCA), and x € AN К. Then, 


(B ~ С) 0х) = ВОО У CC) =) М рев СОУЛ e с Go) = 
РЕБ РЕБ 


= ү p(B (х) у С (x))= СЦ р (В U Ci) I(x), 
by the definition of a L-valued union, and a decomposition 
property ([3]). 

Since for every p € L, B5 UC € S(A) (as it was 


required for A), it follows that Jet P (Вр U E ) Е SCA). 


Clearly, if Вр U © = D, (3 S леп 


U рр (х,у) > U р" (05 G0 ^ рр (y)) = 
peL Р peL 


V p:D(x)A^ V p* Doty). 
peL Р peL 


Thus, BU C = B v C, and hence for every x € A 
(В у б) (х) = B(x) v C(x). 


Now, since £(B v С) = f(B U С), it follows that 


for i = dide eem 


FG v Cy» = Во) = BUOG) = 


u" 
U 
mn 
РП 
w 


v Cla;) = (FB) v £(C)) GO, 
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———— 


S M TEA 


—— 


and thus (since B U T= B v О). ЕВ vC) = £CB) У О 
The proof that STA) is closed under intersection, \ 


is straightforward. | 


Thus we have We" that (S(A),<) is a sublattice 
|K 


of the lattice ,I^l 


since for every p € L, there is B € SCA) such that for x € 4 
B(x) = р. Namely, B = Ар (defined by (1)). 


. Moreover, it is a subdirect power 
3 


Corollary 4. Let A = (A,F) be an algebra satisfy- 
ing the conditions of Proposition 3. Then, (SCA),S) is a dis- | 
tributive lattice tf and only if L is distributive. 


Proof. Let (S(A),s) be a distributive lattice. 
Then, by Proposition o 1 аз distributive, as well. 
If L is distributive, then (SCA),<) is also distris 


butive, since it is a subdirect power of L, by Proposition 3. 


Remark. The lattice of ordinary subalgebras (S (А),<) | 
of an algebra satisfying the conditions of Proposition 3 is 
distributive, since it is a sublattice of a distributive lat- 
tice P(A) = ВА (Ba is a Boolean algebra 2). Thus the proper- 
ties of Ba (used in meta-language) determine mainly the cor- 
responding properties of the lattice (3(А),=). Considering 

| L-valued structures, i.e. taking the lattice L instead of Ba, 


\ опе can see that properties are not always preserved. 


THE CASE OF GROUPS 


9 H > E . М е 

The preceding considerations, when applied to son 
ms 

classes of groups, can be formulated in a more concrete for 


x Proposition 5. Let (G,*) be a cyelte group e EE 
der p^, p-prime,k Є N, and let L be any bounded Lattree 


(STE),s) = (КО а cua \ 


< Ou zl 


the 
Proof. As it is shown in [1], all generator? of 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


—.- 


hens | 


the 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


141 


On the distributivity of the lattice 
Be. _ о В 
ae G have the same value in L. The same is with the gene- 


f every subgroup of G. 1 H 
pators О y group Moreover, if g is a generator 


S(G)), then 


ое, and Н an L-valued subgroup of G (НЕ 


= =, Е 

H(g) < H(g 2), t ЄМ (see also [1]). 

There are k different subgroups, and thus k generators having 
different values in L. The proof now follows directly from 
Proposition 3. 
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REZIME 


O DISTRIBUTIVNOSTI MREŽE L-VREDNOSNIH PODALGEBRI 


KONACNIH ALGEBRI 


Razmatra se mreža svih L-vrednosnih (L je mreza sa 
ШШ) podalgebri date algebre. Dokazuje se da je za konacne 
algebre ta mreža izomorfna sa jednim poddirektnim stepenom od 
(tačno odredjenog reda), pod uslovom da je skup običnih pod- 
algebri te algebre zatvoren и odnosu na uniju. Dokazuje se da 
Je mreža L-vrednosnih podalgebri distributivna ako ї samo ako 
к L distributivna mreža. Za cikličke grupe reda р (p-prost, 
E N), daje se i konkretan opis te mreže. 
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Ау И А, -3-НВАЗИГРУППЫ 


Яанез Ушан 


Институт за математину Универзитета у Новом 
Саду, 21000 Нови Сад, др Илије Ђуричића 4, 
Jyrocnasnja 


РЕЗЮМЕ 


В [1] введены понятия AC: M А+ -anr e6p. B [2] дано 
m m. qui. LA ad 
таное определение A, -квазигруппы (A, алгебры), что А? Ar 
-алгебры оказываются ее частными случаями. В [3] доназано, что 
А; -нвазигруппы являются координатизациоными системами конечных 
й no- 
регулярных плоскостей, B которых прямые & удовлетворяют ус 
sm |2| > 3.8 [4] введены А, -квазигруппы, являющеся одним из 
: -нвазигруппы явля- 
обобщений Al -нвазигрупп, и показано, что A, TH py MC 
ME -геометрий - 
ются ноординатизационными системами конечных ТСЕ -г.вом S A 
= S 2 
торых прямые # удовлетворяют условию |4|z 3. (Если (t, 
азбиением 
геометрия и |2| > 2 для всех 2 € £, то С является р ) E 
ящей работе = 
Хартманиса типа 2 множества Є [4,6-71). B настоящ Е 2 
m -3- группы. Показ р 
ределяются и расматриваются A, M Dest py ёз 
Nee группе) соответствует н 
что каждой А, -З-нвазигруппе (A,-3-HBa3H py 
Е S 3 E t (2) -p gone THR ) « Обратнов 
Нечная TCL (2) -геометия (регулярная TEL Keen d 
© a = 
Утвержение имеет место, если для каждой линии =, 


\ {1,2,3}, существует An -3 -нвазигруппа. 


а 


: 20N05. 
AMS Mathematics subject Classification (1980): 2 EL 
s, ^ -quasigroups, 1 
Key words and phrases: A,-3-quasigroup t 
geometry. 
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3 
Очевидно имеет место: если (T,A), It] = t єм, з | 
I 
-нвазигруппа, TO любая тройка попарно различных элементов 8, | 
b,c € € порождает 3-поднвазигруппу ([a,b,c],A) З-нвазигрупп, | 
(T,A). | 
ОПРЕДЕЛЕНИЕ 1. АТ-З-нвазигруппой назовем 3 -нвази- 
группу (€,A), |t| = t € N N {1,2,3}, тогда и тольно тогда, 
| 
ногда имеет место: | 
dd 3 
A1 (Va € t)(Vb € T)A( а ,b, a ) eub 


для каждого i Є {1,2,3}1); и { 
s | 
A2 (уа є O(Vbet)vc Е t)a*b^as*caAbsce | 
= |la,b,cl| = тему {1,2,3})2. | 
ПРИМЕЧАНИЕ 1. Очевидно имеет место: в любой 3-ңва- 
зигруппе (la,b,c],A), относящейся к А2 справедливо А13). 


Непосредственным следствием аксиомы А1 является CNE- 
дующее: 


УТВЕРЖДЕНИЕ 1. At нвазигруппа (T,A) является WÉI 


потентной 3-нвазигруппой, T.e. в (C,A) имеет место формула: 


(va Е т)А(а) = a. 


т_цвази“ 
Из следующего утверждения происходит, ЧТО Ac rd 


группа является обобщением А, -нвазигруппы: 


mco 


i 1) Кандый a € € является единицей 3-нвазигруппы (T, A). 


а —_ 
_——— o ae aaa 
N 


1 
geray® 


| 
| 
| 


ul 
2) Ha множестве t, удовлетворяющем условию || S З He Cy 
3-HBasurpynna, удовлетворяющая условию Al. 


= £ с. 
3) Занон Ако = у имеет место для любых Х,У € 
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ar и А, -З-нвазигруппы 


УТВЕРЖДЕНИЕ 17. В 3-нвазигруппе (6,4), || = 
ү s te NN {1,2,3}, справедливо А1 тогда и только тогда, ногда 
| имеет место: 
| 
| 
| 


А1 (Vai Е С) (Маз € ©) (маз € oka U € {1,2} = 


> Аа а 


ДОНАЗАТЕ ЛЬСТВО. 
| а) Непосредственно получаем, что имеет место следу - 


ющая имплинация : 
Al = А1“, 


| б) Пусть (T,A) З-нвазигруппа, удовлетворяющая ycno- 


| вию А1“. Существуют тольно следующие возможности: 


ИЛИ 


для наждого iE {1,2,3}. 
Если а + b!) то первая возможность противоречит пред- 
› положению, uro (T,A) 3-нвазигруппа. Именно из 


a(ia',b,2at) = am a + b 


находим, что имеет место формула: 


P Б aal ,Ь, Sat) a a+b). 


j- 3-1 
(Va € z)(vb Е €) (AC a! a, а”) 


| Tak kak эта формула эквивалентна формуле 


- Sade = 1-1 351) 2a = b) 
iva €) (vb e лла алар тыные ; 


eye! 


| Утверждение доказано. | EEN 


E en e, 


[| € NN {1,2,3} 


1) 
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an nn 


MC является частным случаем следующей Формулы, 


n 
Ее es (Van € Teles | € 11,... n= d 
> Аа?) € fait). 


Для n = 2, At, становится следующей формулой: 
2 2 2 
(Va. Е ©) (Маз Є 8)(|{а1}| € {1} 9 Alar) € {а1}), 


H | 
энвивалентной формуле: 


(Ух € T)A(x,x) = х. 
УТВЕРЖДЕНИЕ 2. В А, -З-нвазигруппе (©, А) имеет место: 


АЗ Ңандую З-нвазигруппу ([a,b,c],A) порождает любая трой- 


Ha попарно различных элементов множества [а,Ь,с]. 


ДОКАЗАТЕЛЬСТВО. Пусть a,b,c любые попарно различ- 
ные элементы множества [a,b,c]. Тан нан a,b,c попарно различ" 
ные, они порождают З-поднвазигруппу ([а,б,с],А), обладающую 
сво ством А11) такую, что имвет место: 


= ——— 


(а) |[[а,6,с]| = näi, 


Учитывая, что 


a,b,c Е [a,b,c], | 


находим, что 


[а, Б, с] = [a,b,c]. 


Отсюда, учитывая (а) и А2, находим, что 


1) Примечание 1. 
2) А2. 
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[a,b,c] = [а,Ь,с]. 


Тан нак a,b,c любые попарно различные элементы множества 


Та руси yTEePRAEHHS доказано. 
р 


УТВЕРЖДЕНИЕ 3. В А, -З-нвазигруппе имеет место: 


A4 [3,5,c] + [a,b,c] = |{a,b,c) n [a,b,c] < 2. 


— 


ДОКАЗАТЕЛЬСТВО. Пусть a,b,c,a,b,c любые элементы, 


удовлетворяющие условию 

(6) [a,b,c] + [a,b,c]. 
Предположим, что имеет место: 

(ц) |[a;b,c] n [a,b,cl| > 2”. 

Из (ц) получаем, что существуют р,9,г Е T тание, что: 


р,а,г € [а,Ь,с] 


p,q,r Є [а,Ь,с] и 


р +9, р on (e| LA Io 


оведливы ра- 
Отсюда, учитывая утверждение 2, получаем» eg 


венства 


3:85 2 Поа зеи 


Т.в., что имеет место равенство 


[8,6,5] = [a,b,c]. 


находим» ' что 
Ten T словию (б), 

ңа воречит y EE 

каны NEI See) pao. рош ze 


1) Ke E We par 


o Ча Бьет n {a,b,c1| = 
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a 


утверждение доназано. 


2 

Подобными рассуждениями доказывается, что имеет место 
и следующее утверждение: | 
УТВЕРЖДЕНИЕ 4. Пусть (TA), || = t€ NN 1,2,3) | 
3-ңвазигруппа удовлетворяющая условию A1. Тогда имвет место; | 
АЗ ө A4. | 
| 
ОПРЕДЕЛЕНИЕ 2. А„-3-нвазигруппой назовем 3-ңвази- | 
группу (€,A), || = Е € N \ {1,2,3}, тогда и тольно тогда, неге | 
да имеет место А1 и АЗ). ) 


m 
Очевидно, "TO каждая A, -нвазигруппа является A, -нва- 
зигруппой. Оралов не имеет ерде (утверждение 9). 
= -3-ңвазигруппы и Ke ңвазигруппы существуют: 


табл. 14- 14 и 21-25. Более того, имеет место: 


a 4 
УТВЕРЖДЕНИЕ 5. Если (Q,A) и (0,А) являются Ay-3- 
-квазигруппами, TO қаждая биенция + множества Q на множество 
Q является изоморфизмом (Q,A) на (Q,A). 


| 
ДОНАЗАТЕЛЬСТВО. morm = б = EA 


далее, f подстановна множества {1,2,3,4}. Учитывая Al, находи", | 
что имеют место следующие равенства: 


fA(x,x,z) = fA(x,y,z) = fA(z,x,x) = fz 
A(fx,fx,fz) = A(fx,fz,fx) = A(fz,fx,fx) = #2 
для любых x,z € (1,2,3,4). Далее, учитывая A2, находим» 


` er место: если |{x,y,z}| = 3 u ue {1,2,3,4} N Go yz) 
ют место равенства: 


то une 


| 

| 

в“ | 

что M | 
| 

| 


1) А1 и А4 (в силу утверждения 4). 
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2 
3 
4 


Табл. 12 
Aal 1 2 3 4 
lat =) el 

a) Cy 2 

2143 


128364 
Табл. 14 


2 14 


1 

2161 
3 |5 
4 3 
5 14 


203 
a 
4 5 
5 1 


табл. 


53 
4 5 
14 
2 4 
3 2 
22 


T = (1,2,3,4) 


d 8 9 55 


t = {1,2,3,4, 5} 


А1123 4 5 


1 |4 


3 


5 


4 2 


л PS U N 


4 2 
431 
345 
оо 


4 
5 
2 
4) 
л. 24 


ай UU =~ M 


aed 
DIE = А„(у,2)› 
"Was G t 
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—— 
fA(x,y,z) = fu 


A( fx, fy,fz) = fu. 
Утверждение доказано. 
4 
ПРИМЕЧАНИЕ 2. А«-З-нвазигруппа ({1,2,3,4},A) on- 


ределяет (тривиальную) систему четверон Штайнера ({1,2,3,4}, 
{{1,2,3,4}}), и обратно. | 


x * * ж 


B [4] "L-reowmerpua" имеет следующий смысл: у 

Пусть © непустое множество!) и пусть непустое MHo- 
жество L множество некоторых непустых подмножеств множества C, 
Элементы множества С називаются точками, элементы множества E | 
прямыми. Объент (©, ) называется | -геометрия тогда и. тольно 
тогда, ногда выполняются следующие условия: 


Il через любые две различные TOYHH проходит не более 
одной прямой, 


L2 наждая точна находится по меньшей мере B одной прямой» \ 
Если в (C,£) имеет место: 


Li ESSI 


Через любое две различные точни праходит OAH 
одна прямая; | 


TO B (€,£) справедливы условия 1-12. 


8 
^ (o) 
С-г еометрию (€,£), в ноторой имеет место 117,887 Di 


[4], позволил себе назват ТСЕ-геометрией2). 


E | 


Fr nn — 


1) B [4] речь идет о нонвчном множестве. 

2) В самом деле, если (5,2) является TCL-reometTpHen H DI a2 
для всех 2 € £, TO £ является разбиением Хартманиса д 
множества [6-7]. 
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№. 151 
Носители LN-H-MonyceTeh являются | -геометриями [5]. 


| -геометрии являются носителями и неноторых ВМ-н-полусетей. 
Ho существуют ВМ-н-полусети, имеющие носители, не являющиеся 
DU 


1 -геометриями. Именно в неноторых, нроме 12, имеет место: 


L(2)1 через каждые три попарно различные точни проходит 


—_— 


не более одной линии. 


Объект (Е, С), в нотором имеют место 1 (271 и L2, no- 
зволим себе назвать L (2) -геометрией. L(?) -геометрию (T,£), в 


которой имеет место 


1.02) 17 через каждые три попарно различные точни проходит 


одна и тольно одна линия; 


назовем TCL (2 -геометрия?). TCL 2) -геометрию (€,£) назовем 


регулярной тогда и только тогда, когда имеет место: 


L3 (và e £)tv&^ ec) [21 = Il, 


Пусть (C, A), |e] = ten \ EEGEN 


na. Пусть, далее, 


р 482 {[a,b,c]ljaboce бла + baa#caAb + с). 


назовем точками а элементы 
еление 2 и утверждение 


верждение: 


Если, при этом, элементы множества t 
множества L линиями, TO, учитывая опред 
4, находим, что имеет место следующее Ут 
= 1072900 
УТВЕРЖДЕНИЕ 6. Если (E,A), Kl e GN NS 
A.-3-HBasurpynna, TO (T,£), где 


b + c), 
с 889 ((a,b,c}|a,b,c € € ^ a. * baa#tca 


———— 
1) 


——————— 


- ией и |2| 2 
В самом деле, если [E,E) явля Te Пе D 
> 3 для всех & € L, TO С является pasen 


na 3 множества [6-7]. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


EEE 


Digitized by Arya Samaj Foundation Chennai and eGangotri e 


152 A, Ушан | 
127 а : 


TCL«2) -гвометрия. 


Отсюда, учитывая определение 1 и утверждение Dy 3 


ходим, что имеет место следующее утверждение: | 


СЛЕДСТВИЕ 7. Если (Goo | = t ENN been i 
t 
-3-ңвазигруппа, TO (€,£), Где 


| 

| 

Е оола EE ^ a ba +c A о NS 
| 

регулярная TCL?) -гвометрия. | 
| 


УТВЕРЖДЕНИЕ 8. Пусть (,£), |T] Е №, ТС (22 -гео- | 
метрия таная, что имеет место: 
a) для каждой 2 Е £ |&] ЕМ\ {1,2,3}; 


№ С im, «eo mj, р Е N. 


Тогда, если 


| 
| 
m-3- na | 
б) для каждого m € fmi... mp] существует A,-3-H | 
зигруппа; | 

то 


A) 
в) существует 3-apHa операция А на € такая, что (€ 


является A, -З-нвазигруппой |t | = +. 


I 
l 
| 
2 ‚ удо 
ДОНАЗАТЕЛЬСТВО. Пусть (®,Ё) TCL ‹2)-геометрий у | 
влетворяющая условию а). Отсюда, учитывая условие 6), наход | 
что имеет место: 

ЛИТР 


19 Ha наждой линии 2, © Bo AG ш ШОШ SE 
i i D 
тернарную операцию A i), 1 ЕТ, таную, что СА Jo 9 


Ll: 


A т D 
становится А -3-нвазигруппой; m = AR 
TO: 
Учитывая L(2)1^ и 19, находим, что имеет MEC f 
8 
gc T8J 
20 для любых попарно различных a,b,c € © pun 41 


i с ана?” 
одна и только одна (из, в 1° выбранных) ali), jel,T 


alt) (a,b,c) € (е: 
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Имея в виду |. 2) 1” и a), любые a,b € € являются 
ментами по меньшей мере одного множества Lj; i € I. Поэто- 


имея в виду 1°, находим, что имеет место: 


эле 


му, 
39 для любых a,b Е © существует по меньшей мере 
ИВ (из, в 19. выбранных) AG), i € I, таная, что 


AC) (a, a,b) E AU (a,b, a) = AU (ь,а,а) ZEB 


для всех i € I, удовлетворяющих условию a,b € Lis 


Ha основании 2° u 39 находим, что имеет место: 
49 


A ash y 4G) 
LEI 


является тернарной операцией в множестве C. 
На основании 39 находим, что имеет место: 


59 В 3-rpynoonge (T,A) справедливо А1. 
Далее, на основании 42) 4^ и 19 находим, что имеет 


место: 
69 B 3-rpymnonge (t,A) справедливо A4. 


удовлетворяющие yc- 


Пусть a,b,c € € любые элементы, 
L(2)4^ и 1°, 


ловию: a Бла + с ^b * C. Отсюда, учитывая 
m й. Поэтому 
5 -3-ңвазигруппой. у 
находим что ([a,b,cl,A) является A, 3-к ру 
каждое из уравнений 


A(x,a,B) = e; A(a,y,b) = с, Ala,b,z) = e 


M множеству 
обладает одним и тольно одним решением, принадлежащи 
[а,Ь,с]. предположение, что существуют ир 
н ло 
Maule множеству [а, Ы, с1, противоречит ус 
ения 
Учитывая 4o и 50, находим, “TO M уравн 


ешения, не принадле- 
вию А4 (6°). Далее, 


Б 
Ахаа) = бу Neyo) = He Ala,a,2) 


o 
юда находим, "T 
Обладают одним и тольно одним решением. oropa 
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имвет место: 
7° 3-группоид (T,A) является З-нвазигруппой, 


o o o a 
Наконец, учитывая 59, 6° и 7°, находим, что YTBepy. 


дение доназано, 


Рис.. 1 


На рис. 1 изображена регулярная TCL (2) -гвометрия 
(LE, EI, rae: 


T = {1,...,8}, 


ае {1,2,3,4}, 22 = {5,6,7,8), | 
ka= {1,2,5,6}, 24 = {2,3,6,7}, | 
157 {3,4,7,8}, fo в 9). 9050700 | 
%7= {1,4,5,8}, 0n 3 AOne | 
2s= {1,3,6,8}, 2102 (2,4,5,7)» 
%11={1,2,7,8}, 212= {3,4,5,6}, 
213={2,3,5, 8}, 214= {1,4,6,7}. 
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98 ц — 
отсюда, учитывая фант, что Ач-З-нвазигруппы существуют (табл. 
4,-14), на основании утверждения 8, находим, что имеет место: 
S 

д“-3-ңвазигруппы существуют. 


На рис. 24 изображена 4-сеть (Е, L1,L2,La,Lu ) nop- 


ядна 31). Ее носитель (T,£), £ = Lı U L2 U La U La, удовлетво- 


oner условиям: |t| = 9 и |2| = 3 для всех 2 € С. Ha рис. 2a 
Peocoenena KEEN (T,£), определенная следующим обра- 


! 
i 
| 


30M: 
e AS? ру {10}, 10 ET, niet 4% 5 \ ove E 


Имеет место: 

1) через наждые три попарно различные точни a,b,10 € 
€ { проходит одна и только одна линия REL, и 

2) если a,b,c € © N (10)2 и | 
существует ТЕГ такая, что имеет место: а Е RAHBELAS = fie 


Таним образом, L 2) -геометрия (£,£) не является TCL (2) -геометри- 


ей. d ed 
Исходя из | (2) -геометрии Le, Cl, mocroonM объект (T,£) | 
следующим образом: | 
г С i 
т A9? гул, | 
где 


тогда M тольно тогда когда 


roll 
m 
> 


= 4 
ў = {ху,2,0), {x,y,Z,u} © KE |{х,у,2,%}| 
з) } 
| 
4 и 92,92 € La: d 
4 є 11,3) 21 + $3" N 
a) существуют #1,#1 € Li 
"fa g). 
EIS , © 
Ў T етью изображеной на рис. 21 


О, аз бо) является 4-c 
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B — 


Qo + 22, тание, что 


оо КИМЕСЕ г, | 
или | 
6) существуют в точности одна $4 € L4 ив Точносту | 


одна La € La такие, что 
БОО [En tal = 22. | 


Отсюда, учитывая 1), непосредственно находим, что (C,f) явля- 
ется регулярной TCL (2) -геометрией. Наконец, учитывая фант, чп 
a 5 ET Ha основании ul 
А„-3-нвазигруппы существуют (табл un n) ) утвер 
дения 8, находим, что имеет место: Ало-З-нвазигруппы существу- 


ют. 


Рис. 2+ Рис. 22 | 
—— 2607.0 See eee | 
1) Например, HaH на рис. 2%. 


2) Например, HaH на рис. 2s. 
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/ 
| 
| 
ти | 
| 
E 
Что | 
ерк. 
ES 
| 
[ 
| 
| 
К 
| 
4 Рис. 33 Рис. 3a 
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5 
Исходя из 5-сети (©, {2} ) порядна 4, подобными pane 


CyMABHHRMM можно построить TCL (2) -геометрию (T.f). © = 


" ОТ 
T = (4,...,15), удовлетворяюцую условию: существуют диний d 
пе танив, что [%| = 4 M существуют линии REEL таңие,что 


|&| = 5. (Примеры построения линии & € Г, Удовлетворяющие yo. 
ловию || = 4, изображены на рис. 34-34.) Нанонец, учитывая 
факт, что NGC H А2 -3-нвазигруппы существуют (табл. Eet, 
44-15), на основании утверждения 8, находим, у имеет место, 
существует Алт -3-нвазигруппа, He являющаяся А"5 -3 -нвазигруппоз, | 
Мы доказали, что имеет место: | | 


| [ 

т | | 
УТВЕРЖДЕНИЕ 9. Существуют Ae -3 -нвазигруппы, удовле | 
творяющие условию t + m, и существуют A, -3 -нвазигруппы, не 


т 
являющиеся A, -З-нвазигруппами. 
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RFZIME 
AT- i A,-3-kvazi 
t t vazigrupe 


U radu se uvode At-3-kvazigrupe kao jedno uopstenje 
At -kvazigrupa [2], odnosno АЁ- i At-algehri. [1]. U radu se uvo- 
de i Atz3-kvazigrupe kao jedno uopstenje Ac-kvazigrupa [4], od- | 
nosna Af-3-kvazigrupa. Pomoću At-kvazigrupa mogu se koordinati- | 
zirati konacne regularne ravni čije prave % zadovoljavaju uslov 
|a| 2 3 [3], a pomoću At-kvazigrupa TCL-geometrije cije prave 2 
zadovoljavaju uslov |4| > 3 [4]. U ovom radu je, izmedju osta- 
log, pokazano da svakoj At-3-kvazigrupi (AP-3-kvazigrupi) odgo- 
vara konacna TCL (?) -geometrija (regularna ТСІ (21 -geometrija). 
Obrnuto vazi uz pretpostavku da za svaku liniju 2, |2| =mEN\ 
\ {1,2,3}, postoji Am-3-kvazigrupa. (Pri tom, ako je (T,£) — 
TCL 2! -geometrija i |2| > 3 za svako % € £, onda је £ partici- 
ja Harmantisa tipa 3 skupa ® [6 - 73] 53) 
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LN-#- M КМ-к-ПОЛУСЕТИ 
Яанез Ушан 


Институт за математину Универзитета у Новом 
Саду, 21000 Нови Сад, др Илије Буричийа 4, 
Jyrocnasnja 


РЕЗЮМЕ 


н-Полусети, описанные автором в [1], являются одним 
из обобцений н-сетей [2-3]. н-Полусети весьма тесно связаны CO 
специальными ортогональными системами частичных квазигрупп [1], 
со специальными нодами [12-16], с аффинными пространствами 
Спернера [6-7] и с г-дизайнами [17]. В [4] получена харантери- 
зация н-полусетей (T, {Lasse L J) с помощью объектов типа _ 
(0,5,1), где T + Ø, £ SPCC) \ {8}, llc £2,All удовлетворяет уст 
ловию евнлидовой параллельности”. (Подобная проблематика рас- 
сматриваетя ив [5].). В настоящей работе обобщаются н-полусе- 
ти на LN-H-nonycerH и КМ-н-полусети (левые-почти-н-полусети Ke 
правые-почти-н-полусети). Справедливо: С, Bee E 
ca ң-полусетью тогда и только тогда, ногда СС, (я, Radi 
ляется сразу LN- и КМ-к-полусетью. Существуют LN-K-noNnyc 
(T, IG Lull, имеющие носитель (T,£), 

k 
£ олы; 

недопустимый для н-полусетей. Так же существуют EE 
имеющие носитель (T,L), 


k 
L= UL., 
i=1 ндой LN-k-nonyceTH 
недопустимый для _№-к-полусетей.Носитель нанд mas 
является |-геометрией (примечание 8) [8]. Однано, SE p 
ВМ-к-полусети, носитель, которых He является С-геоме pagus 


—— 


AMS Mathematics Subject Classification (1980): 
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‚ k-seminets, 
Key wards and phrases: LN-k-seminets. RN-k-seminets 


“geometry, Aa A; -quasigroups. 
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Eur 


конечную Ц\-к-полусеть, в ноторой наждая пряамая имеет по 

меньшей мере три точки и любые две различные точни являются 
калинварными, можно ноординатизировать с помощью одной A, - 
энгруппь [8]. Получается Барактар ЫШ ee полузеда 
<<, lu) с помощью объектов ‚типа СЕ, 2,0 e Где x TOU = PCy’ 
\ (0), || S £2,All удовлетворяет условию: для = AoW АЕ 
дай р € £ существувт He больше, чем одна р Г таная, что 


e рид Єр“. 


EVE 


ОПРЕДЕЛЕНИЕ 1. Пусть € непустое множество, эльмен. | 
ты каторого назовем точни и пусть £ непустое множество неното- 
рых непустых подмножеств множества T, элементы ноторого назо- | 
вем линии (или прямые). Пусть множества ее H € \{ 1,2}, 
разбивают множество f. Объент (T; (Lao e LU) назовем LN-&-nony. | 


сетью тогда и тольно тогда, когда выполняются следующие условия; | 


M1 Пересечение каждых двух прямых, принадлежаших различ- | 


ным нлассам Ly» ZU i,j € (1,...,H], является одно- 


элементным множеством или пустым множеством 1) ; 


LM24 Наждая точна из © находится не больше чем в одной np. 


v . | 
мой KaMgoro класса L,, i € (ÉTAT 


ой 
М2> Каждая точна из T находится по меньше мере B одн 


‚прямой. ` 
" -nonycer' 
Объент (€,£), где C= UL назовем носителем LN-H=N | 
(T, Tas L J) = 
и 
ПРИМЕЧАНИЕ 1. Если в определении 1, вместо LM24 | 
M24 берется 


A 
5 одно 
М2 Каждая точна из © находится в одной и только E 
прямой ңашдого ңласса Ly. Ен? Bee 
a cone 
1) Удобнее: две прямые различных классов пересекаются 


чем в одно точне, 
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aa = I — naj 
то (E, (La 5*0) станет н-полусетью (inn, Если, нроме 
того, вместо М1 берется 
MT Пересечение наждых двух прямых, принадлемащих раз- 


личным нлассам Lis Li, i,j € (1,...,n), является 


одноэлементным множеством?) ; 


то (©, {L1,=+=,L{}) станет н-сетью [2 - 3]. Непосредственно 
находим, что имеют место имплинации: 


M2 = LM2, л M23 и Mi^ e M1. 


ne am im gene 


Отсюда получаем, что каждая н-сеть является н-полусетью и 


каждая н-полусеть является №-нк-полусетью. 


УТВЕРЖДЕНИЕ 1. В Ё\-н-полусетях (T, (Lao eo Lu) 
прямые, принадлежащие одному и тому же классу Lj, Е "(UR 


hl, не пересекаются. 


ДОНАЗАТЕЛЬСТВО. Утверждение является следствием 
аксиомы LM2,. Именно предположение, что существуют различные 
прямые, принадлежащие одному и тому же классу, имеющився нет 


пустое пересечение, противречит условию LM24. 


Учитывая апределение 1,, примечание 1 и факт, что 
8 к-полусетях (E, (Lo LD) справедливо [> 2 для наждого 
UG осоо находим, что имеет место следующее утверждение: 


УТВЕРЖДЕНИЕ 2. Пусть (CG (Lao eo Lu н-полусеть. 
Пусть, далее, Ls m Е; +аНепустые A EE “ra L, U Loo 
= - = iori 
pn Li Цр = 8. Тогда (c, {L „Саул ia) является 
LN- (+1) -полусетью, не удовлетворяющей условию М2 (т.е. 
aed eee N REC SOT 
1 н-Полусети введены в [1]. Там же получено, что н-полусети — 
Можно ноординатизировать с помощью одного класса ортогональ 


Ных систем частичных нвазигрупп. | 
классов пересекаются в одной 


не 


Удобнее: две прямые различных 
4 тольно в одной точне. 


\ { 
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являющейся (ң+1) -полусетью) . 


ПРИМЕЧАНИЕ 2. 

24. Для наждой LN-t-nonyceTH, полученной способа, | 
из утверждения 2 будем сназать, что она является AEKOMNO aen, 
ц-полусети. 

22. В частности, объент (©, {{%4} ett CELEREM | 
f= Gli Є {1,...,t}}, EI = t Є М N {1,2}, и rae имеет на | 
TO имплинация i + j> |2; пя. | S 1 для любых i,j € (4,, 


Ј set) | 
и справедливо М22, является LN-t-nonyceTbW. Удобнее ee Назвать 


с. | 


тривиальной. Таким образом, каждую нонечную проентивную nnog- 

EHE), |z| = t, можно считать носителем одной тривиаль. 
ной LN-t-nonyceTH. 

Пусть € = {1,2,3,4,5,6}, и | 

пусть © = (p, li Є її. 15N), | 

, где множества ps, i € (1,...,15), 


определены следующим образом: 


| 
: ра = {1,2}, pa = (375) 
ps = {4,5}, Ра cx 1/1 o Glo 
БЕ (2,5), pe s (О 
| s ру = {2,3}, Pa = (1,4), 
рә = (55. рло = Asse | 
; раз = (2,4),. pa2 = {3,5}, ) 
Рис. 1. раз = {2,6}, рав = {1,3}, 


Pis = {4,6}; | 


см, и рис. 1. 


E 

В [5] доказано, что для каждого разбиения Jar: = 
| "T. 

тольно что описанного множества, объент (Us ул заву) 


лявтся н-полусетью, Однако, множество {L4,---,Le}, FA? 


La 


u 


{pP} > Р», рз), L2 ауу о Ps; pel» 


" 


La = 151,9 Ра, Po}, Ly = {Р-о, рат}, 


E a iia Раз}, Le = {P14, Pas}. 
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жое TE Ere em —— eeng 


p DEN D а; 
яется таним разбиением множества £, что объент (Е, Ir 


явл 
= Le}) является 1\-6-полусетью. Отсюда получаем, что име- 
ет место следующее утверждение: 

УТВЕРЖДЕНИЕ 3. Существуют множества T и £ с P(E) \ 
\ {0} такие, что имеет место: 


а) существует разбиение (01,600) множества f Ta- 


Ü Hoe, "TO объент (T, CL, eo Eu) является нетривиальной LN-H- $ 
] Г ў 
J -полусети; и (сразу) 

E 

c~ 6) для нандого разбиения (оя, 0) MHOHNGGTBA 

55 объеңт (T, {Lase ЕК») не является н-полусетью. 

H | ОПРЕДЕЛЕНИЕ 11. Носитель (T,£) LN-k-nonycetu 

), ( Се, {Ler LI) назовем з-допустимым тогда и тольно тогда, KOF- 

15], na существует разбиение Gael) множества £ (Hl ан 5, 


что объент Се, Са...) является +$-полусетью. B противополо- 
{ жном случае скажем, что LN-H-nonyceTb (C, (Ls, eeu LU) имеет 


в-недопустимый носитель. 


ПРИМЕЧАНИЕ 3. Описанная LN-6-nonyceTb имеет S-Hedo- 
пустимый носитель. Нонечная проективная плоскость (EL), [| = 


= t, является з-недопустимым носителем тривиальной LN-t-nony- 


сети (€,{{2}|2 Е £}). Однако, нандый декомпозит н-полусети, 


ясно, имеет 5-допустимый носитель. 


, ОПРЕДЕЛЕНИЕ 11”. І М- к-полусеть (€, (L5 La) Ha- 
| зовем #-|ү-ң-полусетью,# € № тогда и только тогда, ногда име- 


ет место: 


- прямых. 
122 каждая точна из Є находится а) & и только 


Описанная LN-5-nonycerb является CR 


ак 
Учитывая определение н-полусети (примечание iE 


о следующее 
и определения 14,17, 117, находим, что имеет мест м 


Утверждение 
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УТВЕРЖДЕНИЕ 4. Если LN-k-NONyceTe не являет 
&-1№-н-полусетью, то она имеет з-недопустимый Носитель, 


em 


обывкт (us ETT sso. SCH 
УТВЕРЖДЕНИЕ 5. Если объ 1 Lid) являет ? 


ся &-\\-к-полусетью, тогда % S н. 


ДОКАЗАТЕЛЬСТВО. Утверждение является следствием 
аксиомы LM24 и M22. Именно, тан кан Через наждую точку npo... 
дит в точности Я прямых (M22), предположение, что % > K аль 


в нонтрадинцию с 21. 


Подобными рассуждениями доназывается и следующев 


утверждение: 


УТВЕРЖДЕНИЕ 5^. Если объент (9, {11,..., }) явля- | 
ется (\-нк-полусетью и L(A) является числом прямых, проходяц- 


их через точну А, тогда #(А) < K для каждой точни А Е C. 


ТЕОРЕМА 6. £-LN-&-nonycere (€,{Li,...,L,}) являет- | 


ся н-полусетью тогда и только тогда, когда Ў = н. | 
| 
ДОКАЗАТЕЛЬСТВО, | 

a) =» 


Утверждение в этом направлении является Henocpeacr 
| венным следствием определения K-nonyceru (примечание (9) ОЛЕ 
j ределения 1,. 

б) = 
Если 2 = н, TO, на основании M22, через кандую TOU 
ну проходит в точности K прямых. Отсюда, ввиду LM21> занлючаё" 


3 

что в (€,(Li,...,L }) имеет место М2. Именно, тан нан чер 
жений’ 

каждую почну проходит в точности K прямых, TO из npeanono 


что существует точна А € © не принадлежащая ни одной SR 
нвноторого нласса L;, 


мой 
Lu 

m + 
заключаем, что существуют прямые d 


f 
принадленащие ОТЕ и TOMY He Hnaccy L; + Li такие, "TO P 


sanno" 


2 
n M = {А}. Тан нан это влечет в щие си 
ем, en Утверждение доназано и в направлении «<=. 
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Учитывая теорему б и примечание 1, находим, 


что име- 
TO M следующее утверждение: 


ет мес 
СЛЕДСТВИЕ 7. #-.№-н-полусеть (Ts {Lases L J) явля- 


oton К-сетью тогда и TONLKO тогда», DEE e 


"^. 


ТЕОРЕМА 8. Если в £-LN-H-nonycetn (t, {Li,...,L,}) 
справедливы М" и 2 < К тогда (@,{14,...,)) имеет s-Henonyc- 


тимый носитель. 


ДОНАЗАТЕЛЬСТВО. Тан нан & < н, в виду теорем 6, 
занлючаем, что в (Er Сазе.) не имеет место М2. Для данных 
мнажеств Си Ё = TATE 2 Е М является фиксированным. Далее, 
на основании М1” и утверждения 1, находим, что максимальные 
множества попарно не пересекающихся прямых являются, в точнос- 
ти, множества арен" Отсюда находим, что наждое разбиение 
множества £, имеющее число нлассов меньше, чем K, имеет по 
меньшей мере один класс, в котором существуют пересекающиеся 


прямые. Утверждение доказано. 


На рис. 3 - 5 изображены, в том не порядке, 2-LN-3- 
-полусеть, 2-LN-4-nonycetb и 3-LN-5-monyceTb, удовлетворяюцие 
условию M1^. Таким образом, имеет место следующее утверждение: 

УТВЕРЖДЕНИЕ 9. Существуют Q-LN-H-nonyceTH, B KOTO- 
рых имеет место М1” и имеют з-недопустимый носитель. 

На рис. 2 изображена LN-3-nonyceTe; в ноторой имеет 

я ут- 
место М1“ и не являющаяся #-1\-3 -полусетью. Отсюда, учитывая у 
ение: 
верждение 4, находим, что имеет место следующее утвернд 
| №-к-полусети, не являю- 


10. Существуют 
УТВЕРЖДЕНИЕ 10. СУ kr 


М1“ 
Щеся L-LN-K-monyceramn, в которых имеет necta 


Допустимый носитель. 


-ң-полусеть, 
УТВЕРЖДЕНИЕ 114. Пусть (el 
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LL 


nn 


= ere JUVE on 
a || бинарное отношение B © L4 U к, Peaennenoe a 


дующим образом: 
ed NK 
(е) pl q 48? р e Lag € L; AN si j 


Тогда в объекте (T,£,||) имвет место: 


La 
La | 
== 
? | 
I 
| 
| 
| 
Puc. 2. | 
} 
| 
| 
| 
NG | 
Laf 
L2 le 
Puc. 3 
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Et. —— P— —— Б > 


Ж 


| Рис. 5. 

| д 

| ЛП. Hagan точна A € T находится в L(A) Є № прямых; 

| ЛП2 через лобые две различные точни проходит не более 

| одной прямой; 

| 

| ЛПЗ_ | является РСТ отношением в Li 

| ma дла нандой A € um наждой p € £ существует не более 


чем одна p^ Е £ такая, что имеет место 
Be 
3 А Єр лр“ ll P; 


ms [єл =n e N.N Co 27 


M22, 
ДОКАЗАТЕЛЬСТВО. ЛП1 является следствием аңнсиомы 2 
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E 
утверждения 5” и фанта, что н Є М. ЛП2 является следствием 


ОИ Утверждения 1. ЛТЗ является следствием опроса 


является азбие e 
ния (в) и фаңта, что Чыр ооо ДШ р нием Hponse 
тва Г. ЛП4 является следствием амнсиомы LM24 и определения 
(e). ЛП5 является следствием определения (е) и фанта, что 


HEN \ {1,2}. 


УТВЕРЖДЕНИЕ 112. Пусть € непустое множество, эле. | 
| 
менты которого назовем точнами и пусть £ непустое множество | 


некоторых непустых подмножеств множества C, элементы ноторого 


ee (OD FR ч 


назовем линии (или прямые). Пусть, далее, | бинарное отношение | 
в £. Тогда, если в объекте (T, С,1) выполняются условия ЛПІ - 

- ЛП5 (из утверндения 114), тогда объент (€, (Lao eo Lu, где 
(L4, oL) = £/ll, является _\-к-полусетью. 


AOHASATEJIBCTBO - 
1) Ha основании ЛПЗ - ЛП5 находим, что прямые, при" 


надлежащие одному и тому He нлассу Li» i € {1,...,k}, попарно 


не пересенаются; | 
е HI 
2) Учитывая ЛП2 и 1), находим, что в (Ts (Lao eil 


H 


имевт место M1; 
3) Учитывая 1) и ЛП4, находим, что B Се, оао) | 
имеет место LM21; и 


4) Учитывая ЛП, находим, что в on ео о ооо.) им" 
ет место M22. 


смысл абъент (T, £l), удовлетворяющий условиям ЛП1 = EE 
an- 
считать | №-К-полусетью. Отношение || назовем отношением ЕР 


| 
| 
ПРИМЕЧАНИЕ 4. Ввиду утверждений 114 и 112» O | 
лельности (или: параллельностью). | 


к-полу” 
уб! 


ТЕОРЕМА 12.. Если объеңт (9,5,1) является LN- 
"cereo, K = |Ё/Ї|, н € N N {1,2} 1, тогда эквивалентны след 
высназания: 


1) См. Примечание 4. 
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— — Ic AU wen ж 
л“ (VA Є T)2(A) = н; и 


pa^ (vA Є С) (Ур € г) (90р e 7 Пол 


ДОКАЗАТЕЛЬСТВО. 
а) = 
Пусть в (%,5,!) имеет место ЛМ”. Учитывая утверж- 


дение 112 и теорему 6, находим, что (T, (Ls, Su Lu, rae 


| Е.) = £/l, является н-полусетью.- Отсюда, учитывая M2, 
0 утверждение 1 и равенство £/l = СО P: es г. 
Ke (t,£,ll) имеет место ma. 

| 6) = 


Пусть в (C,£,ll) имеет место INA”. Учитывая утверж- 
дение 112, находим, что (®,{1.4,...,1.}), rae {La,.--,L = СИП, 
| является (№-к-Полу сетью. Тан нан предположение (ЗА Е T)2(A) < H 


противоречит условию mär, находим что имеет место условие mi”. 


0 ПРИМЕЧАНИЕ 5. B [4] н-полусети (®,{Ь+,...,Ь}) pac- 
сматриваются нан объенты (€,£,l1). На основании теоремы 6 H 12, 


Hi учитывая примечание 4, находим, что объект (€,£,ll), где €, Си 
| имеет смысл считать к-по- 


| | имеют значение из утверждения 112, 


MU лусетью тогда и только тогда, ногда выполняются условия: 


UG ma^, m2 - MS; 
29 ma - m3, ma и ms. 


катая 


непустое множество, элементы 


ОПРЕДЕЛЕНИЕ m Пусть € RU 
которого назовем точнами и пусть С непустое множество HEH 


орого назовем 
рых непустых подмножеств множества T, элементы HOTOP 
KENN 10215 разбывают 


линиями. Пусть множества 1, •• Е” 3 
м вм-к-полусетью Tor 


мномество £. Объент (9, {11›---,_,2) назове 


ие условия: 
Aa и тольно тогда, ногда выполняются следующие У 


ч- 
4. принадлежащих разли 
ШШ Пересечение каждых ABYX линий, ПР 
A 
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Se —— 


En e 


о RK Are : 
ным классам L,,L;; 1,0 (1, BINED ляется одно. 
м 
злементным множеством или пустым множеством); 


RM24 Наждая точна из T находится по меньшей мере в одна | ( 


линии каждого класса Lj» i € {1,...,k}?), E. 
K | 
Объект (0,0), rae С = UL, Назовем носителем ВМ-н-полусети 


(CG (Lo 6 LI) | 
H 
Непосредственным следствием аксиомы RM2, является: 


122 Каждая точна из C находится по меньшеи мере B одной 


— 


| 
| 
линии. 


Учитывая определение 1,, определение 1, И ОПределе- } 
ние н-полусетиз), находим, что имеет место следующее утвернде- 


ние; 


УТВЕРЖДЕНИЕ 13. Пусть множества Х,а Heer | 
значения из определений 1, и 1p.Torna объент (T, {Lase LD | 
является н-полусетью если и TONBHO, если (®,{14,...,Ь}) ABM | 
ется LN- и RN-u-nonyceren. | 

УТВЕРЖДЕНИЕ 14. RN-x-nonycete (Dass e kal) P878 
ется н-полусвтью тогда и только тогда, ногда имеет место \ 


(о) “ОООО Уу E ul угур e Lie 


(РИК рол i= j= pM р = ga). 


ДОКАЗАТЕЛЬСТВО, 
а) = 


a сетью’ 
Так Hak каждая H-nonycere является LN-K-NONY 


то, на основании утверждения 1, имеет место (0). 


————.- — ——————— l—— —_— 
1) См. определение Jr, 
2) (УА € ©) (3p, € L,)...(ap 


з) Cm. Примечанив 1. 


) 
д О л узо» Ж A € Px 


од” 

5 жащих 
y) Пересечение каждых двух различных линий, принадле 
ному и тому же нлассу является пустым множеством. 
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Ta S — 


6) = 


Пусть в КМ№-к-полусети (Ts ар имеет место 


(о). Через каждую точну проходит по меньшей мере одна линия 
из наждого класса L;, i € {1,...,4} (RM21). Отсюда, учитывая 
(0), находим, что в (T, {Lases LD имеет место M2, т.е. что 
Ор) является н-полусетью. 


— —— 91 


| Учитывая М2 (примечание 1) и определение 1p, Haxo- 


дим, что имвет место и следующее утверждение: 

| УТВЕРЖДЕНИЕ 15. Пусть (T, Е.Е) ң-полусеть и 
i-1 k АЙ 20 

| vs 4. Тогда (ia, Le rt, U On) является RN-(u-1)-nony 


k } сетью не удовлетворяющей условию М2 (т.е. не являющейся (H-1) - 


-полусетью). 1) 


ПРИМЕЧАНИЕ 7. Для кандой RN-t-monycern, полученой 
способом из утверждения 15, cHaHeM, что она является композит 


том к-полусети. 5-LN-6-nonyceTb, носитель которой изображен на 


рис. 1 имеет =-недопустимый носитель. В этой 5-1М-6-полу сети 
имвет место: |L4| = |L2| = |La| = 3 tal = [65| = [kel = 2, 
через наждую точну проходит одна и тольно одна линия из наждо- 
ля? го nacca L., i Є {1,2,3}, и через наждую точну проходят 3 
точности Ape линии, принадлежащие множеству L4 = La U Ls U Es- 
Тан как {L4,L2,L3,Ll4} танже является разбиением множества С, 
отсюда получаем, что (т, {Lartarlasla)), является RASSE 
не удовлетворяющей условию LM24. (B таних случаях позволим себе 


-недопу сти- 
сназать, что речь идет о номпозите LN-K-nonycern co $-недопу 


| мым носителем. ) 


ep 


й ожества Ё, 
Ha рис. 6 изображено одно из разбиений MH Ko 
Где |£| = 16 и [t| = 16. Объект (€. {Lı,L2,La,Lu}) He 


пересекающи- 
.  ^-cerbn, так нак существуют линии p € La ИЧ € La, d OU ONE 
2 з, 
em еся в двух различных точках. Заметим, "TO объекты (€, г 5 н 
тво {Li,La-t3 
^ СЕ, {11,12,12 }) являются З-сетями. Tau как мнонес ES 
= a нахо D 
U La} raume является разбиением ‘множества f; отсюд 
1) 


0 


ЗЕ ү, [so ee eae 


тысы ne ae 
д^ 


См. Утверждение 2. 
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ЕЕ а U Lal) является ®М-3 -полусетью, да. 
лев, учитывая фант, что носитель STOM КМ-3 -полу сети не RB ng. 
носителем ни одной LN-H-r'o ETH (ввиду М1 и Y TB EPMA SHu 


ne ee утверждение: 
1)1), находим, что имеет место следующ у 


УТВЕРЖДЕНИЕ 16. Существуют множества сисе P(e) \ | 
\ {9} такие, что имеет место: 

а) существует разбиение Issel множества Е та. 
ное, что объент Е) является RN R nony cemin 

6) не существует разбиение {Са множества f. | 


L L- ется LN-H-nonyceten. 
танов, что объент (€ Us СЕ») ABNA усетью 


ESS aaa 


Puc. 6. 


H 
ОПРЕДЕЛЕНИЕ 12. Носитель (Е £) Р№-н-полусет 


И 

тогда 
(T, (L4,...,L,)) назовем 1$-допустимым (з-допустимып) и 
же 


Hi 
1) Заметим, что нроме этого, имеет место: мерез e 
парно различные точки проходит He более одной Л 
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TONbHO шо дер ногда существует разбиение dE MHOHE CT- 


ga £ (= 10445) такое, что объент ATM TER является LN- 


-{-полусетью (&-полусетью). B противположеном случае скажем, 


m 


doen enorm SETS (T, sues lu LL) имеет 15-недопустимый (s-He- 
‘допустимый) носитель. 

| \ 

| На рис. 7 изображено одно из разбиений {L1,L2,L3,La} 
S множества С, где |2| = 15 u |t| = 16. Govenr 05, ORO 

U L4)) является ВМ-З-полусетью, имеющей |5-недопустимый носи- 
тель. Hpome того, здесь L(A) Є {3,4}, где L(A) число линии, 
проходящих через точну А € ©. Заметим, что в RN-3-nonycern, 


изображенной Ha рис. 6 2(A) = 4 для всех А € €. 


| Рис. 7. 


| 

| 

| ОПРЕДЕЛЕНИЕ IR: RN- н-полусеть (T, {L se LI) Har 
зовем *-В\-к-полусетью, & € №, тогда и тольно тогда, ногда име- 


ET место: 


2 ов & линии. 
no“ M22 каждая точна из С находится в 2 и тольн 


овий 
Следующее утверждение является следствием усл 


КМ2, и M23. 
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MUERE | 17. Если объект (€,fl4,... 1 PGC 
eren &£-RN-u-nonyceTeo, TO $ 2 He 


Более того, имеет место: 


УТВЕРЖДЕНИЕ 17°. Если объент (©, illi oo alk BS. 
ется RN-k- полусетью H (А) ЧИСЛОМ линий, проходящих com 10%) 
точну A € €, тогда RA) > н для нандой точни А € $. 


ТЕОРЕМА 18. 2-RN-H-nonyceTh (Ts {Lassee LJ) Является 


ң-полусетью тогда и только тогда, ногда H = нк. 


ДОНАЗАТЕЛЬСТВО. 
а) = ) 


Утверждение в этом направлении является непосредст- 


венным следствием определения н-полусети (примечание 1) и on- 
ределения Je: | 
б) = 
Если 2 = н, TO, на основании M22, через наждую TOŠK 


проходит в точности H линии. Отсюда, ввиду RM24, находим, "TO 

} 

в (T, TOUR }) имеет место М2. Именно предположение, "TO | 
070 

существует RR A € T, непринадлежащая HH одной линии HEKOM | 


poro класса Ly» i € {1,...,K}, влечет в нонтрадинцию C RM24: 


Ввиду примечания 1 и теоремы 18, имеет место: 


явля" | 
СЛЕДСТВИЕ 19. я-ВМ-н-полусеть (T, {Las Lu n à 
Ho 
ется н-сетью тогда и тольно тогда, ногда выполняется раве 


2 = ни имеет место M17. 


4-В№М-3-полусеть, изображенная на рис: 
-недопустимый носитель. Все-таки она удовлетворяет 
Таним образом, имеет место: 


УТВЕРЖДЕНИЕ 20. Существуют 2-RN-H-nony сети; 


~ ЛЬ, 
рых имеет место М1” и имеется 15-недопустимый носите 
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ВМ-3-полусеть, изображенная Ha рис. 7, имеет ES 


-недопустимый носитель. Все-тани она удовлетворяет условиа 


УТВЕРЖДЕНИЕ 21. Существуют К\-н-полусети, в нотс- 


рых имеет место Mi” и ноторые имеют 15-недопустимый носитель. 


( m^. Таким образом, имеет место и следующее утверждение: 
| 
| 


ПРИМЕЧАНИЕ 8. В [8] "| -геометия” имеет следующий 
смысл: 

Пусть € непустое множество!) и пусть непустое MHO- 
мество Г множество некоторых непустых подмножеств множества $. 


Элементы множества T называются точками, элементы множества 


) £ прямыми. Объент (C,£) называется -геометрий тогда и тольно 


тогда, когда выполняются следующие условия: 


L1 через любые две различные точки проходит не более 


одной прямой; и 


L2 нандая точна находится по меньшей мере в одной пря- 


мой. 


Если в (€,£) имеет место: 


| | E 
) LI через любые две различные точни проходит одна и тол 


HO одна пряма 7 


TO B (€,£) справедливы условия LI - L2. ь 3 
L-reomerpuo (Є, С), в ноторой имеет место Cie oo 


= й (тотально нолине- 
| в [8], позволил себе назвать TCL-r eomeTpHe 


аризированной |-геометрией) 2). 


ЛЯЮТСЯ | -геометриями. L- 


Носители LN-K-monycerten яв = 
RN-H-nonyceTen. по 


-геометрии являются носителями и некоторых 


d D 
>В [8] речь идет о нонечном множестве 


Й > 
является ТСЁ-геометрией и jef 22 


2) 
нием Хартманиса типа 2 


В самом деле, если (6,5) 
Для всех 2 Е £, то £ является разбие 


Мнонества © [18]. 
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существуют ВМ-н-полусети, имеющие носители, не являющиеся | 3 


-геометриями. Примеры таких К№-н-полусетеи изображены Ws 


Й 2 Bue 
6 и 7. Для этих носителей имеет место: 12 и 


|. (224 через каждые три попарно различные точни проходи: 
He 


6onee одной линии. 
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REZIME 


LN-k- | RN-k-POLUREŠETKE 


k-Poluregetke, koje je autor uveo и [1], predstavlja- 


ju jedno uopštenje k-reSetaka [2-3]. k-Polurešetke su u tesne] 
vezi sa specijalnim ortogonalnim sistemima parcijalnih vazigru 
pa [1], sa specijalnim kodovima [12-16], sa afinim prostorima- 
Spernera [6-7] i sa r-dizajnima [17]. U ovom radu se KE 
Setke uopStavaju na LN-k-polureSetke i RN-k-poluresetke eve 


skoro-k-polurešetke i de sne-skoro-k-polurefetke). Ari TOR Hu 
: Б a = o ski 
objekat (T,{Lı,...,Lk}) jeste k polurešetka a + аа 


N-k-polureSetka. lzmedj tal u radu se nala : 
iun 3 ju ostalog, А " 

Cija LN-k-polurešetaka ооо раша pomoću ek us- 
(c.l), өче eg. сс бк ый сг асаа 
ov: za svako A € СТ svako p € £ postoji najviše Jego atn 


takva da Co (ep t AG p< 
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ABSTRACT 


We introduce a method of investigating both topological spa- 
ces and graphs through a suitable notion of homotopy for certain clas- 
ses of functions of graphs into hyperspaces of topological spaces. We 
show that this approach is naturally equivalent to the Demaria‘s method 
which is based on the notion of homotopy for certain classes of functions 
of topological spaces into graphs. 


1. INTRODUCTION. 


There has been a considerable research by e Dee 
Maria, M.Burzio, G.M.Gianella, C.Guido, B.Casciaro, F.Camma- 
roto, L.Carini, P.M.Gandini and O.M.Amici on the theory of 
regular homotopy of regular functions into graphs. This theo- 
ry can be vaguely described as follows. 

One first introduces a class of regular functions 
from a topological space X into a graph G as functions f:X +G 
for which the preimages of nonadjacent vertices are topologi- 
Cally separated. Regular functions f, q:X >G are homotopic 
provided there is a regular function H:X x[0,1] > G such that 


See E Be 
Presented on the Sixth Yugosia 


Dubrovnik, April 18.-19. 1985. 
05C10. 
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en I 


H(x,0)=£(x) and н(х,1)=9(х) for every ХЕХ ERS езен homo. 
topy theory is simply the study of the bifunctor [5] y whic 
associates to a topological space X and a graph G the se — 
r[X:G] of all equivalence classes of regular functions of x 
into G with respect to the equivalence relation of homotopy, 
Of course the bifunctior a determines two functors: Tq (when 
G is regarded fixed) and r (when X is regarded fixed) on the 
category of topological spaces and on the category of graphs, 
respectively. 

In this paper, we shall reverse the above procedu- 
re and consider multivalued functions of a qraph С into a to. 
pological space X instead of functions of X into G. The mul- 
tivalued function q:G >X is regular provided the images of 
nonadjacent vertices are topologically separated. Two regu- 
lar multivalued functions /,q:G >X are homotopic provided 
there is a regular multivalued function ó:G >X х [0,1] that 
connects Ф and ү. Thus, we can define а bifunctor с which 
associates to a topological space X and a graph G the set 
c[G:X] of all equivalence classes of regular multivalued 
functions of G into X with respect to the equivalence rela- 
tion of homotopy. 

Our main result shows that the bifunctors r and 
с are naturally equivalent. It follows that the two approar 
ches are only formally different. However, while Demaria ^s 
regular functions could be regarded as a realization (analo- 
gous to the intersection graphs [4]) of a graph in terms of 
covers of a topological space into pairwise disjoint subsets 
in our approach this last condition has been eliminated. This 


Ў 5 view 
has some obvious advantages. For example, our point of 


wor Um 


makes the whole subject a part of the hyperspace theor = 
yper? 


pological spaces so that we can use the machinery Of B 
easily 
apply the method to other structures. 

We also show that the similar statements bold E 
other types of regular functions and multivalued SEET 
(completely regular and 0-regular and 0*-regular for se 
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graphs), and for the case of pairs and more generally of n- 


tuples . 
2. R-FUNCTIONS AND R-HOMOTOPY 


In this section we shall recall Demaria s [1] no- 
tion of a regular function (or an r-function) of a space in- 
to a graph and the associated equivalence relation of homo- 
topy for r-functions. 

Let G be a graph. A pair {v,w} of elements of G 
will be called a j-pair provided either v -w or v and w are 
end-points of an edge in G. The pairs of vertices which are 
not j-pairs are called d-pairs. 


A function f:X >G of a topological space X into a 
graph G is an r-function provided £l(v)n£s£l(w)-f-(v)n 


n£l(w)-2g for every d-pair (v,w) €GxG. Two r-functions 


f,q:X+G are  r-homotopic (іп notation f Tg) provided there 
exists an r-function F:X xI+G (called an r-homotopy) such 
that F(x,0) = f(x) and F(x,1) =g(x) for every x €X. The re- 
lation of r-homotopy is an equivalence relation on the set 
r(X; G) of all r-functions of X into G. Let [f] denote the 
equivalence class of f €r(X;G) and let r[X;G] denote the 
quotient set. Moreover, we can consider the association 
(X,G) +r[X;G] as a bifunctor tSp 15 SEI г:т° xG ^S, where 
1° is the opposite to the category т of topological spaces 
and continuous functions, б is the category of graphs and 


-to-one functions which map j-pa- 


j-functions (i.e., finite 
d functi- 


irs into j-pairs), and S is the category of sets an 


Е Е Mor 
ons. On morphisms к is defined аз follows. Let (f,m) то 


хб 
((X,6), (у,н)). Then r(f,m):r[X;G] »r[Y;H) is given Бу 
r(f,m)([g]) =[mogof] for ger(X; 6). 


For pairs the above notions are defined as follows. 


A ts 
In an analogous way it is possible to consider those concep 


also for arbitrary n-tuples. 
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Let X be a topological space and let y pe а sub. 
space of X. Let G be a graph and let H be a subgraph of e 
Call a function #: (Х,У) > (6, Н) between pairs an r- function 
provided f:X >G and fly :Y +H are both r-functions. Two "= 
functions f, g:(X,Y) + (сун) are r-homotopic provided there 
is an r-function F:(X xI,¥ XI) + (G,H) such that F(x,0) = £ (x) 
and Е(х,1) =g(x) for every x € X. The relation of r-homotopy 
is an equivalence relation on the set r(X,Y; G,H) of all y- 
functions from (X,Y) into (G,H). The equivalence class or 
an f€r(X,Y; G,H) is denoted by [f] while r[X,Y; G,H] deno. 
tes the set of all equivalence classes. 

Just like in the absolute case, we can consider the 
association ((X,Y),(G,H)) »r[X,Y; G,H] as а bifunctor Ej: X 
x6 S, where U is the opposite to the category T, Of pairs 


—— e 


(X,Y) consisting of a topological space X and its subspace Y 
and continuous functions of such pairs and 6, is the cate- 
gory of pairs (G,H) consisting of a graph G and a subgraph 
H of G and j-functions of such pairs. 

When (X,Y) is a pair (поета) consisting of then | 
cube and its boundary I" and (G,H) is a pair (G,v) consis- 


ting of the graph G and a vertex v ЄС, the set ry, (G,v) = | 


n <n ; 
r[1 ,1 ); G,v] becomes a group under the binary operation 


—-- 


о defined as follows. For [f], [9] Cone (G,v), put C£o[g] = 0 
where h: (E + (G,v) is given by ie formula 
£(3t,,t5,...,t,), t, €£0,1/3) | 
EL NES tct Е €11/3,2/31 | 


gGt,-2,tj,...,t ), t, є[2/3,1] | 
for every (Ерин) er 
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C- FUNCTIONS AND C-HOMOTOPY 


This section introduces a class of multivalued fun- 
ctions (called c-functions) from a graph into a Space and 
the associated equivalence relation of homotopy for c-func- 
tions. 

Let a*X denote the hyperspace of all subsets of a 
topological space X and let py:X хІ +Х be the natural pro- 
jection. 


DEFINITION 3.1. A function 9:G+a*X of a graph 


G into a*X is a c-funetion provided 
(i) X-2Uíp(v)| vec }, 
and 
(ii) oly) n o(w) = (у) Now) zë 


for every d-pair (v,w) ЄС XG. 


Two c-functions q,U:G-a*X are c-homotopic (in no- 
tation, ¢ = V) provided there exists a c-function 9:6+а* (X x I) (called a 
c-hamotopy) such that p(v) =p, (6 (v) П (Хх (0))) and y(v) =p, (6(v) n (X x {1})) 
for every VEG. x 

THEOREM 3.2. The relation = ts an equivalence 
relation on the set c(G; X) of all c-functions of G into X. 


Proof. a) (Reflexive) For Q€c(G;X), the func- 
tion ф:б-а*(Х х1) defined by (v) =(v) xI for each v €G is 
a c-function and ру ($ (У) N (x x {0})) = py ($ (v) п (хх {1})) =@(v) for 
every v €G. Hence, go. ^ 

b) (Symmetric) Suppose p,V єс(с; X) and g=¥. Let 
%:С -а* (ххт) be a c-homotopy between o and y. Let r:XxI > 
* XXI be defined by r(x,t) = (x,1-t) for each (x,t) EX xI. 
Define ф:С за* (Хх хт) by w(v) =r(o(v)) for every v€G. One can 


easily, check that ф is a c-homotcpy between y and ф . Hence 
SG с : 
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—= 
c) (Transitive) Suppose 9,¥,X€C(G; X) and e, 
and Vs х. Let Ф and d be c-homotopies between ф ang "s s ; 
between U and у, respectively. Define maps m:X xI5yx x Са | 
and n:X xI +X x (1/2,1] by m(x,t) = (x,t/2) and n (x, t) = (xy, 
+ (t/2)) for each (x,t) €XxI. Now, define 2:G+a*(x хт) by | 
Stol =m(o(v)) Un(w(v)), for each v EG. Clearly, У satisfies 
the condition (3.1) (i) and ф(у) = py (2 (v) n (X x (0)) and X(v) s | 


= Py (v) п (x x {1})) for every v SCH Hence, Lisa C-homotopy | 


between ọ and x , and therefore ф = X , provided we prove that 
7 also satisfies the condition (3.1) (ii). 


Let (v,w) ЄС *G be a d-pair. Then (у) ПЎ(у) = 
= [m(o(v)) un(w(v)) 10 [m(o(w)) уп(ф (м) )] =AUBUCUD, where ) 
A=m(d(v)) nm(ö(w)), B=m(o(v)) Nn(v(w)), C=n(W(v)) Nm(o(w)), 


and D=n(wW(v))An(W(w)). Since Ф and U are c-functions and m 
and n are homeomorphisms, A=D=f. We claim that B= (and 
analogously, that C =9). | 
Indeed, suppose В # #. Then there is an x € X such 
that (x,1/2) ЄВ. It follows that (х,1) €$(v) and (x,0) Е УМ. 
Hence, x € py (p(w) n (X x (0))) =y(w) =p, (6 (w) П (X x {1})) and 


(x,1) € (w). However, this is impossible because Ф is a © 


| function so that (v) h6(w) =й d 
P For a c-function ф:С + а*х, let [9] пелове the equi- | 
valence class of » with respect to the relation = (called 


а АЕБ СТАЕ of » ) and let c[G;x] denote the quotient 
set c(G;X) / =, 


Moreover, we can consider the association Gë)" 
»”с[С; х] as а bifunctor с:т° x б-— $ provided we define c on 


morphisms as follows. Let (£,m) € Mor E Сс) VIL HVE тей 
t 
c(f,om):c[G;X] *»c[H;Y] is given by c(f,m) ([o]) = [9]; where 


«€ €c(G;X) and y (м) = U 1 (o(v)) for МЕН. 


ven-l(w) f ^ 
The above notions are defined for pairs as roll? 
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In an analogous fashion they can be also introduced for n- 
tuples. 

Let X be a topological space and let Y be a sub- 
space of X. Let G be a graph and let H.be a subgraph of G. 
A c-function @:G+a*X is a c-function from (G,H) into (X,Y) 
(in notation, 9: (G,H) > (X,Y)) provided ф(у) cy HOT Cons 
v ЄН. Two c-functions 9,:(G,H) + (X,Y) are c-homotopic pro- 
vided there is a c-function #:(G,H) + (XxI,Y xI) such that 
v) = py ($ (У) n (x x{0})) and w(v) =py (Ov) п (Xx {1})) for 


every у ЄС. One can prove that the relation of c-homotopy 

is an equivalence relation on the set c(G,H; X,Y) of all c- 
functions from (G,H) into (X,Y). The equivalence class of a 
Q€c(G,H;X,Y) is denoted by [Фф] while c[G,H;X,Y] denotes the 
set of all equivalence classes. Just like in the absolute 
case, we can consider the association ((X,Y),(G,H)) e 
c[G,H,X,Y] as a bifunctor SE x6» ES 


When (X,Y) is the pair (IG т^) 


апа (G,H) is the 
pair (G,v), the set cp (G,v) =c[G,v; ı" I") becomes a group 
under the binary operation o defined as follows. Let 
n,q:I' +1" be defined by m(t,,---/t,,) = (£j /2,t5,. t) and 
р 
q(t,,..., t) = (bal /2,t5, -rtp Now, for [o], [9] Ес, (G, V) 


n zin 
put [ф]о[ф] = [X] where the c-function x:(G,v) + (I ,1) is 
given by the formula x(w) =m(p(w)) Uq(v(w)) for every w €G. 


4. R-HOMOTOPY VERSUS C-HOMOTOPY 


The main results in this section (Theorem 4.1)) 


Shows that the bifunctors c and r are naturally equivalent. 


It follows that r-homotopy and c-homotopy are two EU. 
i ica 
approaches in the investigation of properties сЕ Lope tee 


Р al jes 
Spaces using graphs and in the investigation of propertie 


9f graphs using topological spaces. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


188 2.7, Čerin and G.M. Gianella 
THEOREM 4.1. There ts a natural equivalence g 


between bifunctors С and т. 


РИО ОЛО E: In order to prove the theorem, for 


each topological space Х and each araph б, we shall define 
a bijection 9 =9(X,G) :¢(G;X] »r[X;G] such that for every 


H the diagram 
morphism (f,m) € Mor о ((X,G) , (Y,H)) g 


c(£,m) 
c[G;X] СН; ] 
e (XG) | Ө(Ү,Н), 
r[X;G] —— | 
r(f,m) 


€ 


commutes. This will be accomplished in the following six len- 


mes. 


DEFINITION OF 9(X,G): Let [o] €clG;xJ. For ca 
x ЄХ let OR (х) = {уєс| x єфр(у)} . We can consider » asa 
function of X into the hyperspace aG of all non-empty sub- 


sets of G. x | 


LEMMA 4.2. Every selection f:X >G of the funetron 
-1 " S 
Ф is an r-functzon. 


-l 
Proof. Recall that f isa selection for 9 


provided f(x) don (x) for every x € X. Hence x € o£ (x)) for | 
every x €X. | 

Let (v,w) €GxG be a d-pair. Since o is а S" 
Me E nal) юе, © (ео) and £ "(ee 
that #71 (у) n Е (w)=g. Hence, f is an r-function. 


func- | 
50 


> © of 
LEMMA 4.3. Every two selections fj» £j:X * 


Я -1 ` 
- the funetton о are r-homotopic. 


GER 
s foll 
19 52 © © Ес Define a function F:X xI>6G 2 
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NEE a 


£, (x), (x,t) €xxf0,1/2) 
F(x,t) = 


£5 (x) , (x,t) exx[1/2,1] 


DA claim that F is an r-homotopy between fi and ER | 
In order to verify this claim it clearly suffices 
to show that F satisfies the condition (3.1) (ii). 


Consider a d-pair (v,w) EGXG. Then rv) nr! (S 
-AUBUCUD, where A=PnR, B=PNS, C=QNR, D=QNS, 
ee 


SET (у) x10,1/21, Quz (v) x [1/2,1], Rer (м) x [0,1/2], 


-I : ; = 
and S=f, (м) x [1/2,1]. Since f and f, are r-functions, A- 


mm 


=р=й. We claim that B-7 (and, analogously, that Gi. 


Indeed, if (x,1/2) eB, then xe£ l (v)n£ (и) Co(v) ho (у) 3 


However, the intersection (v) np(w) is empty because ф is a 


c-function and (v,w) is a d-pair. Hence, B-f. 


LEMMA 4.4. Let »,¥:G+a*X be ca functions and let 
-1 =, 
| f:X+G and g:X+G be selections of Ф :X+aG and y :X>aG, 


r 
7 respectively. If ф= №}, then f =g. 
) 


| Proo f. Let 0:G+a*(X х1) be a c-homotopy be- 


D tween ọ and y. Let F:XxI+G bea selection for the function 


$1:ххт зас. We shall prove that Fy:X +G defined by Fg (x) 


-1 ` 
| = F(x,0) (for x eX) is a selection for g . Then it follows 
{ from the Lemma 4.3. that Ё =Р0: Since one сап similarly show 


г r 
9 that g =F), it follows that f=g. 
F(x,0) € 


(xx{0}))= 


-1 
Let x €X. Since F is a selection for 9 , 


Р 0 
EA" (х,0). Hence, (x,0) € &(F(x,0)) and x € py (6(F(x,0)) n 


-1 " 
.e. that 
| = 9(F(x,0)). Finally, we get Eg (x) =F(x,0) €o (х), i 


М5: Fy is a selection for Ф 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
190 2.Т. Cerin and G.M. Gianella 


It follows from the Lemmas 4.2.-4.4. that the EN. 
ction 029(X,G):c[G;X] *r[X;G] which associates to a class 
(Ф] Єс[б;Х] the r-homotopy class [f] of any selection f OF 
the function ot is well-defined. 


D 


—— 


LEMMA 4.5. The function 9 ts one-to-one, 


proof. Consider (0), fv] €c[G;X]. Suppose 
0((01) =9([4]). We shall prove that ф=ф 


-Let f:X >G be a selection of the function o and 


let g:X >G be a selection of the function Vi. Let Hex хт +C 
be an r-homotopy between f and g. Define functions Х:Сза* (хх 
xI), а:6 +а*Х, and 8:G-a*X by x(v) = gv), a(v) = Px(x(v) n } 
n(x x {0})), and B(v) = py (x (v) n (Хх {1})) for every v ЄС, res- | 
pectively. 

In order to show that ф and U are c-homotopic we shall | 
prove that METU and 8 20 . Since у is a c-homotopy between 
a and В, this would imply ре 


Let a homeomorphism m:X x I >X x [0,1/3] be defined | 

by m(x,t)= (x,t/3) for each (x,t)€XxI. Next, we define а functi) 
I 

оп k  G a| at хт) by k(v) =m(x(v)) u(g 3 (v) х [1/3, 2/3] | 


U (ф(у)х [2/3,1]). We claim that К is a c-homotopy between j 
a and y. 

Indeed, let us check that the function k satisfies | 
the condition (3.1) (ii). The other required properties of k 


are easy to verify. 

Let (v,w) Єб хб be a d-pair. Then k(v) nk(w) = 
=AUBUCUDUEUFUJ, where A=PNP", В=РПО”, c=0NP' 
po ‚ E=QNR*, F=RNO", з= вв“, р= V(v) sl 2/3,11 : 


| 


Q-g (v) x [1/3,2/3], R=m(x(v)), р^= uw) «2/3, % 7 
s 1 (м) x[1/3,2/3] and R^2m(x(w)). Since uos and x SE 
FIM A=D=J=f. We shall now prove that B= g and 
B=. One can analogously prove that C=f and F=f. 1° JE" 
lows that k(v) nk(w) =Ø. Since a similar argument shout je 


k(v) пк (м) pg ме века Sy. In an analogous fashion O7 
prove that fce gwemictialain GAARA ud eri Cep Я war 
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Se ee EEN 
ы. Suppose that there is an x €X such that (x ,2/3) ЕС. 
Then x Eg (v) and x € 9 (w). But, d (v) cW(v) so that x € 


| edv) п (м). This is impossible because ү is a c-function. 
| Finally, suppose that there is an x €X such that 


-1 a 
| (x,1/3) ЕЕ. Then x €g ^ (v) and (x,1) єн 1 (ш). Непсе, Н(х,1) = 


c P 

g(x) =w so that x€g (у) Пт (м). However, this is impossi- 
-1 1 А = 

ble because 9 is a c-function. 


LEMMA 4.6. The function 9 is onto. 


>< 


2 © © о Let [h] Ех[Х;С]. Put web 1:6 +а*х. 
) Since pe (x) = {h(x)} for every x ЄХ, we see that his a se- 
| lection of o |. This implies that @([]) =ЇҺ]. 
| 
| 


LEMMA 4.7. For every morphism (f,m)€Mor ((X,G), 
т9хб 


(Y,H)) the equality 9(Y,H)oc(f,m) =r(£,m)00(X,G) holds.. 


| Рог оо Let ФЄс(С;Х). Define xEc(H;Y) by 


-1 
| - р . t g:Y be a selection 
X(w) Чет (м) f (W(v)) for МЕН. Let g:Y *G be 


| of vey +aG. It suffices to prove that mogof is a selection 
| of x x +aG. Let y € Y. Since g is a selection of En we 
y have f(y) Eylgl£ly))) and y €f"(w(g(f(y)))J. Hence, y € 

| ЕХ [(по9о2)]. In other words, (7090) (У) €x (y) for every 
eo) VERI : 


| 
REMARK 4.8. Only minor changes in the above proof | 
| are needed in order to prove the version of the Theorem 4.1 


| for pairs апа n-tuples. 


| 5. S-FUNCTIONS AND E-FUNCTIONS 


Demaria [1] has also introduced the notion of a 


Strongly reqular function (or an s-function) as a function 
f:X >G of a topological space X into a graph G which satisfies 


= SER EA єс хб. 
Е the Condition f 1 (v) ПЕ Lew) =ø for every d-pair (v.w) 
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By replacing throughout the section 2 the letter "r" with 


the letter "s" we can define the notion of s-homotopy ang 
the bifunctor 5: Vx G+S. This could also be Ju for pairs 
and more generally for n-tuples. Moreover, all state c SEN 
ut r-functions and r-hamotopy hold also for s-functions ang 
s-homotopy. In particular, as the following pus. Shows, the 
relation of s-homotopy is an equivalence relation contrary 
to the claim in [2,р. 142] 


S D 
LEMMA 5.1. The relation = ts an equivalence re- 


lation on the set s(X;G) of all s-funetions of X into G. 


в те © © КТЕ we leave to the reader to check that 
i 1 that тей 
S is reflexive and symmetric. In groer to EvA at it is 
transitive, suppose f,9,N €s(X;G), £2g, and g =h. Let Е and 
G be s-homotopies between f and g and between g and h, res- 
pectively. Define; a function H:X XI >G by 


F(x,3t), (x,t) exxl0,1/3) 
H(x,t) = g (x), (x,t) € Xx[1/3,2/3] 
G(x,3t-2), (x,t) €xx[ 2/3,1]. 


Then H is an s-homotopy between f and h. 

In analogy with the section 3, we shall say that 8 
function ф:С->а*Х of a graph G into the hyperspace a*X of all 
subsets of a topological space X is an e-function provided 
x=Ulop(v)| v ЄС} and (у) No(w) = A for every d-pair (v,w) P 
€GxG. The replacement of the letter "c" with the letter © 
in the section 3 gives us the notion of e-homotopy and the 


S airs 
bifunctor e:t? х6 +S. Of course, this also applies to P 
and n-tuples.Moreover, only routine changes in the 5 


are needed to get the proof of the following result. 


are natural 


THEOREM 5.2. The bifunctors e and S 
equivalent. 
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Related to the bifunctor e is the bifunctor b de- 
fined as follows. Let c*X denote the hyperspace of all clo- 


ged subsets of a topological space X. A function ф:С 5 с*Х 


‘of a graph G into c*X is a b-function provided x =U (v) |ve _ 


є с) and ф(у) Пф(м) = 0 for every d-pair (v,w) €G xG. Two 

3 b 
p- functions ф,ф:б > с*Х аге b-homotopic (in notation, ф=ф ) 
orovided there is a b-function ®:G>c*(XxI) such that p(v)= 
= py (® (У) п (хх {0})) апа № (у) =ру(Ф(у) п(хх{1))) for every 


у ЄС. It is clear now how we can define the bifunctor b and 


that there is a "b-version" of all of the section 3. 


THEOREM 5.3. The bifunctors e and b are naturally 


equivalent. 


Р за (ә) (ә) 200 For а o €e(G;X), define o" €b(G;X) 
by ф*(у) = ф(у). Then ф* is a b-function and the formula $(v)= 


-[o(v) x [0,1)] u(o* (v) x {1}] for v EG defines an e-homotópy 
between ф and ф* . It is now routine to show that t=1(X;G): 
:e(G;X] 2 b[G;X] given by т({ф]) = Dë) defines a natural equi- 
valence between e and b. 

The following corollary of the theorems 5.3 and 


5.2 improves the main result in’ [3]. 


COROLLARY. The bifunctors b and e are naturally 


equivalent. 


REMARK 5.5. Just like in the section 4, all of 


the results in this section hold also for pairs and n-tuples. 


6. DIGRAPHS 


In the case when G is a directed graph (or a digraph), 


-regular '£unctions of a 


Demaria considered o-regular and o* i 
lasses of functions, 


Space X into G. In order to define these © 
. 1 ; 1 r 
we shall call a pair (v,w) €G*G а j-pair provided eithe 
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у 2w or (v,w) is an edge of G. Ап ordered pair of element, 
of G which is not a j-pair is called a d-pair. 

A eu ЕХ >G PE an or- zx e (o"r-function) 
provided #7} (у) nf lw =й (f (у) l(w) = DI for every 
d-pair (у,м) ЄС хб. Of course, it is now possible to intro 
duce or-homotópy and o*r-homotopy and bifunctors or and ож; 
Also, we can define oc-functions and o*c-functions, 


cor- 
responding homotopies, and bifunctors oc and o*c. The met- 
hod of proof in the section 4 with minor alternations allows 
one to prove that oc is naturally equivalent to or and that 
o*c is naturally equivalent to o*r. A similar statement is 


also true for pairs and for n-tuples. 
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ON RANDOM BEST APPROXIMATIONS 
Olga Hadžić 
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D» Ilije Djurtéida 4, 21000 Novi Sad, Yugoslavia { 


) ABSTRACT й } 
Í р 


In this paper we prove а random generalization of $. 
Reich^s theorem on best approximations. As a corollary we ob- 
tain a result on random fixed points. 


1. (INTRODUCTION 


In [8] S. Reich proved the following theorem on best 


approximations. 


Theorem A. Let S be a nonempty compact and convex 


K 
[ subset of a Banach space (Е,Ї1) and F: S > 2Р (the family of 
all nonempty subsets of E) a continuous multifunetion such that 
dine F(x) is compact and convex for each x € S. Then there extsts an 
| x € S such that: 
Je 
Ge) d(x,F(x)) = 4пф ч - vl. 
(u,v) € Е(х)х5 


gh generalized Theorem A in 


V.M. Sehgal and S.P. Sin 
the following way [10]. 
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Random best approximations, random fixed 
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ЕЕ NE u — 


————є———— 


Theorem В. Let (Е,ЇЇ) be a Banach space, (Q,z)a 


measurable space with Lao algebra of subsets of 2 and за 
et and conver subset of E. If TY : R x SS Е т 


h compact and convex values 
3 


nonempty compa 
a continuous random operator wit 
then there exists a measurable mapping 8: 9 ~ 5 satisfying: 


a(T(w,g(w)), gw)? = ingllu - vl, 
(u,v) € T(w,g(w))x S 


for each ш € Я. 


In [10], as a corollary of Theorem A, a result on random fixed 


points is obtained. 
We shall prove in this paper a similar result as 


Theorem B, for mappings T with a stochastic domain C. 


2. PRELIMINARIES 


== 


\ 
H 
H 


In the paper we shall use the following notations: by | 
(0,2) we shall denote а 0 finite complete measure space, (Е,!!) 
a separable Banach space, JE a (ХХ eB, хя 6}, 2d = (xix €» 


E à) 


X is compact) and CB(E) = (A|A € 2", A is closed and bounde 
A mapping С: 2 > 2P is weakly measurable if and 0 


if for all open DCE: 


C-1(D) = (o|o € 2, CCo) N р# 9) Є: 


A ac 
12 a mapping © вй > 2° is such that C(w) 18 с 


. f 
for every w € 2, then С is weakly measurable if and only y, 
С-* (6) € £, for every closed subset G of E [6]. A парраи 
+ 2Е is &epanab£e [4] if and only if C is weakly measure? 


К 0: 
there exists a countable set 2 © E such that for all 0 SY 


ZN C(w) = CCo). 


E dé 
If C: Q> 2* then GrC = {(w,x)|(w,x) EQ x E, X Е Cw 
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Definition 1. [4] Let C: 9 + ab be a weakly measu- 
rable mapping. A mapping T : GNC + ab ts called a random opera- 
tor with a stochastte domain C tf and only if for all x € E 


and open D € E: 


{ulw ЕЯ, x € С(ш) ,Т(ш,х) пр) 2 0) ET 


Definition 2. [4] Let T : Gre > 2E be a random ope- 
rator with a stochastie domain C. T is called a continuous ran- 
dom operator if and only tf for all o € 9, Т(ш,*) is а continu- 


ous mapping from Clw) into (CB(E),H), where H is the Hausdorff 


Г 
$ 


metric оп CB(E). 


d à 
Theorem С. B] Ле ЕЕ Cc Ce E cmc continuous random 
funetion with a separable random domain C and a : Я + R a mea- 
surable function. Then the mapping F : ur F(w) is measurable, 
where: 
р F(w) = {x|x € С(ш), f(w,x) < Mapa o Wo 
y 
и Е Nec 
d , Theorem D. [5] Let C Q > 2" be a mapping with com- 
| ; plete values. Then C is weakly measurable if and only tf there 
| P exists a countable family U = I ostio Ой measurable selec- 
n 
) tors for С such that: 
CCo) = Um) = Tu Co) n € NJ. 
Theorem Jan 26 Fe Bo E is weakly measurable with 
t 
ia complete values, then F has a measurable selector. 
L7 f 
and 3. А THEOREM ON BEST APPROXIMATIONS 


+ lemma is similar to the proof 


The proofs of the nex* = 

ү oL 

| E 5 
2 conti- 

(етта kon es Wr 25 and Е: Gre > 2x be a 
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Then for every w € 2 the real funetio 
na; 


| nuous random operator. |, 
è f 
| x» d(x,FCo,x2) and x » d(CCo) ,TCw,x)) 
are continuous on CCo). 
Proof. From the inequality: 
|a(x,F(o,x)) - d(y F(w,y))| < DCFGo 30 ,FCo,y)). + Lea 
d for every x,y € C(w) and w Е Я it follows that the mapping 
| x = d(x,F(u,x)) is continuous on C(w). Let for ш € 9: \ 
d g, CO = a(C(w),F(w,x)), x € Cw). 
d 
We shall prove the continuity of y for every o Е Я. 
Suppose that By is not continuous at the point хо € 
€ C(w). Then there exists an є > 0 and a sequence (x4 ) from 
C(w) so that: 
Lim Xa = Xo and le(x_) - glxo)| > © „nen 
n>» n 
We shall prove that this leads to a contradiction. Since ) 
F(w,x9) and C(w) are compact, there exist a Є F(w, хо) алое 
€ C(w) so that: 
d(C(u),F(n,xo)) = la = bl = influ - vl. ) 
(u,v) € Clw) X Р(0› 
Since the mapping x = F(w,x) is continuous оп C(W)» EE 
i 
lower semicontinuous mapping which implies the ШОК. of а a 
en 
BEZUENEE Uni); Уп; € F(0,Xni ), such that Lim Уп: = a. Th | 
have that: i>% | 


d(C(w),F(w,xn;)) € Ip - уш, < Ip - al + la- 


= d(C(w),F(w,x0)) + la 
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5 
5 a = D E = 
d and SO: 
d(CCo) , F(w,xn; )) - d(C(w),F(w,x0)) < la - CHE 
This implies that there exists in(e) € N so that glxn;) - 
э (буй < E) for every і 2 io(e). On the other hand let, for 
every n € N, an € C(w) and У Є F(w,x,) so that: 
yi la, - Yp! = d(c(w),F(w,x,)). 
Since C(w) is compact there exists a subsequence |. 
` {any} of lani? such that Lim ani, = c, Further, from the 


poo 
compactness of F(w,x0) and the uppersemicontinuity of x e F(w,x) 


at x = x, there exists a subsequence ën w(K? such that . 


Lim = y € F(o,xo). Then we have that: 


o YNin(k) 


d(C(u),FCo,x9)) < dle,y) € d( ean; (, )* 


+ dlan; G 


- iat yes 
И dai (ко?) magije) 


+ dt toi, (Хи oy)? + dni (к?) 


This implies that 
2 = 
a(C(w),F(w,x0)) - d(CCo) Flw Xni czy”? 


xo) for К > k,(w). Hence there exists k(e) so that 


ry k 2 kle) 
15 (y - р(хо)1< £, for every 


Which is a contradiction. 


be a separable weakly mea- 


for every № € Q, 
such that T(u,x) $8 


Theorem. Let C: 27 2% 
Surable mappang such that C(w) ts conver, 
T: вес + 2. a continuous random operator 


| 

H 

[ 

) 

rable 
exists a measu 
Conver for к (ш„х) € GrC. Then theme 
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— 
mapping o : Q > Е such that for every w € 9, Ф(ш) € C(w) 


déi 
+ 
» 


f 
and: | 


alolw),T(w,p(w))) = d(C(o),T(0,0(0))), wen, 


Proof. Let f : GrC + R be a real function defineg 
Љу f(w,x) = d(x,T(w,x)) - a(c(w),T(w,x)), for every ш € 9 M 
x € C(w). Further, let for every w € Q: 


Flw) = {x]x € C(w),f(w,x) < 0). 


Then x € F(W) implies that f(w,x) = 0, since for every x € C(u), 3 
d(x,T(w,x)) > d(C(w),T(w,x)). Hence, it remains to be proved | 
that the mapping F has a measurable selector. In order to ap- 
ply Theorem E we have to prove that the mapping F is measurable 
(it is obvious that F(w) is closed and hence compact, for every 
w € Я). We shall prove the measurability of F by using Theoren 
C, where alw) = 0, for every w Е Я. Let us prove that f isa 
continuous random function. In [4] it is proved that the mapping 
N,: GrC + R, defined by 


№: (ш,х) = d(x,T(w,x)), (w,x) € Gre 5 


D D ing 
is a continuous random function. We shall prove that the mapp: | 
N, : GrC + R defined by: 


N2(m,x) = d(Clw),TCw,x)), (wx) € Gre 


ch 
5 с; A e shall pro | 
is a continuous random function as well. In fact, W | 


that for every r > 0 and every x € E: 
{u|x € Clw), N2Co,x) < р) € 2: 
For every s > 0 and every x € E: 


{wlw ЕЯ, x € C(w), М, (wX) < s) 
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4 
U tolo € Q,x € CCo) ,dCu, (w),T(w,x)) SCT 
n€Nn 
where C(w) = U u (07 is the Castaing representation of C. } 
DEN | 
Further [1], for every n € X: 
d folo € Я,х € С(ш) або (a) ,T(u ,x)) «sy ey 
and so | 
{wlw € 2,x € Clw),N2(w,x) < s) € Z. | 
(ш), 5 | 
| If 2 is a countable subset of E such that ZN C(w) = C(w) it 
ar is easy to prove that: 
ble 
ery {ulw € Q,x € C(o),N2(o,x) < r} = 
en j 
i = A U (olo € 9,2 € С(ш),М№: (0,2) < =), 
ping n€N zEZNL(x,1/n) 
using the continuity of the mapping a(C(w),T(w,+)) on С(ш), for 
every ш Е Я. Hence, (o|o € 2,x € C(0), N2(o,x) € v) € 1. 
If ф is a measurable selector of F we jos 
; o ER, 
1 d(q(9),T(0,0(0))) = d(c(0),T(0,0(9))), for every 
opine 
| Corollary Let C and T be as in Theorem and T(w,C(w)) 
< Clw), for every ш € 9. Then there exists a measurable mapping 
LV w) € 
©: о > E so that oo) Є EE ЕЯ SE a 
| € T(w,p(w)) (i.e. o is a random fixed for the mapping T). 
ого" | 
| Proof. Since in this case we have that 
| en 
| ade ln), Cos = O с 
| = ш € 2. 
h we have that dly(lw) ,T Co ,9Co))) = 0 for every 
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ZERO-CONTINUOUS FUNCTIONS ON K-, N-, AND 
And COMPLETE SPACES 
to- 
Endre Pap 
| University of Novi Sad, Faculty of Setence, 
m Institute of Mathemutice, Dr. І. Djuričića 4, р 
и 21000 Novi Sad, Yugoslavia } 
ACh: X 
7 
than}, ABSTRACT 
а Zero-continuous functions with the help of the family i 
of all the summable sequences = Theorem 3.1. and with its sub- Ё 
^ р 
nenti families - Theorem 3.4. and Theorem 3.6. are characterized. fi 
These results made it possible to obtain the continuity of sum- | 
205 mable апа supersummable continuous functions. : 
| 1. INTRODUCTION 
TUM 
In this paper we shall investigate zero-continuous 
geg functions (continuous at х = ©) defined on the convergence 
iM group and with the values in a convergence group, using the 
ea | family of all the summable sequences and some of its subfami- 
| lies. We shall obtain as consequences some results from [4] 
ҮН 
у апа [8] оп the comparison of K-, N- and complete convergences. 
) We shall introduce the notions of supersummable and 
| summable continuous functions аз а generalization of the cor- 
| responding notions from [2], [4] and [5]. We shall obtain some 
U j 5 . « 54 6 
| AMS Mathematics Subject Classificatron (1980): 54055 
| о-соп- 
4 Key words and phrases: K-convergence, N-convergence, Zer 
| tinuous function, (super-) summab Le continuous function 
¡jê 
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characterizations of such functions. f 


2. PRELIMINARY NOTIONS AND NOTATIONS 


Let X pE a non empty set. The convergence on iie ^ 
function G: xl > 2% or equivalently G is a subset of ху, т 
хЕ G((x)), we shall write x x(G). 

We shall use in the paper the following conditions 
for a convergence ([1],[7]): 


i (S) For each x € X, and T in EIN), x, > (СЙ 


EES EE 


3 
| (Е) If x > x(G), then y, > x(G) for any subsequence 
M 
| (у) of (xj. 
(H) If хе x(G) and x > y(G), then x = y. 
| (0) ТЕ Xa + x(G), then there exists a subsequence of 
| (x4) such that Ze + x(G) for every subsequence 
1 (za) of (у). 
N 
a Let X be an additive group. 
(L) If х > x(G) and Y, > Y(G), then nier MEN >x-y(6). 
(K) If х ^ O(G), then each Эшегин (у) of (xj ) 


has a subsequence (z п) Such that > Zn. 77 26 
for some 2 € x. ge 


(N) If x, > O(G), then each subsequence of (xp) has 


a б: С ence (УЯ ) such that = zx? z(G) for 
k=1 
every subseguence (z sl of (ye ) and some 2 € x. 
In papers [3] and [6] normed K- and N-spaces 
were constructed, respectively, which were not complete Er | 
Let S(G) be the family of all summable sequence? RE | 
if 

respect to the convergence G on a group X, i.e. (x) e S(G) | 


TEN x, > X(G) for some x € x. 


Let Sa (G) be the family of all subseries MEC 
sequences with Ось to the convergence С, i.e. (х2) p 
means that each subsequence (x, ) of (x, ) is summable E 
spect to the convergence G, K 4 
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d ^ ZERO-CONT I NUOUS FUNCTIONS 

Let X, and X, be two groups endowed with the conver- 
gences бү and Go, respect e such that they satisfy conditions 
$ and 1. A map f of X, into X, is called (sequentially) conti- 
nuous at a point x € Xi if for any sequence (xj) in X, such 
that х > X(Gj) holds f(x.) э f(x) (65). A function f: X, > X 
is continuous at X (or simply continuous), if for any x € Xi 
and for any sequence (x) in Xi such that xl x (G) holds 
f(x, ) > f(x) (6, ). 

We Sion consider in this paper only those functions 


2 


f which satisfy condition £(0) = 0. 


Kg 
PETS at P 


Since the convergence 6i satisfies conditions L and 
a point 
о 


5, the preceding definition of a continuous function at 
| х ЄХ, implies for the functions with the property #(0) 

that for any sequence (yg) in Xi such that y, > 0(G,) holds 

f(y.) > 0(6,). The last condition is equivalent to the continu- 


den Ge 2 Ele He = О (zero-continuous function). 
If a function f: X, > X5, £(0) = O, is additive, 
then f is continuous, iff it is zero-continuous. But there 


exist also non-additive functions £m O)M NO ЕНИСЕЯ 
tinuous iff they are zero-continuous. For example, a quasi-norm E: 


q on a group, i.e. functional q: X> R such that q(O) = 0, 
а(-х) = q(x) and q(xty) < q(x) + a(y)- This follows from the 
inequality 


ALT 


i 
} 
Y 
|. 
| 

[а(х+у) - q(x)| = а(у). d 
|. 
P 


THEOREM 3.1. Let f be a map from an FLSK convergen- 
| се group (x, 1G,) into a LSU convergence group (2,62 ) euch 
SIM that £(0) = ee SC function Е is zero” -continuous iff f(x n) 70 (62) 


в | for any (x ) € S(G). 


hat the theorem is not true. Then 


such that X, ^ o (6G, ) and 
dos axists a 


PROOF. Suppose t 
there exists a sequence (x,) from Xi 


р n? # O(G 2) - Since G3 RIE condition U, 
each subsequence ES ) 


we have by the F property 


= 


Бра Sr ) of (x) such that for 


о 
еу зе holds that f(z,) 4 0(G2)- 
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of convergence G) Yp?” O(G,). Since G, isa K-convergence, 


d 
there exists a subsequence (у) of (у) such that (у n) € SCHE 
By the assumption of theorem £(v,) > 0(6,) А contradiction 1 


Taking specially the identity map on a group, “ой 
tain as a consequence the following 


COROLLARY 3.2. ([Theorem 1. ans). Det Gi and G, 
| be two SL convergences on an additive group X such that б 
satisfies the Urysohn property-U and G3 ts a K-oonven р ОЮ with 
F property. If AGT > S (G3), then G, 2 Go. 
COROLLARY 3.3. ([4, Proposition 3.3.28.a.dl). лець < 
a homomorphism of Hausdorff topological R-nodules of G into Н. 
If G is metrizable and complete, then the following assertions 


are equivalent: 


a) u is continuous; 
d) lim u(x.) = О for any summable sequence (x) in G. 
noo 
If we make more restrictive assumptions on convergen 
ces, then we can characterize the zero-continuity with a sub- 
family of the family S(G,) o 


THEOREM 3.4. Let £ be a map from an FLSN convergent? 

t 
group (X,,G,) into an LSU convergence group (X5,65 ), such Es 
f(O) = О. The function f is zero-continuous iff f (x, ) > 0% 

à 


for any (x) € ELCH o 


1. 
The proof is analogous to the proof of Theorem 


be 

COROLLARY 3.5. ([8, Theorem 2]). Let б, and ©, 

tuo N-convergences on a group X which are F 258 If 
5.06) = 5.(6,) then G) = Go. 


nich is me 


Let X be a Hausdorff topological group V 
rizable. Let d be an invariant metric on X generat өк f 
te 
topology. We denote by $, (G) the family of all absolu 


mable sequences (x ), i.e. such that 
CC-0. oi ie Domain. Gurukul Kangri Collection, Haridwar 
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со 
2 ж Бе уо) = © 
i n=1 
1 ummable. 
and (xp) 155 
THEOREM 3.6. Let f be a map from a Hausdorff topo- 


logical group Xi into a Hausdorff topological group X, such 
that £(0) = О. If Xi is metrizable and complete, then funetion 


Е is zero-continuous Uff £ (x4) + 0 as n э for any (x )ES, (6). 


PROOF. Suppose that the theorem is not true. Then 
there exists a sequence (х) from Xi such that а (х 2,0) + 0 as 


belongs to the family of quasi-norms which generates the topo- 
logy of Xj. Then there exists a subsequence (у) of (x) such 
that for each subsequence (zo of (у) holds. q(£(z_)) ? 0 as 

п + e, There exists a subsequence u) of (Yp? such that 
d(u,0) < 27? (n € N). Since X, is complete, the sequence = 
is summable and so (u) € S, (G1); Then by the assumption О 


n- the Theorem q(£(u )) э 0 as n э =, which is the expected con- 
n 


\ Я e i 
; n > o and g(f(x)) A 0 аз п э © for some quasi-norm q whic 
tradiction. 


b 
j COROLLARY 3.7. ([8, Theorem 31). Let бу and G3 us 
respect- 

% two convergences generated by two Banach space norms, р 

t tvely. If S, (83) > S4(G5) ; then б, = во. 

4. SUMMABLE CONTINUOUS FUNCTIONS 

; is (super-) 

DEFINITION 4.1. A funetron f: Xj ^ ed р 

€ 

summable continuous if for each sequence (x) Т 


х., hold 
п 4 x(G.) for some x € Ху, 
(Gc) € s (6), i.e. > ху 1 


к=1 3 vi 
> ESL m f(x) (65) - 


(£(x,)) € S(G) алс ж) 


i : s wore consi- 
3 ontinuous мар 
REMARK. Super-summab-e c 


[ > P. 819 for a dor cecal y con x unde 
C orff Ll ly ve spaces I 
J ^ Haus 


z ; 5 inition 8.6] on 
the name subcontinuous functions, 1N (5, Defin 
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Vo EE 
Hausdorff commutative groups under the name Z-continuous £ 
. б NONIS Чпе- 
tions and in [4, Definition 3.3.181 as а member of the m. RE 
e + ы б mily 
P (X4 X3) where X. and X, are Hausdorff topological R-modules 


PROPOSITION 4.2. Any super-summable continuous 


function is additive. If X, and X, are two convergence real 


vector spaces, then any super-summable continuous funetion ig 


linear. | 


PROOF. The first part of the Proposition is obvious, 
The proof of the second part of the Proposition is analogous 


to the proof of Proposition 3.3.19. from [4]. 


It is obvious that any continuous additive function 
is summable continuous and that any summable continuous func- 


tion is super-summable continuous. 


THEOREM 4.3. Let X, be a group endowed with an FLSK 
US conver- 


convergence С, and X, be a group endowed with an FL 
into 


gence Go. Then a summable continuous funetton £ from Xi 


x, is a continuous additive function. 


2 


PROOF. We have by Definition 4.1. for any (x,,) 8 (Gy) ) 
n п-1 
HC EE Xe) ref) 0 аз n е. 
п k=1 k к=1 к 


Then the assertion of Theorem 4.3. follows by Theorem 1. 


We obtain in the same way, now with Theorem 3.4. 


. FESI 
THEOREM 4.4. Let X, be a group endowed with an 
Я onvergene? 
convergence and X, be a group endowed with an FLUS © AR 
in 


2: Then а super-summable continuous function £ from X, 


2 is a continuous additive function. 
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REZIME 


NULA NEPREKIDNE FUNKCIJE NAD K-, N-, | 
| KOMPLETNIM PROSTORIMA 

U radu se ispituju funkcije koje su neprekidne (sek- 
vencijalno) u tački x = ба koje su definisane nad konvergent- 
nim grupama i sa vrednostima u konvergentnoj grupi. Ove tzv. 
hula-neprekidne funkcije ispituju se pomocu familije svih su- 
Mabilnih nizova - Teorema 3.1. i sa njenim podfamilijama 7 Ecos 
reme 3.4. i 3.6. Uvode se i ispituju i sumabilno i super-suma- 


bilno neprekidne funkcije. 
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ABSTRACT 


In this paper an asymptotic version of the Riesz- 
-Fisher theorem is proved. Convergence in the square mean is 
connected with the almost orthogonal sequences. 


The following Riesz-Fisher theorem is well-known: 
of orthogonal functions in L2(a,b), 


Let ig.) be a sequence 
and (b.) be a sequence of numbers from £2, i.e. 
со 
2 < o 
JESTE 
n=1 


then there exists a function f € La(a,b) such that 


m = » bien in L2(a,b) 


EE 
=n 
42C15. 


MMS Mathematics Subject Classification (29007 
Almost orthogonal seq 


Ani 


Ke uences. 
V words and phrases: 
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We shall prove in this note the following asympto 


1 
A 


tic version of the Riesz-Fisher theorem. 


Theorem 1. Let (F,) be a sequence of functions 
from the space (а,Ь) (where [a,b] їз a finite real interval) 
which does not converge in the square mean to zero. If 

b 
Lim ] Е; (x) F;GO dx 0 (i €N), 
SE 
then there exists a subsequence (g.J of i1 such that fo» 
any sequence (bi) from %2, there exists a function ЕЕ La (a,b), 


such that 
со 1 b А 7 
H [by 2 — ff $3) g, GO ах|2 < œ 
k=1 lel а 


The main tool in the proof of the preceding Theoren 
1 will be the following К. Bellman/s theorem from [4]. 


Bellman theorem. Let igo be on almost orthogonal 


sequence of functions on a finite interval (a,b), Т.е. 


b 
f lec T 51 ) 
a 
and 
I 1а 12 < = 
m,n 
where 
b 
> + п 
E Г g,G0g,OCOdx n 
Ga a 
0 n = m. 


: , ction 
Ifa sequence (b) is from $5, then there exists а fun 


f € L2(a,b) such that 


со 
© b 2), 
yes pl 
5. = | бей уы ОЛ a х i Ix 
9 k k к=1 
К=1 а n,m 
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A note on some applications of Bellm 


We shall use in the proof of Theorem 1, also an 
elementary theorem from [1], which is of a similar nature as 
Theorem 1 from [2], see also the Basic Matrix Theorem 2 ([2] 


р. 7-10). 


Diagonal theorem. Let x; 5] (i,j € К) be a matriz 


of nonnegative real numbers such that 


Lim xij = 0 Се 
17% 
, 
en Xij = 07 (ЄМ) 
А and 
Lim 7 S 0. 
lo 


Then there exists an infinite set I, I C N, such that 


Proof of Theorem 1. Let 


P 
DNE 2 
ll 
n 
where 
p i 
=. 2 (n € WN). 
е RF = 
a 


Since the sequence ЦЕ does not converge in the BA M 
to zero, there exist a number m > 0 and a subsequence Fnx 
Such that IF | >m> 0 (X € D. 

Nk 


Hence 


b 4 |Р 

A < J Е ах!. 
Ты А Cx — er 
a 


ne 
PINS 
th 3i m a L J 
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b à 
4 
= h h CIME ODE 
х; ] n; п, ] апа Xij =0 
a 


Then, we obtain 


[5:5 12 * 0 for j +, G € 1, 


and 


Beer їз» Gem. 


So we can apply the diagonal theorem on [хз 1? (1, ем 
Then there exists ап increasing sequence {p;} of natural num- 


bers such 


х 2 < o 
Fe 
1,7 
Let (2) be the subsequence of the sequence (Fi) 
with the sequence of indexes (ар }. Then we have 


p 


U баб аа = 


2 2 
lg; | lg: | a 


15) 
ifj 
This means, that tg, /I gll) is an almost orthogonal sequence: 
Then by Bellman^s theorem we obtain the conclusion of the theo- 
rem. 
For example, the sequence of functions {Е )› where 
Fx) = exp (iA x) and {А} is sequence of real numbers such 
that || > e, satisfies the preceding theorem. 
Remark. Combining the Riesz-Fisher theorem, Beil 
theorem and Theorem 1., we have the following: Let ae 


sequence of functions from the space L2(a,b) such ее d 


b D = 6 (i € К). 
Л Ir, |?dx = 1 апа Lim f Е; GOF; (х) ах = 
a j>% 


"ats 
B = e exis 
Let (b ) be an arbitrary element from $2. Then ther 
n CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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21 
function f from Lə (a,b) such that either F = PoI and 
b b 
f E dx or b, + [Е 28 ах 
а а 
and either the series 
eo b 
L de, I FORT 
К=1 а 
ig convergent or divergent and in this second case, there 
ak =) 
exists а subsequence tg of {Fy } for which the preceding 
series is finite. 
Almost orthogonal sequences have another interes- 
ting property which is included in the next theorem. 
1 Lei 1 almost orthogonal sequen- 
Theorem 2. Let gu) be an alm g 


ce on interval [a,b] and f € та Galo DIR (£4 is a sequence 


from L2(a,b) which converges in the square mean to i, then 


) a b 
о р 
—— = ied СУ, 
Lim » ej f GOg, (x)dx)? = } Cf Eidg, Cxddx) 
DS k= eae х=1 a 


D ^ 1 
The proof is based on the following Bellman/s result 


from [4]. 


Generalized Bessel inequality 


the in- 
If (st } is an almost orthogonal sequence on 


terval [a,b] Na f € Lo(a,b), then we have 


b 
ps 2) | 2dx. 
a! if (x) | 
} | f Ewa? s [1 +) lan! 
p k=1 a à V m,n а 


im 7 alized 
Proof of Theorem 2.1 Че Орак py the gener 


Bessel inequality d 


e fies +£|2dx, 


АА Дт. д. 
Dass 


E b b 
2 < 
) ) (х)дх | 
Ski ғ (ODE Goes + f ЕООФЕк 


E 
a 
a 
k=1 a 
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where, 


So we have 


Letting n 
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R 
ас) [ute 
n,m 
o b Co. d) 
ШЕЕ ОСО бах” - I dU £(x)g, G0dx)2 |2 < 7 
k=1 а к=1 a y 
ED K 
zr |. £ GOg, GO dx - 
k=1 a f 
b © b ) 
= f£ Gg, дах”. Tf £ (8, GOdx + 
a К=1 а 
b b b 
ОВЕС ах а а са J [£ -£[* ax f|f,+£|2 ах & 
а а а 
b b b 3 
< c2fjf -fj2ax (Df|2f|2ax]* + (Cf |s,-f|*ax1^ 
a a a 


+ ©, we obtain the assertion. 
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À REZIME 


BELESKA O NEKIM PRIMENAMA BELLMANOVIH 
REZULTATA 0 SKORO ORTOGONALNIM NIZOVIMA 


Na osnovu rezultata R. Bellmana [4] i Dijagonalne 
teoreme iz [1] dokazana je asimptotska verzija Riesz-Fi shero- 
teoreme - Teorema Whe 

U teoremi 2. je povezana konvergencija u srednjem 
kvadratnom Sa skoro ortogonalnim nizovima. 


уе 
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UBER ZUFALLIGE FIXPUNKTE BEI STETIGEN 
ZUFALLIGEN OPERATOREN IN METRISCHEN 
VEKTORRAUMEN 
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ZUSAMMENFASSUNG 


In der vorliegenden Arbeit wird ein Homotopie- 
erweiterungsatz für zufällige Operatoren bewiesen. Er ver 
rallgemeinert ein entsprechendes deterministisches Resul- 
tat aus [7] und erlaubt die Herleitung von verschiedenen 
Fixpunktaussagen für zufällige Operatoren, ohne ständig 
die dazugehörigen deterministischen Aussagen 2и verwenden. 


1. EINLEITUNG 


Fixpunktaussagen für zufällige Operatoren gehen 
auf Arbeiten der Prager Schule der Wahrscheinlichkeitstheo- 


rie um Spacek und Haná zurück (Gee 155 {81). 
Derartige Aussagen sind nutzliche Hilfsmittel bei der eos 
suchung von zufälligen Differential - bzw. Integralgleichun- 


gen (s.z. B. [1]). Seit dem Artikel von Bharucha-Reid 1976 


H . H h- 
([2]) sind sehr viele Arbeiten über zufällige Fixpunkte erse 


. T i nkt- 
lenen. Zun&chst übertrug man eine Reihe bekannter Fixpun 


i ; i di ministi- 
Sitze auf die stochastische Situation, wobei die RER 


EE 
Se а : 47H10. 
AMS Mathematics Subject Classifieatron (1980) 


5 E 2 e meßbare 
Kennwörter: Zufällige Operatoren, zufätltge E a 
tume, meßbare (mengenwertige) Abbildungen» 


Pakten Abbi Ldungen. 
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"e 
schen Ergebnisse verwendet wurden. Neuere Fixpunktaussagen АТ 
sichern die Lösbarkeit des stochastischen Fixpunktproblems 
unter der Voraussetzung der Lösbarkeit der zugehörigen de- я 
terministischen Probleme ganz allgemein (vgl. Satz 1 aug f 


Abschnitt 2). = 


Wir wollen in unserer Note eine Möglichkeit andeuten, wie € 
man auf der Grundlage eines zufälligen Fixpunktsatzes vom I 
Schauder-Typ verschiedenartige allgemeine zufällige Fixpunkt- ! 
aussagen herleiten kann, ohne ständig das zugehörige deter- | 
ministische Problem verwenden (und kennen) zu müssen. Dadurch ; 


ist eine Behandlung von Fixpunktproblemen innerhalb der stoch- 
astischen Theorie möglich. Hauptinstrument dafür ist ein Ho- 
motopieerweiterungssatz für zufällige kompakte Operatoren 
(Satz 4 aus Abschnitt 3). Er verallgemeinert einen Satz des 
Verfassers aus [7] durch die Erweiterung des Gültigkeitsberei- 
ches auf zufällige Operatoren. Anwendungen des Homotopieer- 
weiterungssatzes werden in Abschnitt 4 vorgestellt. 

Die Ausführungen sollen nur andeuten, da& der von Granas 

[5] begründete Weg zur Leray-Schauder-Theorie auch für den 
Fall von zufälligen Operatorengleichungen gangbar ist. Dabei 
verzichten wir auf eine größte Allgemeinheit. 

So betrachten wir hier nicht Operatoren mit zufälligem Defi- 
nitionsbereich. Ferner beschrünken wir uns auf kompakte zufä- 
llige Operatoren, obwohl die Sätze auch für kondensierende 
zufällige Operatoren bewiesen werden könnten. 

Im folgenden stellen wir einige Begriffe und Bezeichnungen 
zusammen. 

In der gesamten Arbeit bezeichne (Q,y,u)° einen vollständigen 
o-finiten Maßraun. 

Sei X ein metrischer Raum, so sei C1(X) das System aller 
nichtleerer, abgeschlossener Teilmengen von X. Eine (леп 
werbige) Abbildung A : f > Cl(X) heißt meBbar (schwach ReA 
wenn für jede abgeschlossene (offene) Teilmenge M von X das 


par 
vollständige Urbild A-1(M) = ЕЯ: A(w) NM + 0} шев ГА 
te MeBbarke? 
das 
in vol 


ist. Wir bemerken, dap im Falle kompakter Wer à 
und schwache Meßbarkeit äquivalent sind. Speziell gil 


е 
also für (punktwertige) Abbildungen F : 2 > X. Ist X 
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ee REDDE 


= 


jstandiger, separabler metrischer Raum, so ist ebenfalis ei- 


4 
o Abbildung A Я + С1(Х) meßbar genau dann, wenn sie sch- 
n : : =, Pi 
‚ach meßbar ist. In diesem Fall sind beide Meßbarkeitsbeprif- 
W . : D ` 3 
re auch gleichwertig mit der Meßbarkeit des Graphen Gr(A) : 
1 


Uber zujäliige Fixpunkte 


2 {(м,х) 69 х X : x € А(м)}, d. h., mit der Beziehung Gr(A) € 
Е (ү х HOO Ne | 

Dabei ist Y * £(X) die von allen Mengen 5 x В (S € y, B € £(X), 
L(x) System aller Borelmengen von X) erzeugte c-Algebra. (vgl. 
[9], Theorem 5.5). Sei Y ein metrischer Raum, 2 und X wie oben 
erklärt. 

Eine Abbildung к: Q x X + У heißt ein zufälliger Operator, 
wenn F(*,x) meßbar für jedes x € X ist. Der zufällige Operator 
Ох & > Y here stetig (kompakt), wenn die Abbildung 
F(w,*) für jedes feste w ste ig (kompakt) ist. Sei nun X € Y. 
Unter einem zufälligen Fixpunkt des zufälligen Operators Е? 
Qx X > Y verstehen wir eine meäbare Abbildung x : 9 > X mit 


F(w,x(w)) = x(w) für alle w € A. 
2. EIN ALLGEMEINER ZUFALLIGER FIXPUNKTSATZ 


Wir geben zunächst einen allgemeinen zufälligen 
Fixpunktsatz an, der das stochastische Problem vollständig 
- auf ein deterministisches Problem zurückführt. Der Satz ist 
| prinzipiell bekannt, er wurde für separable Banachräume und 
zufällige Definitionsbereiche von Engl [4] erstmals bewiesen 
(siehe auch [3], [13], (141). 
Wir geben eine Formulierung fur metrische Räume ап. 
p 


` i tri- 
Satz 1. Sei Y ein vollständiger, separabler те 


; souie F 
Scher Raum, X eine abgeschlossene Teilmenge von Y 


ir jedes WER 
Ох X> Y ein stetiger zufälliger operator: shun is 


Я F etnen 
habe die Abbildung F(w,-) einen Fizpunkt. Dann hat 


*ufalligen Fixpunkt. 


ЕЯ). 
Beweis. Sei A(w) : = {x € Xi x= ER) er 
we A) und Alw) ist fur 


N 1 d Lr 
ach Voraussetzung gilt Alw) + @ € X, da Е stetig bezu- 


ledes wen abgeschlossene Teilmenge von 
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glich x und X abgeschlossen ist. 
Wir zeigen nun die schwache Meßbarkeit der Abbildung A. р! 
Я + C1(X). Sei dazu d die Metrik in Y und f(w,x) : = 


= d(x,F(w,x)) (м € Q, x € X). Da F(*,x) für jedes feste j 
i GE 

x € X meßbar ist, folgt aus Theorem 3.5 in [9] die Мевъаь- Г 
keit von f(-,x) für jedes x € X. Da ferner f(w,-) stetig f 
ist für jedes feste м € 2, können wir Theorem 6.1 aus [9] e 
auf f anwerden und f : Я x X > R ist damit (y х £(X))-ne&- M 
bar. Speziell gilt daher f7'((0)) € y x £(X). Nun ist i 
k 

Gr(A) = {(w,x) : x € ACw)} = (Cw) : x = Flw,x)} = в 

b 

a eet Е >) = Ot = #-—1({0}) Е ү хш Н | 

Daher hat A einen meßbaren Graphen und A ist somit schwach 
€ 


meßbar. Nach dem Selections-Theorem von Kuratowski und Ryll- 
-Nardzewski [12] hat A einen meßbaren Selektor, das heißt, 
es existiert eine meßbare Abbildung x : Я > X mit х(м)ЄА(м) 
für jedes м € 9. Damit gilt x(w) = F(w,x(w)) (м € 9) und 

x : Q > X ist zufälliger Fixpunkt für F. 


Bemerkung. Wenden wir im Beweis von Satz 1 auf 
nicht das zitierte Selektionstheorem aus [12], sondern Theo- 
rem 5.6 aus [9] an, so erhalten wir wie in [4] sogar die 
Existenz einer höchstens abzählbaren Menge {x 1x2 0 УОП 
zufälligen Fixpunkten von F derart, daß für jedes W ЕЯ gis 
Menge (x.(w)), n € N dicht in (x € X : x = F(w,x)), also in 
der Menge aller Fixpunkte von F(w,-) liegt. 


Veral- 
m Fix- 


Realisierung von Satz 1 an (Satz 3). Eine naheliegende 
lgemeinerung des bekannten stochastischen Analogons 2 
punktsatz von Schauder (5.2. B. [ 2]) formulieren wir aun 
Demonstration, mit Satz 2, der sofort aus dem Fixpunktsat2 
von Tychonoff und Satz 1 mit X = Y = К folgt. 


metristie?” 


Satz 2. Es seien Е ein lokalkonvexer; е 
konve*" 


barer topologischer Vektorraum und К eine nichtieere, «ner 
azufdt ti^ 


kompakte Teilmenge von E. Dann hat jeder stetige” Fir- 
1118ё" 


‹ Е 1 ; inen zufä 
Operator г: сбоя Вис Б ыг бид ооох; Haridwar 
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Mn КРА G 
SE — K— M — 2 


punkt. 


Teilmenge К des topologischen Vektorraumes heißt zuläs- 


wenn zu jedem Kompaktum Ko c K und zu jeder Nullumge- 


pie 
sig» 
bung V € P eine finite Abbildung Г, 
Mes) = s Abs nei 


Ko + К existiert mit 


pisher ist kein Beispiel fur eine nicht zuldssige konvexe 
Menge bekannt. Jede konvexe Menge eines lokalkonvexen Raumes 
ist bekanntlich zulässig. Untersuchungen über die Zulässig- 
keit von Mengen wurden u.a. in den Arbeiten [6],[101, [11] 
durchgeführt. Ein topologischer Raum X hei$t zusammenzieh- 
bar, wenn ein xo € X und eine stetige Abbildung h : X x 
[0,1] > X existiert, so daß h(x40)- = x NED ee UN C 
gilt. Jede bezüglich eines xo € E sternfórmige Teilmenge X 
eines topologischen Vektorraumes E ist zum Beispiel zusam- 
menziehbar. 

Aus Satz 1 und einem Resultat von Jerofsky [10] erhalten wir 


nun ein später verwendetes Ergebris: 


Satz 3. Set E etn vollständiger separabler met- 
rischer Vektorraum, K eine nichtleere, zulässige, zusammen- 
ziehbare: Teilmenge von E, die eine endliche Vereinigung von 
abgeschlossenen, konvexen Teilmengen von E ist. Weiter sei 
F: Qx K + Kein kompekter zufälliger Operator. Dann hat F 


einen zufälligen Fixpunkt. 

Beweis: Wir setzen in Satz да е Ko ШЕ jedes 
WEN gilt (x € K : F(w,x) = x) + @ nach einem Satz von Je- 
Pofsky ([10], Satz 1.5.6, diese 
Netrisierbare topologische Vektorräume). 
Behauptung. 


r Satz gilt sogar für nicht- 
Satz 1 liefert die 


Wir bemerken, daß in jedem lokalkonvexen Raum die endliche 


Vereinigung von abgeschlossenen konvexen Menge Е 
EH A е 
Menge ist (1101, Folgerung 4.5.4), in nichtlokalkonvex 


: 5 H kte Men- 

Polgenraum MOG) <р ee т Beispiel d SSC vexen 
onve» 
** K, die endliche Vereinigung Von abgeschlossenen» 


n eine zulässige 
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Wer, 
Mengen ist, zulässig. (Folgerung Molio ә Кав; Di TE 


же 


Das im Beweis von Satz 3 verwendete Resultat ist das einzige 
deterministische Hilfsmittel, das wir in der weiteren Ap. 
beit verwenden. Aus Satz 3 leiten wir in Abschnitt 4 einige 
Fixpunktaussagen ohne Rückgriff auf entsprechende determi- 
nistische Ergebnisse her. Dazu benötigen wir einen allgemei- 
nen Homotopieerweiterungssatz. 


3. HOMOTOPIEERMEITERUNGSSATZ FÜR 
ZUFÄLLIGE KOMPAKTE OPERATOREN 


Definition. Set E ein metrischer Raum, X CY CE 
und F: 2xY+E, G: Q x X + E kompakte zufällige Operato- 
ren. Wir nennen F und G homotop auf X (in Zeichen F Xx 6), 
wenn eine Abbildung Н: 9 x Y [0,1] + E existiert, für die 
gilt: 
(1) H ist meßbar bezüglich w für jedes 
(С) (@ CLE Юм 

(2) Н ist kompakt bezüglich (x,t) € Y x [0,1] 
für jedes feste w € Q 

(3) H(w,x,0) = F(w,x), Н(м,х,1) = G(w,x) 
(x € Y, w € 9) 

(4) x + H(w,x,t) (Єй, x € X, t € 10,11). 
Н heißt dann Homotopie zwischen Е und G. 


Ausgehend vom Konzept von Granas [5] bewies der Verfasser 
in [7] einen allgemeinen Homotopieerweiterungssatz für kom- 
pakte mengenwertige Operatoren. Für den punkt wertigen Fall 
beweisen wir nun diesen Satz für die Situation der zufalli- 
gen Operatoren. Der Satz aus [7] ist damit (für punktwertige 
Abbildungen und Metrisierbarkeit) ein echter Spezialfall 
des folgenden Satzes. 

Satz 4. Es seien E ein vollständiger; separable” 
metrischer Raum, X und Y abgeschlossene Teilmengen v?" F 


mit X SY sowie F : 0 x Y > E, Banana kompakte 7 Е 
пе ein 


zufät- 


h 
lige Operatoren. F set auf X zu G homotop. Н bezete 
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pie zwischen F und G. Hat F keinen zufälligen Piz- 
punkt, so extsttert ein kompakter zufälliger Operator G1: 
ТЕ ohne zufälligen Fixpunkt, für den Gi€w,x) = 
. б(ы,х) (м Є 9, х € X) sowie G4(Q x Y) SHQ x Y x (0,11) 


gilt. 


pomoto 


Beweis: Wir nehmen an, jeder kompakte zufällige 
operator Ga : Q XY + E mit G4(w,x) = G(wjx) (we з ЖОЄ Ж) 
und Ga(Q x Y) EH(R x Y х[0,1])ћаре einen zufälligen Fix- 
punkt. Dann hat insbesondere auch G selbst einen zufálligen 
Fixpunkt, so daß alle w € N stets (x € Y : x = G(w,x)) + 
+ @ gilt. Wegen GCw,x) = H(w,x,1) (x € Y, w € 2) sind dann 
auch alle Mengen. 


Aw) : = {x EY : x = H(w,x,t) für ein t € [0,1]) 
(м € 9) 


nichtleer. Aus der Stetigkeit уоп Н bezüglich (x,t) und 
der Kompaktheit von [0,1] folgt ferner leicht die Abgesch- 
lossenheit jeder Menge A(w) (w € Я). Wir zeigen nun die 
schwache Meßbarkeit der Abbildung A : 9 > С1(Ү). 

Sei M eine beliebige abgeschlossene Teilmenge von Ү. Ез 
existieren abzählbar dichte Teilmengen Mo von M und Io von 


[0,1]. Dann gilt 


oo , 4 


п= 1 х EM, t,€l, 
Ist námlich w € A-1(M), so existiert ein x € M mit x = 
EU Cn ein s E Miio Für jedes n € N existiert ein 
Xn € Mo und ein t„ € Io mit d(x, 324 4/2n und d(H(wx st,» 
H(w,x,t)) < 1/2n. Hieraus folgt d(x, Hen ot)? S S 
Sei umgekehrt w € Я so gegeben, daB für jedes n € N ein 


ў A t )) € 1/n. 
Xn © M, und ein ea © Во existiert mit do Nun? п WEE 
Weil н beziiglich (x,t) kompakt ist, können wir o.B. 24 
Konvergenz H(w,x_,t_) > yo annehmen. Hieraus folgt au 

n'n a i ergenz 
iv ind Мо еби romer БАЛЕ o.B.d.A. die Konverg 
t 


to), woraus 
n> to € [0,1] und damit H(w,x, "t5? + H(w,yo» 075 
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yo = H(w,yo,to) folgt. Daher gilt in der Tat we A-'(M), 
Aus der Darstellung für AT!(M) folgt die Meßbarkeit dieser 
Menge, da Н meßbar bezüglich м ist und nach [9], Theorem ats 
dann auch die Abbildung w + d(x,H(w,x,t)) (w E€ Q) für jedes 
feste x € Y, t € [0,1] meßbar ist. 

Damit haben wir die schwache Meßbarkeit von A gezeigt. 
Setzen nun (wobei d die Metrik in E bezeichne) 


Win 


d(x,ACw) ) 
CHR) Nr (x € ES не 9). 
d(x,ACw)) + d(x,X) 
Wegen х + H(w,x,t) (x € X, w€ 2, t [0,1]) gilt A(w)nX = g 
(м € 9). Ferner waren X und A(w) (w Є 9) abgeschlossen. Somit 
ist f : Q x + R eine Abbildung mit f(w,x) = 0 (мЕЯ, хє 
€ А(м)) und f(w,x) = 1, (w€ 9, x € X). Weiterhin ist f(w,.) 
stetig für jedes feste w € 9. Weil A : Я + С1(Ү) schwach 
meßbar war, muß nach [9], Theorem 35 auch die Abbildung 
м + d(x,A(w)) für jedes feste x € E meßbar sein. Damit ist 
f(*,x) meBbar fur jedes feste x € E. 
Sei nun G4(w,x) = H(w,x,f(w,x)) (w.€ Q, x € Y). Dann ist 
С. : Q x Y + Е ein kompakter zufälliger Operator (die Mefbar- 
keit von G4 bezüglich м folgt aus der Meßbarkeit von £(+,x) 
und Theorem 6.5 aus [9]). Für jedes x € X gilt 


Gı(w,x) = H(w,x,1) = G(w,x) (w € Я). 


Nach unserer Annahme muß G4 einen zufälligen Fixpunkt besit- 
zen, für jedes м € Я gilt damit (x € Y : x = Gi(w,x)} + в. 
Sei w € Q. Dann existiert also ein x Е Y mit x = G1(Wsx) * 

= H(w,x,f(w,x)). Wegen f(w,x) € [0,1] folgt x € A(w), 819? 
f(w,x) = 0 und damit x = H(w,x,0) = F(w,x). Somit erhalten 
wir für jedes w € Q die Relation (x € Y : x = Fw) * 0 
und nach Satz 1 hat F einen zufälligen Fixpunkt. Dieser 


Widerspruch beweist Satz u. 
4. ANWENDUNGEN DES HOMOTOPIEERWEITERUNGSSATZES 
тег 


: 9 ne 
Wir verwenden nun Satz ц zur Herleitung d 
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Ў NE 3 
= Sg LES cM 
jerscniedenartiger Fixpunktaussagen, ohne nochmals auf 
lege deterministische Ergebnisse Bezug nehmen zu müs- 
sen. 


Zunächst beweisen wir eine Existenzaussage mit Leray Scha- 


uder -Randbedingung . 


Satz 5. Set Е vollständiger, separabler metri- 
scher Vektorraum, W eine offene Nullumgebung von E und K 
eine bezüglich o € E sternförmige, zulässige Menge, die 
eine endliche Vereinigung von abgeschlossenen konvexen 
Teilmengen von E ist. Set F: 2 x (W n К) + К etn kompak- 
ter zufälliger Operator. Es gelte fur alle м Є © stets 
F(w,x) + Bx(x € OW A К,В > 1). Dann hat F einen zufülligen 
Fizpunkt. 


Beweis: Wir nehmen an, F habe keinen zufälligen 
Fixpunkt. Sei G(w,x) = 0 (w ЕЯ, x € WM К) und H(w,x,t) = 
EU -)E(w,x), (men, х Є и ОЮ 18.4130) « 
Man erkennt leicht, daB F und G mittels H homotop auf 
aw N K sind. Nach Satz 4 existiert ein kompakter zufalliger 
Operator С, : 2 x (ИПК) + К mit Gi(w,x) = 0.52 alle 
WEN und x € ЭМ A K ohne zufälligen Fixpunkt. Sei 


G4 (w,x) für x € WA K, WEN 


T(w,x) = { = 
, в fir x € K\ W, мє 0. 


Dann ist T : Q x K> K ein kompakter zufälliger Operator; 
den nach Satz 3 einen zufalligen Fixpunkt Xo : Q > К besit- 
(ы) € Wn К fir alle we Q (sonst 


zen muß. Dann ist sogar Xo о? 
) = 0 = Xo\Wo 


Ware für ein wo € Я die Beziehung T( wo » Xo (vio) 
n Widerspruch 


Ша xo(wo) € K \ W gültig, was wegen 0 € Wei 
doch einen 


SED), alee С, (w,x0(w)) = Xo(W). Damit hatte 64 

zufälligen Fixpunkt. 

Satz 5 ist daher bewiesen. 

m Unsere nächste Bares i NES 
Ngung fiir die Existenz eines nichttrivia 

"ixpunktes für einen positiven zufälligen Oper 


gibt eine hinreichende 
len zufälligen 


ator an. 
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pue 
Satz 6. Es seien E ein vollständiger, Separabler 


metrischer Vektorraum, W eine offene Nullumgebung sowie K 
ein abgeschlossener zuldssiger Kegel aus E. Wetter вет 
с: Q x (Wn K) + Kein zufälliger kompakter Operator, р, 
seien die beiden folgenden Bedingungen erfüllt: 

(1) Für alle w € 9 sei G(w,x) + Bx (x € 3W N K,B> 1) 

(2) Es existiere eine Nullumgebung V © W und eine 
megbare Abbildung y : 9 + E mit y(w) € К N V derart, dag 
für alle w € 9 stets Bx + (1 - B)y(w) + G(w,x) (x € 3V n x, 
8 > 1) gilt. 

Dann hat 6 einen zufälligen Fixpunkt xo : 9 + WAK 


mit xo(w) * 0 fiir jedes w € Q. 


Beweis: Sei F(w,x) = y(w) (x € УПК, w € 9) und 
H(w,x,t) = tG(w,x) + (1 - t)F(w,x) (wE 2, x € Vn K, t€ 
€ [0,1]). Dann folgt aus (2) die Relation x # H(w,x,t) 
(WEN, x € aV ПК, t € [0,1]1) und es gilt г УПК вс, F nat 
wegen F(w,x) € V (мє 2, x € УПК) auf V N К keinen zufäl- 
ligen Fixpunkt. Nach Satz 4 existiert ein kompakter zufäl- 
lige» Operator G4 : 9 x (V N К) + K ohne zufälligen Fixpunkt 
mit G4(w,x) = G(w,x) (x € 89V ПК, w € 9). Dann muß aber 
G|Q x [(W \ V) П К] einen zufalligen Fixpunkt xo : Я + (УР) 1 
П К besitzen, denn sonst ware durch 


G4(w,x) (x EVN K, w € 2) 
T(w,x) = { 
G(w,x) (x € (WAV) ПК, Єй) 


ein kompakter zufálliger Operator т: Q x (W n K) + K er- 
klärt, der keinen zufälligen Fixpunkt hat. 

Jedoch gilt wegen T(w,x) = G(w,x) (x € aW n K, м Є 9) und 
(1) auch T(w,x) + Bx (we Q, x € aW n K,ß > 1) und T гар 
nach Satz 5 doch einen zufälligen Fixpunkt. Damit hat G 
einen zufälligen Fixpunkt xo : Q + E mit хобм) +0 Furless 
w € Q. 


AE? 
Die Voraussetzungen (1) und (2) von Satz 6 sind sehwac 


einem 
als die bekannten Voraussetzungen von Krasnoselski es 
6 
entsprechenden deterministischen Resultat (s.z. В-[1 E 
1ás 


154 ). Wir bemerken, dap für lokalkonvexes E die Zu 
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E = „= 2 


keit von К stets erfüllt ist und für konvexes W die done 
aussetzung (1) 2. B. durch die Bedingung Gro x (3W n K)) a 


сў п K gesichert ist (dies gilt natürlich auch für Satz 5). 


Am Schluß unserer Arbeit sei E ein separabler Banachraun, 

y eine offene, konvexe Teilmenge von E ( mit 0.B.d.A. 0 € W) 
ший JS E х W > E ein kompakter zufälliger Operator. Für 
die Anwendung von Näherungsverfahren ist es zweckmäßig, ne- 
реп F eine Folge von kompakten, zufálligen Operatoren 

ШЕ ax WE (n= 1,2,...) zu betrachten, die oft finit 
sein werden und für n + e “nahe” bei F liegen. Es interes- 
sieren Bedingungen, unter denen aus der Existenz und Ein- 
deutigkeit ‘eines zufälligen Fixpunktes xo von F die Existenz 
von zufálligen Fixpunkten x, von E (n 2 no) und die Konver- 
genz von (xài) gegen xo in einem méglichst starkem Sinne 
folgt. Wir geben im abschlieSenden Satz T als erneute Anwen- 
dung von Satz ! hinreichende Bedingungen dafür an, daß diese 
Konvergenz sogar gleichmäßig erfolgt. 

Um die Eindeutigkeit des zufälligen Fixpunktes von F zu sich- 
ern, verwenden wir ein Resultat von Smith und Stuart [15] 
und fordern: 

"Für jedes w € 2 sei die Abbildung F(w,*) stetig Frechet- 


-differenzierbar in М und die Mengen 
(8) (x € W: 1 ist Eigenwert von Suel (x)} 


haben für jedes w € Я keinen Häufungspunkt in М." 
Dann gilt: 


Satz 7. Set Ош (ЕБ 21 und Я zusätzlich ein 
kompakter topologischer Raum. Der kompakte шл E 
tor F : x + W set gleichmäßig stettg bezüglich (мэх) 
EQ x W und es gelte F(w,x) # X (x € W, we Q). KC die 
"edingung (S) und konvergieren die kompakten zufälligen 
Peratoren P : Q x W > E gleichmäßig bezüglich м j E " 
ve B ee ate LIIS s treten ret 
Sum W я ällrgen 
° : 2% und alle TN (п > no) einen zuf 
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re = и 
Xa ! Q + W und für jede Folge (x) von zufälligen Pizpunk- 
ten von БЫ gilt die gleichmäßige Konvergenz 


sup Il x, Cw) - xo(w)l + 0. 
WEN 

Beweis: Nach Smith und Stuart [15] hat für jedes 
w € Q die Abbildung F(w,+) genau einen Fixpunkt. Aus dem 
Beweis von Satz 1 erkennt man sofort, daf dann F genau 
einen zufälligen Fixpunkt xo : 2 + W hat. 
Sei Е > 0 beliebig. Wir zeigen, daß ein no € N existiert, 
so daß alle Fn (n 2 no) einen zufalligen Fixpunkt Xp i R> 
> W haben und für diese їх Cw) - xo(wll < e für alle weg 
und n > no gilt. Sei dazu M(w) : = {x € W : 1х - xo(w)ll>e} 
(w € 9). M(w) ist fü» jedes w € Я abgeschlossen und es gilt 
x + F(w,x) (wE 9, x € M(w)). Wegen der Kompaktheit von 
F(w,*) und der Abgeschlossenheit von M(w) ist für jedes 
w € Q die Menge {z € E: 2 = x - F(w,x), x € M(w)) abge - 
schlossen. Wegen 0 + x - F(w,x) (we Я, x € M(w)) gilt 
p(w) : = inf{llx - FCw,x)l , x € M(w)) > 0 für jedes w € H, 
Aus der gleichmäßigen Stetigkeit von F folgt leicht die 
Stetigkeit von р: 9 + R^. Dan kompakt ist, hat p ein Mini- 
mum. 
Sei бо ; = min P(w). Weiterhin gilt nach Voraussetzung X * 
+ F(w,x) für alle x € aw und alle w € Я. Mit analogen Uber” 
legungen wie soeben ergibt sich die Existenz eines 61 > 0 
derart, daß |х - F(w,x)l > 84 (x € dW, w € 9) gilt. 
Wir setzen § : = min {60,64} und wählen ein no € N 
daß für alle n > по stets |F,Cw,x) = F(w,x)l|« 6 (we 9, 
x € W) gilt. 
Sei 


derart, 


H(w,x,t) : = (1 = t)F(w,x) + tF (>x? 


бое ов хе мо te [0.1], в = по). 


7 (0,11: 
Dann gilt x + H(w,x,t) für alle w€ Q, x € aW und t e ae 

s H ^ 2 Р2 i 1 п 
Sonst würde ein w^ € Q, x^ € эн, t^ € [0,1] existier? 
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^ 


x = GL SEE US Dr 
yoraus Le" = F(w^,x^)l < 6 folgen würde. Dies würde lix - 
2 E(w, x)Il> 6.(х € OW, w € 9) widersprechen. Somit sind F 


md f, no) homotop auf W. Dann hat Е (м 2 no) auf Я 


einen zufálligen Fixpunkt, denn sonst würde nach Satz 4 ein 


kompakter zufälliger Operator 64 : 9 x W + E ohne zufälligen 
Fixpunkt existieren, für den Gi(w,x) = F(w,x) (wE 2, x € dW) 
gilt. Wegen F(w,x) ЕЙ WEN, x € И) gilt G4(Q x Эм) ЕЯ 
und das impliziert mit der Konvexitát von W die Bedingung 
Gi(w,x) + Bx (В > 1, x Е 91) für alle w € Q. Dann müßte aber 
nach Satz 3 (mit К = E) G4 doch einen zufälligen Fixpunkt 
haben. 2 
Sei nun für jedes n 2 no ein zufälliger Fixpunkt x, RM 
von Fa gewählt. 


Angenomen, es gilt für ein wo € A und ein n > no 
die Beziehung lx, (wo) - xo(wo)l > є. Dann ist x : = x, (wo) € 
€ M(wo) und es gilt daher |x - F(wo,X)|| > p(w) > бо 2 8 . 
Wegen x = F (wo ,x) gilt andererseits Их - F(w,x)ll < ô. 
Dieser Widerspruch zeigt die Gültigkeit von Ix, Cw) REUS < 
<Е für alle w € Я und alle n 2 no und die gleichmäßige 


Konvergenz von (x4) gegen xo ist gezeigt. 


Bemerkung: Statt (S) kann natürlich gefordert 
werden, daß Е höchstens einen zufälligen Fixpunkt hat. Aus 
der Bemerkung nach Satz 1 folgt dann, daß jedes F(w,*) genau 
einen Fixpunkt besitzt (w € 2). (Die Existenz ist wegen 


FR x W) = М gesichert). 
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REZIME 


0 STOHASTICKIM NEPOKRETNIM TACKAMA 
NEPREKIDNIH STOHASTICKIH OPERATORA 
U METRICKIM VEKTORSKIM PROSTORIMA 


U ovom radu je dokazan stav o homotopijskom proširenju za 
stohastičke operatore. On je uopštenje odgovarajućeg de- 
termini stičkog rezultata iz [1] i omogućava izvodjenje ra- 
znih teorema o nepokretnoj tački za stohastičke operatore 
bez korišćenja odgovarajućih deterministickih rezultata. 
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ABSTRACT 


Using the results for the quasiasymptotic at te of distri- 
butions (181,191), the paper obtains a final value Abelian theorem and 
a Tauberian theorem of the Keldyš type for the distributional Stieltjes 
transformat ion. 


A 


1. NOTIONS AND NOTATION 


The guasiasymptotic at ^ of tempered distributi- 
ons which have their supports in [0,°) was studied by the 
Soviet mathematicians Vladimirov, Droz inov and үс 
(see [12] and the references given there). Using this notion 
they obtained remarkable results. S.Pilipović [8] extended 
this notion to the space of Schwartz distributions (on the 
real line): 
i" 2 ee 


5 C 46F12. 
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DEFINITION 1. ([8]) It is said that an fep- m 
the quasiasymptotic at їе with respect to some positive 
continuous function clk), k€(a,*9), a>0 if for sone 
Б ЄР, g A0; 

(1.0) Lin «2200 ‚ф(х)> = «gG0,$G0» , Aen 

In this case we write fig at io with respect to c(k) з 
THEOREM I ([8]) Let ҒЄ0° have the quastasymptotic a 

to with respect to some positive continuous function C(k),k 30, 

Then 

(2) BIT B \ 

(it) There are VER and a slowly varying funct- 
ion L(k), k>a,such that 


c(k) = k"L(k), k>a 


Moreover, р is a homogeneous distribution with 
the order of homogenity v: 

(iii) If v>-1, then (1.0) holds in the sense of con- 
vergence їп $’ (for ES); 

(iv) If v=-1 and We „.k>a , ts bounded, then 
the assertion in (iii) holds, as well. ; 


COROLLARY II ([8]) Let Een: and f&g at += with 
respect to kL (к), where VERN(-N). Then (1.0) holds in the 
sense of convergence in S^. 


Let us recall that the scale of homogeneous ачы 
bution Zus VER, is defined in the following way (111: 


v 
Н(х)хУ В for у> -1 
Zull = | b (x ER) nen 
n di +y 2 -1, : 
С) for у<-1, п 


where Н is the Heaviside function. 


v 
(We also use the notation H(x)x" =X ,> 


? 


Mn у 
ese "= 


v>-1). inve- 
ur 
The following two theorems are needed for 0 
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ААА 


THEOREM А. ГЕЛЬ (0) неё S e e locally inte- 


grable function and v € IR, v » -1,such that 


F(x) 
$ SUM S 
x++o|X| L( |х | ) 
KE gt) 


phen Ee at +o with respect to X! L(k) where 


= C+ where (С.с 35 (0,0) 


EEG (x). €f, CL ER 


IV] › 


(6 ,C 0 2:00, 00% 
(ii) If fàg at te with respect to k"L(k) then 


gm) Gg и at += with respect to X S SOSA 


(iii) Let FED’ and fig at te with respect to 
kYL(k) where vERN(-N). There are m € Wee INu{0} and a 


continuous function Е such that mtv >-1, 


(m) : F(x) 4 
E=E “апа lin — ne 
5 жхуэ+®|х|У х |) 
хә- 


where сс С) 2100591006 


242 


Let Т be the class of non-decreasing functions 
defined for x 20 and identically equal to zero in a neighbourho- 
od of the origin. For a,8>0 we denote by T(a,ß) the set of 
а11 ФЕТ which are differentiable and satisfy the inequalities 


a(x) <хф^(х) < BO(x) 


for x >a, a=const.> 0. 


[THEOREM В ([10]) Let o(x) €T(a^, 8^) and w(x) € 
e si 5 


ET tam ар Suppose also that either ët 
hen x <0. Assume that 


Wx) ET or =$(-x) € TCa ^; В”), СЕТЬ 


o(-x) 
Aslay SA 2 


fo e constants. 
" large values of x, where A, and A, 


are positiv 


М ОЕР ara u nn 
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eee 


Suppose that the relation m <q’ < 8' holds for m= [g>] 


If 
ES -m-1 a -m-1 
f (0-2) dó(u) v f (u-z) dy Cu) 


when z>% along a non-real half-ray from the origin, then 
ф(х) му(х) when x >+% and x *-9. 


We shall follow the definition of the distributio- 
nal Stieltjes transformation given in bas (Ez e 


'DEFINITION 2. Let FES’. We say that ҒЄЈ (ү), ir 


there exist m EN, and a locally integrable function F such 
that 


EM bee supp Fc [0,9); 


Ae 
(1.1) pu | |FGO (x42) 7771 | ax «o for Imzž 0: 
-0 


The Stieltjes transformation S,, of index r, r€RN(-N,), 


of а distribution f €J'(r) with the properties given in (1.1) 
is a complex valued function given by 


To v 
(1.2) (SG) = (oH), L F(x)(x*2) BOG 
= (m) <F(x), —— 
m 


(x+z) Pn *l s 
= Шо 
for Imz#0, where (r), = r(r+1)...(rtk-1), к> 0 and я. 
. at 
It is easy to see that (S f)(z) is a holomorp 


Е А (-9 ә). 
function of the complex variable 2 in the domain C^ ? 


. the 
Р ғ) int 
We shall observe in this paper the function (5, 


— pictio? 
upper half plane i.e. when Imz > 0. This is not а rest 


. e 
i which аг 
because one can easily show that all the assertion 
to follow hold with Imz «0. 
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2 ABELIAN AND TAUBERIAN THEOREM 


First we shall prove the following lemma which 
will be used in the proof of the Abelian theorem. Assume 


that assumptions of Theorem A part (iii) hold for f with 


Lzi. Moreover, assume that rTERN(-N) and v«r. 


LEMMA. The funetion 
zw zl "es F)G+2) 


is uniformly bounded in the domain 


A, = {Reit R>0, e<o<n-e}, 0<e<z 


Proof. Since 


R?-2R|t |cose +42 41> (R247) A +eose)-(R+|t|) cose +1 


> (р2+2)(1+соѕє)-2082+62)соѕе +1 


> (в2+62)(1-созє) + 1 


we have, for z € Ac 


г 1/2 
li+z+t| = (R2+t242R t соѕф + 2R sin $+1) 


00 
> (R?-2R|t| боб ett +1) 


EVENT pa EE 
> Ув +t cose) > (Ret | V 2998 


Using the fact that for some С> 0 
+ € IR 
|F(x)| <с(1+ |х| УЗ) nS 


We have (with suitable Cy and C) 


+o. .,-r-m-1 
|(S,£) (3+2) | < (2+1 f |Ебх)(аж+х+ї) Iz 


: 
| Ms 
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4 


nD Come "aetate tm 
D NN 
"^ 1-cose -9 (R*lx|41)P*m*1 x: 
© -r-m-1 P vtm -r-m-1 
= с, Cf (Gixe1) dx +f x (R+x +1) SP 
1 © o 
SECUTI 1 А T(»-v)TCvtm*1) 1 
1 (Com) (Aa ащ T(r+m+1) СВ аи 


< C,(RH)" (see [5, p. 2331). 


This completes the proof of the lemma. 


ABELIAN THEOREM. (2) Let FES’ and Е%р at to 
with respect to kYL(k), VERN(-IN). Let r€IR-(-INN) and 
r > у. Then, there is (C, ,C_)#(0,0) such that for any 2 Є CNR 

(S f) (kz) E I(r-v) ae -milv-2r-m-1) 

vao eae E 

(ii) If L21 thts holds uniformly in any angle of 


the form 


N. = (Reid, R>0, є<ф<т-є} (0<e<z) : 


Proof. First, we shall prove (i) for r> vti. 
According to Theorem A (iii) we have that f =F 
for some m EN, and some continuous function F such 


(m) 


that mtv 2-1 and that for every ф є 5 


S (x)? 
а Ee х),ф , 


(2 A) Nan 0290 
d +m 


—————. a DS JS = et f 
ere TMK) Sc 


where (C,,C ) £ (0,0). 


use 
Moreover, we have that fEJ’(r) for г> у bec? 


(Ge) бу HE "a SO 
T(v+m+1) 


ск | x1) 


F(x)^ -——————— ,x--9. 
T(v+m+1) 
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If C, ог C_ is equal to 0, then we have to subs 
+ 
~ with the small "о". 


titute the 


symbol 
The behaviour of F implies that (2.1) holds in 


the sense of convergence in ER for p>vim+1 (see [11]). 
| Since the function x» (x+z) 721-1 belongs to $ 
rtm 


(Imz > 0), the assumption v<r-1 implies that for р = рж. (2.1) 
holds with ф(х) = (42) ШЕ x €IR. This implies 


Lë HO el 
e r ә o F(x) 1 
lim Sea шр lim «————— onis 


Py = H 
See EDO k>% kV PL(k) — (kz#x) 


а F(kx) 1 
=<(r+1) Lime ———— , — > 
m kro К) (ga) d 


С ES 
(ое (би = a ID. Caas? pansi, 
m 


T(v+m+1) 
С 
ук ee) 
T(vim+1) 


C,T(v+m+1)T(r-v) 
(pt1) en 2 


T(v+m+1)T(r+m+1) 


-r-m-1, ) 


Miche 


u 


C T(v+m+1)T(r-v) (У 
A — -— (5, 995). 


+m+1 
ae MN 


Thus we have 


(S, £) (kz) m 
lim - REGNO e 
k> к” "LOO 
Where 
ста vue СТР nilv-2nm-1),ver 
(2.2) Na) eem = ЕЕЕ = 


2 
Г(р+1) Г(г+1) 


Now we shall prove (i) in case r>v>r-. 


Lebesgue”s theorem implies 


(553) 1 >» баз кое 
= x === 
(Sf) (kz) = (ту <F = 
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TE eee 


Because of 

d E - 

ак (CS f) (к2)) = -2(0+1) (5,12) (kz) 
we have (К> 0, ‚Іл 2> 0) 


(8 #) (Ка) =-f ((S_£)(tz)) "dt = z(e41) f 
r Í r 2(0+1) Í 5 i4 f) tz), 


From the proof of the first part of the Abelian theorem 
3 


it 
follows that 


(Sa ORD * 

CWESGGED)E * (С sa E +) 2n-m-3 Г(р+1-у) 20-251 \ 
k L(k) Г(р+2) 

as кэе , 


Also, as k>% 


(S f)(kz) vz(r«1) LG1-V) ,v-r-1 
29) 
T(r+2) 


ое ЗУУ ОШТО; 70-11 Ct at 


aS 8 
ct 
c 


Since (see [1] ) 


x 
H 


со 


SE x б E v-r 
[ ак Г f u” Ла = НЮ 
1 


DA 

we obtain 

(Sf) (kz) vk" *L(k)A(z), К» =. 
where A(z) is given by (2.2). | 

Proof of (ii). Let L $1. Since we have proved ?" 
(i) that 

Aai.v-2r-m-1 

49,9) CS LY CR) v Ee M T din N PARE 


T(v+1) 
as ko a 


we have 
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М РИН 


@ О 
= T(v+1) ў 


MC (ci +6 (e 71) 27-24 


as kc 


тре Lama implies that for 2>(S f)(z+), ZE A, the conditions of 
Montel/^s Theorem (121, p.5) are satisfied. So,we have that 


(2.4) (with 2 instead of ki) holds uniformly in Ac. 

Obviously, this implies that (2.3) holds (with z 
instead ki) uniformly іп A,. for any exe 

This completes the proof of (ii). 

Let F and F4, be continuous functions such that 
supp(F-F4) is a compact set and 


BAGG) 
lim LE ы LN 
x++e |x|VLOx]) жж! LC x!) 
XA 00 X>-o0 


where (C,,C_) # (0,0). 
Then Ғор p» v and any z (with Imz» 0) there holds 
(S CF- F4 2) (kz) 


lim = — Ob 
ke = kV TL(k) 


This means 


(S_F)(kz) ~ (S_F,)(kz) as k+e, Imz» 0. 
n zs. di 


This fact implies that in Theorem B we can assume that the 


function ф is differentiable for ixj > a> 0. 


TAUBERIAN THEOREM. Zet v=r-1+2e, O<e «1/3. 


(2) Let wy bea non-decreasing function such that 
s Y -r-k-1 д 
J (х+п2) P^ Kaw (x) = (р+к) f (x+nz) DECHE 
= о 
i(v-2r-k-1) 
y= - = -ni(v-2r-k-1)) 
Vist ыы йону LE (C= Cy 
T(r+k) 


Bus urere Соо 


— 
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VE Sing 
funetion. If x о) Ee У) „vr 


k-1 WM Ce 
- Coe ama (v-2r- k- D no (Cy ,C, >0),then f has the quasi- 


asymptotic at te with respect to nVL(n) and with the Limit 


V+k 


vtk, (k) 
(C x, ) 2 


- Cox_ 


Proof. (i) Let us put a^ =r+tk-1+e, В“ = р+к-1+36 


and { 
C хУ*Кт,(х) ох s d 


1X 
$(x) = | 0 ‚-а <х<а 
-6, x | its, x <-a 


Then functions $ and y satisfy the conditions of Theorem B. 
By the Abelian theorem we have 


+ o 256 + co 
J (x+nz) P^*d$(x) = (otk) f (x+nz) 


-%0 


Yx) | 1 / 
х++=|х | *LC|x |) Ho 
Xy-o N 
(ii) Let f TO К+ у -1 where 
Y is a non- ‘decreg 
К (ах 

= = А -ni(v-2r-k-1) 7 

nV “L(n)zY PF(y+k+1) T(r-v)(c e mi (v-2r-k ) as op à 


T(r+k) : 2 


So, Theorem В implies the assertion. 
(ii) We have 


(Sf) (nz) + E 
Cape ess) J (х+п2) w(x)dx = 
k-1 -о 
+o En 
= | (xtnz)""*ayx) 


= а = -ri (v-2r-k-1)) 
v nV "L(m)T(v+k+1) I(r-v) z" "(e - Ce nS 
T(r+k) 


as n «eo. 


A 
К heoren 
From the first part of this theorem and 1 


(i) it follows 
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E — — шч vet 51 
i NM 


Nov 


у+К 


а v+k u ж m vt} 
х. with respect to n” (п) 


yv CX, 


su Tro 


; Theorem A (ii) implies the assertion. 
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REZIME 
KVASIASIMPTOTIKA DISTRIBUCIJA I 


DISTRIBUCIONA STIELTJESOVA TRANSFORMACIJA 


Koristeći rezultate [8],[9] za kvaziasimptotiku u 
te temperiranih distribucija dobivene su dve teoreme jedna 
Abelova a druga Tauberova tipa Keldiša za distribucionu 
Stieltjesovu transformaciju. 
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: 
ABSTRACT 
The paper deals with an n-th order linear differen- 


ce equation and gives conditions under which its linear per- 
turbation preserves the same gP- affiliation. 
1. INTRODUCTION 


In the theory of ordinary differential equations 


there is a well known 


Theorem (Weyl (1,2]). Consider the equatton 
(1) y^^ + p(t)y = 0, t2 0, 


along with the perturbed linear equation 


o y“ + (p(t) + alt))y = 0, Е> 6, 


m 


op esearch supported in part by the Self 


-Management Community 
Interest for Scientific Research of sAP Vojvodina. 
39411. 
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where both p(t) and q(t) are locally tntegrable on [0595 
Then, the following Weyl alternative holds: 


A 
tf aly 
solutions of (1) are (not) in L*[0,™) and q(t) € LIO w) 
then all solutions of (2) are (not) in L?#[0,0). 

Weyl^s alternative result was extended by Patula 

and Wong [3], to include arbitrary LP[0 ,» )- perturbation q(t), 
Also, Mironov [4] extended this theorem to the case of the de- 
lay-differential equation, while Wyrwinska [5] considered some 
more general classes of perturbations. Wong [6] obtained rela- 


ted results for a restrictive class of 2n-th order differenti- 


al equations. All these results were generalized and improved 


in paper [7] to the general n-th order linear differential 
equation and corresponding linear and non-linear perturbations 
with or without retardations. 

Recently, Butler and Rao [8, Theorem 4.1.] improved 
the result of Patula and Wong. Using a technique similar to 
this in paper [7], we are able to generalize and modify this 
result to a case of the general n-th order linear difference 
equation 


(3) Dy 


y(ntm) + p, ,Gn)y(nem-1) +... + Po(mdy(m) = d 


у S Wotbso 

and its linear perturbation of the form 

(н) ру = Dy + q, ,Gny(nem-1) +... + go(m)y(m) = 0, 
m = 0,1,.. 


2. PRELIMINARIES 


d d 
N К tion an 
In this section we shall introduce some поа uel. 


УП ` seq 
list some well known results which will be used in the iation 
varı 

Our first result is a discrete form of the 


Р aiffe 
of the parameters formula. The symbol A is a forward 
ce operator i.e. Ay(m) = y(m+1) - y(m). 


ren” 
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Perturbations of a linear difference 


oo 


Lemma 1. 


on В? and y ts the solution of Dy 


n 
АЗу(ш) = P 


where 


у1(5+1 


D 


yi(s4n-1) 
yı(m) 
G(s,m) = 


yı(s+1) 


yı(s+n) 


Ee 


Suppose F(u,v) is a continuous function 


F(m,y(m)). Then 
m-1 


; d 
eh yn) + } AJ G(s ,m)F(s,y(s)), 


s=0 


E y„(s+1) 


c y, (s+n=1) 


Y„(m) WCs ,m) 


D(s41) | 


5 y„(s+1) 


y„(s+n) 


D(s) is Casorati’s determinant and for it we have 


Lemma 2. (Heymann^s theorem [9, р. 


354-358]). Caso- 


rati “s determinant D(s) satisfies the linear difference equa- 


tion of the first order 


D(s+1) = {-1 


We have also need the following, 


Lemma 3. 
also true for Au. 


The next result 


the fundamental ineguality of Gronwall and Bell 
Some non-linear variants of that inequality. 


If the sequence U EE 


is the discrete generalizat 
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Lemma 4. (Willet and Wong [10]). Suppose that 
v(n), wn) and u(n*1), (n = 0,1,...) are non-negative Sequen- 
ces of numbers with v(0) = w(0) = 0 and that uo and p ane 
constants such that uo > 0 and p 2 0, p 1. Then the tnequa- 
lity 
n n 
ч(п+1) < uo + { v(uG) + $ м(3)аРС3), 
j=0 j=0 
п - 05] 


tmpltes that 


n 1 
e(n)u(n+1) < se + (1-р) { ое" Pag) |2, 


п = ОЛТИ 
where 


n 
эс) в Ш СТЕУ (97051. п = 0315: 
j=0 
Lemma 5. (Hardy, Littlewood and Polya [11, p. 261). 
Let a, 2 0 for i = 1,...,m. Then 


m m 
H aP <m P C 203 for 0 <р = 1, 
1=1 а=! 
m 
re с аре ре 
Sal 1241), 


3. RESULTS 


We are now able to give our main result. 
hat 

Theorem 1. Suppose that exists M > 0 such ? 

S 

п [|po(m)| 2 M 


m=0 
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and that all the solutione of (3) are in 4P, Lf qae yk where 


1 s SS) ero Пара 


and 


Р 


ah m e 52 


IA 


for 7 << pes ©, 
then all the solutions of (4) are in АР, too. 
Proof. Starting with the representation given by 


Lemma 1 and using the fact that G(s,m) = 0 for s = m-n*i,... 


.‚m-1, we get 


Sr уе) 


(5) Aly(m) = ce; Ау; Cm) & 
ше 
DN m-1 v ie? 
+ } Aly; (в) ў (-1) "Ww, (s) z e 
10241 s=0 o» m potk) 
k=0 
fonim = 0,1... апа a} = Hl ene mr 
Obviously, 
n n 
LASH < С) Iy;(s+22] c (E 7 BÉISE 
j=1 jet 
j#i 
for every i = 1,...,n and some C > 0. So, by (5) we get 
m-1 
8) [АЗ Cn) | оо + p 6o (s*12| f(s], 
3 s=0 
j = (0) 6009-18 т = O,l,... > 
j ce ly © Mona)? 
where we denote $4 00 = max{ | Ay ; Ст) | A alg 5 
for | = 055 5c gio 
As 
n-1 
п-1 к. i 
s) 
f(s) = = уа сауса PoaG» yt 
i-o А i=0 
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P" Я Е .. 
where а; (s) are linear combinations of a (a), relation Se d 
leads to 
m-1 n-1 
2 3 i 
(7) even) Саф: стога + а Фо (9417968) È Late) 
5= abe) 


j a Ogcan pitas а= 2525.0, 


where q(s) = max(|a;Cs)|, i = 0,...,n-1). 
We shall put 


a) il 3 13 3 196 


Relation (7) and the boundedness of the solutions 
of equation (3) imply 

n-1 m-i ne l 

Ё \лЗуст) | < Cali + } фо(в+1)а(в) MÀ |avy(s)|], 


jz0 s=0 i=0 


o k 
фо € 2P implies фо € 4К and because of ає ‚фа Ei 


such that 


DE 


У la’ym)| 
320 


is bounded according to Lemma 4. 


Using again relation (7), we obtain 


gil 
j 5 
Jayem) | < саф GO [1 + Ca } ф0(5+1)4(8)] 
5=0 
` = 1029999 
< C465 (м), JE (UPS deett Т рен 


which implies that Aly € 2P, J m Фо 
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"E 


b) 1 sp Ss 2 <р 


Using HÓlder^s inequality and Lemma 5 
m-1 nl ; 

P фо(ѕ+1)9(5) J |АЗу(в)| < 

s=0 i=0 


‚ we get 


m-1 „17р“ m-t nol. i 
Y фо(ѕ+1)а(5))Р ) CE CI аус) pP»? 


s=0 5 


IA 
E 


1-0 
m-1 ^ m-1 n-1 

Get E a ) ео" 5 
520 в=0ш=0 
mal ae m-1 n-1 Я 

себ Фоно 
5=0 s=0 i=0 
m-1 n-1 

сс? "p [ОО 
soU 


IA 


IA 


IA 


Putting the last inequality in relation (7), we ob- 
tain 


m-1 п-1 Е e 
[лју(в)| ES Cab, (mll + Get 7 i |aty(s)|P) 15 
s=0 i=0 
j = 0,...,n-1; m = 1,2,... > 


Which, according to Lemma 5, implies 
ET n-1 m-1 n-1 


j p ліу(в)1Р1, 
5) Y Lakert ссе S АЙ [лу 


j=0 j=0 шш 


i t 
Summing (8) from 0 to r-1 and using the fact tha 


С) 1<р^<2<Р› ps ST 
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Now, 
m-1 d 
] (go(stada(s))? < 
s=0 
m-1 1/р m-1 pp =D” н 
РСЕ ОО € Cale) ETP у РР 
5=0 5=0 
m-1 m-1 -p^ 
S Oe) фР(в+1))1/Р( ў SCA TEM so 
s=0 s=0 
and the proof follows the same line as in case b). 


If p,k satisfy the same conditions as in Theorem 1, 


we are able to give a converse result as follows. 


Theorem 2. Suppose that 
5 
п |po(m|2M»0 
m=0 
and 4 € ‚К for i = 0,...,n-1. If some solution of (3) ts not 


in &P then the same in true for some solution of (4). 


Proof. Suppose that all the solutions of (4) are 
in 4P, which by Theorem 1 implies that all the solutions of 
(3) are in gP, since equation (3) can be considered as a line 
ap perturbation of (4) i.e. 

n-1 
Dy = Dy - } 9; Су (+. 
i=0 
The linear differential equation of the for 


5 o the 
of special interest when p (+) = 0. In the theory of 
п-1 = 1. 1092 t 


m (3) 38 
dif- 
hat 


ference equation,the adequate case is when po (m) 
the form 


(9) My = y(n+m) + Pp-1(m)y (ntm-1) oon 2 


SS 0,15. 


+ pı(m)y(m+1) + y(m) = 0, 
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wy = My + ны 


(10) 


+ qı(m)y(m+1) = 0, m= DEE 


4 and 2 the following 
in from Theorem 
we obtain 
Corollary. Suppose that p,k satisfy the same con- 
„ng ав in Theorem 1. Then, all the solutions of equation 
dition 
(9) are in Ё 


(10). 


P aff the same is true for all the solutions of 
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REZIME 


PERTURBACIJE LINEARNE DIFERENCNE JEDNAČINE 


U radu se posmatra linearna diferencna jednazi. 
na oblika 


(1) Dy = y(n+m) + p a 


n.ı (m) y{n+m-1) er p Po(m)y(m) = 0, 


m= 0,1,. 
i njoj pridružena linearna perturbacija oblika 
(2) Dy = Dy + qap-1 (M) y(n+m-1 ) +... + qo(m)y(m) = 0, 


m = 405175905 


Ukoliko nizovi q; pripadaju prostoru gk a sva reše- 
nja jednatine (1) prostoru 2", uz odredjenu zavisnost para- 
metara К i p, sva rešenja jednačine (2) takodje pripadaju 4". 
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ABSTRACT 


z In this paper a generalization of The- 
orem 1 from [1] in uniformizable spaces is proved. 


Let us recall Theorem 1 from [1]. 


THEOREM A. Let (X,d) be a complete metric space, 5 
and Т one to one continuous mappings from X into X, A a conti- 
Nous mapping from X into SX N TX and A commute vith S and T. 

Suppose that the following conditions are satisfied: 


1) For every x € X there exists n(x) € N 80 that for 
every y € у; 


асап) MODY) < mén{ala(SxsTy)14(Sx>Ty) ,d(1x,Sy)} 


Uhen d : 
e a: [0,©) + [0,1) ts a nondesereasing function such that 


Lim t(1 - a(t)) = t 
t * 


AMS M HERE у: > 4 # 
ath ; 7 Bas Gaz Lë 
К ematies Subject Classification (1980): 47H10. Ss 


и 
j т 
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2) For some xo € X one of the sets: 
{АПТР (хо): p € N, m € (0,1,...,n(xo)-1) 


and 
(APSP (хо): p © Bl mm софа 


is bounded. 
Then there exists one and only one element y € X such that; 


y = Sy = Ty = Ay 


Further,, we shall recall the definition of a uni- 


a) 


formizable space. 
Let X be an arbitrary set. A mapping d: X x X+R*: 
= [0,9) is called a pseudometric iff for every x,y,z € X 


4o alse) £2 OR Clio = 0; 


Zeus ya) d(y,x); 
3. d(x,y) < d(x,z) + d(z,y) 


A pair (X, (dilMier 
every i € I, is called a uniformizable space. 


), where d; is a pseudometric for 


- i Ca- 
The convergence of the sequences, the notions of a 


uchy sequence and completeness (X,{d;}); ст are introduced in 


the usual way [3]. SE 
Now, we shall prove a generalization of Theorem 


uniformizable spaces. 


j j| 
) be a complete Hausdorff H 


THEOREM. Zet (X,{d,};er KC паре 


formizable space, f:1 + I, S and T one to one contin 

from X into X, A: X > SX n TX be continuous SO that am 

with S and T and the following conditions are ваба. Ze 
1) For every x € X there exists n(x) € N 80 0000 


А commutes 


every у Є Х and every і Є І: 


EN RD ру) < 


)} 
Н d ту) Ја А (Тх,5У 
% "е Че eua у. Мае ONSE КО SEH 


т = 
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A 
= [0,1) їз а nondecreasing function for every 


0,2 
phere Hi GC 


ет BO that for every * € 10,0): 
1 


КО Cayce (No = N U (0)) 
ке fi) 
and 
Lim [t - t sup q COM 
M do КЕМо f^(i) 


2) There exists Хо € X so that for every i € I there 
(i) op he so that. 


is L 
| (xo) Dub 
(i) {su d (AP Xo,Sxo), Sup а (A 7 zs зх) 
y UT ETC E &,k€No £X(i) 
0<r<n(xo ) 
Е or 


р 0) > max {sup П. (AR) хо тхо), sup dy. (APs! xo , To) } 
keNo f (i) £,k€No f (i) 
0<r<n(xo) 


Then there exists y € X so that у = Ay = Sy = Ty. 
This common fixed point is unique with the property 


Ca- that the sequence 


(d (у ,Sxo)) 


#1) p GO 


is bounded for every i € I. 


PROOF. Since AX = SX П TX (as in [1]), we can defi- 


n Hip 
BR ccauence CONN , where xo is from the condition 2)a. 
the Theorem, such ее. 


n(x ) nc D 
5 2k-1 ^ 2k-2 
oco Хок-1° Тк С^ Х2к-2 > 
SX Let 
= 2k-1 
Txak-1 = 
Ya = | 
= 2k. 
5х = 


} 
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Further, for every m € No and every % € N we have: 


ч ‹ 


< а [a (5 SEC | . 
т+1(+ g*2(1) 2k-2"? 2k=2 


IA 
© 


(1) 


Similarly: 


2 
Хок» А ход) = 


(S Xo; A" xo )] 


а [d 
gn*28 (1) gni2k*1(1) 


- d (Sxo, A xo) 
60-026 Pdbjig Domain. Gurükul Kangri Collection, Haridwar 
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A common РАА ARM КЫ ir uuo т е ТОШИНИ 
p — Lm 
d x n(xax) 
Ш om [а (Sxo ‚A x0) 
(2) dax ei Fe GDJE NE 
s=1 
Doc 
2k 
Brak ,(Sxo „A хо) 
and S 
n(x ) 
Nes m |a 3 2k-4 |. 
Q^ а; (Уэк-1?У2к " Я 2503) g2K-1 (4 (Sxo ‚A хо) 
n(X5)_4) 
* d oke (Sxo, А xo) 
f (i) 
Let us prove that the sequence 
{ах (Sxo, АЙТ” хо )} m,k,2 € No 
БОО) 


is bounded. 
Since xo is from condition 2.a, for every i € I 


there exists: 


дир d (A Xo, Sxo), 


; e п(хо) 
(1) maxi 3 9 
k€No fi) 


4 


Sup d (АТ хо, Sxo jj 
R,KENo  f*(i) 


0<г<п(хо) 


let m = P*n(xo) + n, where 0 < г < n(xo). We shall prove that 


f s (i) 
?" every i € I there exists a bounded sequence (bg } pENo 
Such that: 


3 . , 
| о о 


£^(i) P 


where: 


= sup q [е | + ee pen. 
el P 
е 

n a 

peo NOL ау ить pe given by induction in respect to p € К. 
Ue qp = we have that: N u 
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DUM Dim Gag. 
SGC 1 хо, SECOS 
г ab 
з СОИС о. вк, 
ska stia 
2+1 
e d Gea Xan Xo td (AD (Хо) 
+l) А fci Xo ,$x,) 
so 


(anto) me. 5хо) < 


< bup ay [55127 ъ61) + 641) = pt) 


Suppose that (3) is satisfied for some p € N and for every 
& € No,k Є No and prove that: 


а d (д'Р+1)п(хе ) +r 
f (i) 


(i) 


2 
m Xo > Sxo) s Doe 


for every 1, Kk € No. 


(p+1)n(xo)+r 2 
d (A o 30753 5, See < 
ci) RT 


= er п(хо)+р petty, хо] о 
о Psy Big) © 

+ dien DT "Ser SE 

; Sce > + pst? s 

я а jo SEE 


35 
а 
о и 
Lemma 2-7 


Since all the functions а, are nondecreasing, 


nondecreasing too, so similarly as in [1] (using 
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e "m . is bounded for every i € I and let 
ye have that \°р JPEN 


р. = 9 SI (Amt хо, SKODA 


2 k,2ENo f (i) 
m€N 


) Now we have that: 
k 


M ` ) < П а = 
di (У2к›У2к+1 E є?5 16) 
s=1 
k 
< (sup аз. [D YD 
Renee ЕЕЕ 0, 


апа 


d. ( уйш Эзе ыа 
iVY2x-1?Y2k n £5» 


< (sup a = tn, 1)*» 
: ZETE i 
j€No Ғ- (1) 


which implies for m = 2k (and for the other case as well) that: 
k 


di (yoy ae) а; (y 


m+k -1Y mj JS 
j=1 


m+) 


< ( 


* k*1p 
5 (зир а. 031) р. + (sup а: 1) Dh S oc 
je fli) + z ЗЕМ #- (1) 


Since 


IA 


sup q BUDS Зао 


jENo #501) * 


{ i j 
Y) is a Cauchy sequence and let y = Lin y, 
no 


Further, (Sx are subsequences 


of 
о. 


ox xen and Üx5y 4) ex 
so it follows that: 


Als о O y 
? using the inequality (1) for 2 = 1,2 we obtain that: 


n(x, 


а; i © AB gblicddDdmahhs Чики Е A Е 
EMEN JE л л сыш ee 


——— -.-Ё-.Ҥ 


ae ee SS чүк eee 
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= Чч nt E - 
k 
] 
SM (| {d (Sxo,Axo)]*d (S 
(25-10%) gu) gk зу Хо Ако) < 
s=1 
k 
< (sup а: 5,1) "D; 
j€No #2 (i) 
and 
n(x ) 
2-1 
2 = 2 
а; (5х, ›А Хок) = а; (А Хок -1>А хоу) S < 
< (sup а. (5,1) Di 
j€No fl) 
which implies that: 
Lim Ax = Lim A?x = kim Sx = у 
ONE NES Ck us 2k 


From the continuity of A and S and the commutativity we obtain 
that: 


) = S(LimAx,, ) = Sy 


Ay = Alim Sx 
y k>% 2k 


k>o 


2k 


and 
= A(Lim AXo% 


Ko d 


Х2к 


15 а 
Similarly, it follows that Ay = Ту and so we have that y 1 
common fixed point for mappings A, S and Т. 


Since: 


n. (y S%o ) 
3 

d (y_,Sxo) < jd (y 35Y 444) шау : 

Guy ue ео M zu 


using inegualities (2) and (2^) we have that: 


d (у ,S хо) elle xS wet 
£^ (i) z 
for every n€No so: 


д @ To 
Sap Sn (y,Sxo) < М; for every i € 
n€No f (i) 
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that there exists an another common fixed point 
ose 
supP T such that for any i € I and every k € Mo: 


U 


Now 


„for A» Band 


ae (2,5%) = H 
eR), 


follows that гор every емо 
itis SE 


(y,2) < Ti = Qi 


в (1) 
which implies that: 


d Gaz) do [dg qi) 920] БОБ 


. 2 «S Vers 
а aalma * 9; 1-5: 052) 
м + ) 
< (sup a = [T + 9;1 (Ti Qi 
NENo f (i) 
in А 
for every i Є I. Since 4up a + Qi) < а < 1,we obtain 
Я 
that: DENO 
d; (y»2) =. 0 s 


H 


for every i € I and so: 


te Hausdorff 
Corollary. Let (X, (d) зет) be a complete 


uiformizable space, f : I * I, A: 


loui SENG 
Wing conditions: 


x + X satisfying the fol- 


: . 20 such that: 
1. For every i € I there exists 94 © 


x,y Е X 
d (Ax, Ay) < q,dg(4 Có? for all X; 5 
an 
d for every i € ite 
sup а < Guan < 1. 


КМ fG) 
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2. There exists Xo € X such that for every i є ү | 


sequence 


(un, Axo) EN 


is bounded. 
Then there exists one and only one solution of the 


equation y = Ay which also satisfies the condition: 


Ч (Ухо) $ р(і) <+® nen, 
EISE 
Proof. For $ = Т = Id, n(x) = 1 for every x € X ani 
9; t) > “3 for every t € [0,9) all the conditions are satisfied 
So Theorem conclude our statement. If d;> i € I, are seminorms 
this corollary is, in fact, theorem 1 from [2]. 
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A common J Geng ee 
TEOREMA 0 ZAJEDNIČKOJ NEPOKRETNOJ TAČKI U 
UNIFORMIZABILNIM PROSTORIMA 
U ovom radu dokazano je uopštenje teoreme 1 iz {1] 
+formizabilnim prostorima. Slični rezultati su dobijeni u 
u uni to 
[2] i 131. 
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А NOTE ON MAPPINGS AND PARACOMPACTNESS 
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ABSTRACT 


In the note some properties of paracompactness,Q-re- 
gular and a-Hausdorff subsets, closed, almost closed and con- 
tinuous mappings are observed. 


1, PRELIMINARIES 


Throughout the present paper, spaces will always 


mean topological spaces on which no separation axioms are аз- 
sumed, unless explicitly stated. 

A space X is paracompact iff every open covering of 
X has an open locally finite refinement, [3]. 

A space X is almost paracompact iff for every open 
covering U of X there exists an open locally finite family 0 
Wich refines U such that X = U(V : V € V), [10]. 

A subset A of a space X is regularly open (regulon ty 
Closed) iff it is the interior (closure) of some closed (open) 
| x or equivalently iff it is the interior (closure) of its 
| Closure (interior), [2]. 
A subset A of a space X is a-paracompact (a-nearly 


AMS M 
at d As 2 2 > 2 54615 
И пасе Subject Classification (1980): 54610, 3 


Key w 
р E? - 
Glan, 709 and phrases: Paracompact, a-paracompact, a-re 


“Hausdorff, almost closed, continuous mappings. 
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paracompact) iff for every X-open (X-regularly open) со 
ve 
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of A there exists an X-open X-locally finite family y wht 
lch 


refines U and covers A, [13], ([8]). 

A subset A of a space X is a-almost paracompact ie. 
for every X-open cover of A there exists an X-locally SSC 
family of X-open sets which refines it and the X-closures of 
whose members cover the set A, [5]. A subset A of a SPace x 
is a-nearly compact iff every X-regularly open coven of A 
has a finite subcovering, [11]. 

A subset A of a space X is -Hausdorff iff any tw 
points a,b of X, where a € A and b € X\A, can be Strongly se- 
parated, [9]. A subset A of a space X is Q-regular iff for 
any point a € A and any open set U containing a there exists 
an open set V such that a € V c V C U or equivalently, for 
any closed set F of a space X and any point x € A such that 
x EX NF, there exist disjoint neighbourhoods of x and Е, 
respectiveiy, [9]. 

The multifunction F : X > Y is closed (almost elo- 
sed) iff for any closed (regularly closed) set A c X, F(A) = 
НОЕ А} 15 closed in Ys [11], (161). 


Theorem 1.1. ([7]) Zet X be a space such that 
there exists a dense a-regular subset D. If every X-open 007 
ver of D has an X-locally finite refinement which covers D, 


then Dis  a-paracompaot,i.e. X is paracompact. 


a-para- 


Theorem 1.2. ([9]) Zet A be any a-regular 
od U of 


compact subset of a space X. For each open netghbourho 
A, there exists an open neighbourhood V of A such that 
NeW Se М Sus 


racompac? 


Theotem 1.3. ([5]) A space X ts almost P^ 
ists a 


tff for every regularly open covering U of X there ex 
: t 
open locally finite family V which refines U such tha 
Kee ИМ: evi: 

ve multifunctt?" 


Theorem 1.5. ([6]) A surjeeti 
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Bee. 


; Lmost closed iff for any subset S c Y and any 
Шот тега | 


шг open (F (S) = 
F(x) nS + @}), there exists an open set Ч in Y 


y and F (V) cU. 


set U of a space X containing F (S 
rog" 
2 ХЕХ 
such that БЕС 


тһеогет 1.5. ((61) Let a mulitfunetion F : X» Ү 
1mos t closed surjectton such that F (y) is a-nearly 
pecan © T = o 3 is 

compact for each point y € Y- If U = TU; : i € I) 18 an open 


local Ly 
ly finite family. 


finite family then F(U) = {F(U;) : i € I) is а local- 
2 SUBSETS AND PARACOMPACTNESS 


Lemma 2.1. Let A be any dense subset of a space 
Х such that every open covering of A ts an open covering of 


X. If X ts paracompact then A ts a-paracompact. 


Proof. Obvious. 


Tn this lemma we supposed that every open covering 


of Ais an open covering of X. If every open covering of a 
dense subset A is not an open covering of the space X, then 
Ais not always a-paracompact, as can be seen from the fol- 
lowing example. 

Example 2.1. Let 


X = а; soe 8 LS daer c 


L à : : ДЕ 
et each point а, be isolated. Let each point bi be isolated. 


Let P 
the fundamental system of neighbourheods of a be the set 


(v баз ER 


where 


У (а) = {a,a; : м e 


Р 
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Let 
A= ta; >b; к = ЗК РДЕ, te 


The space X is a Hausdorff regular paracompact. A is nor 


a-paracompact. 
Lemma 2.2. Let А be any dense a-regular subset of 
a space X such that every open covering of A is an open cove- 
ring of X. If X ts almost paracompact, then X is Paracompact, 
Proof. Let 


И = М, : i € I} 


be any open covering of X. For each point x € A, there exists 
an open set Ve such that 


DOE ve c VS c U; 


for some i € I. 


Now, 
И = (V :x € A} 
x 


5 2 : А M ara- 
is an open covering of A, i.e. of X. Since X 1s almost P 


compact, there exists an open locally finite family 
пе eI eu 
which refines V such that 


X = UM, сеш: J @ de 


that 


= 5 : h 
Now, for each j € J, there exists an x(j) € ^ sue 


осо 
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\ for some KODE 


e have 
Hence» vu 


Now the collection 
MEI 


1ocally finite family which refines U and covers A, 
is E i D D D 

hence A is a-paracompact, 1.e. X is paracompact. 

Theorem 2.1. Let A be a dense a-regular subset of 
a space X such that every open covering of A їз an open cove- 


ring of X. If X ts almost paracompact, then A is a-paracom- 


5 pact. 
Proof. It follows easily from Lemma 2.1 and Lemma 
ale 
Corollary 2.1. Every regular almost paracompact ts 
paracompact. 


There exists a space with the properties as in Lem- 
ma 2.2 which is not regular (Example 2.3 in [7]). 

In Lemma 2.2 we supposed that every open covering 
of A is an open covering of X. If there is an open covering 
of a dense subset A which is not an open covering of X, then 


X need not be paracompact, as can be seen from the following 
example., 


Example 2.2. Let 


Ks (else oci pe. 5 esu = По scho odio 


let 2 
Sach point а. be isolated. 


let 
19 р + 
he fundamental system of neighbourhoods of eR be the set 
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(U^ (a) 3 WOO EE 


wnere 


n & 5 
U (ai) z (а; а; у = п} 


Let the fundamental system of neighbourhoods of a be the set 
Canes nes 152,...) 
where 


n A E 

ү? (а) = fa,ais f= in, = s | 
Then X is a Hausdorff space which is not regular at a and 
hence X is not paracompact (every Hausdorff paracompact spa- 


ce is regular). But X is almost paracompact. The subset 


А = (21452; Pages ЛУ ЕСУ, 


is a dense a-regular subset of the space X. Not every open 


covering of A is an open covering of X (the set A is open). 


Theorem 2.2. Every a-Hausdorff a-aimost paracom- 


pact subset of a space X ts closed. 


-almost paraco™” 


Proof. Let A be any «Hausdorff a there 


pact subset and a be any point of X \ A. For each x € А 


exist open sets U and va such that 
€ пу * d. 
x € U,, a € V, and U, M 
‘Now, 


Us {U : x € A} 


act» 
H А А S aracomP 
is an open covering of A. Since A 15 a-almost P 
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exists ап X-open X-locally finite family 
е 
W = (w: j EJ) 


¡nich refines u such that 
W 
А с With леше ш, те. 
3 
се (I 5 x-locally finite, there exists an open neighbour- 
Sine ` 


hood U of a and a finite subset Jo of J such that 
00 


unw. + @ for j € Jo and U N Wi = U fon 1608 
J 
For each j € Jo there is an x(j) c A such that UE c ere 
Let 
= . 87а Ј . 
U4 Un ЧО, К; j € Jo} ) 
Ц: is an open neighbourhood of a such that 
а e ба SKN A 
hence X \ A is open, i.e. A is closed. 
Corollary 2.2. Let A be any dense a-almost paracom— 


Pact u-Hausdorff subset of a space X. Then А = X, that is in 
the space X, there is no proper a-Hausdorff а-аїтоз? paracom- 
Pact dense subset. 


Ў. MAPPINGS AND SUBSETS 


Theorem 3.1. Let f be a closed and continuous map- 
pi + H - 
"9 Of a space X onto a space Y and let A be a non-empey sub 
et : 

ОР X. If for each x € A c X the set f-'(f(x)) is a-regu- 


ar 
апа &-Paracompact, then f(A) ts a-regular. 


Proof. Let y € £(A) and V be an open set containing 
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y. By Theorem 1,2 there exists an open set U in x Such a 
at 


Eye UG e f-1(V). 


Since f is closed, there exists an open set W in Y Such thay 
y € W and £7*(W) c U. Now, we have 


yeWe 


Hence, 


i.e. F(A) is a-regular. 


Corollary 3.1. If 
mapping of a regular space X 


2009) E CU) CSV. 


f te a closed and conttnuous 


опто a space Y such that (у) 


is a-paracompact for each point y € Y, then Y ts regular. 


Problem 3.1. Let £ be a closed and continuous map- 


ping of a space X onto a space Y such that £-1Cf(x)) is 


a-paracompact for each x € A. 


a-regular? 


If A is a-regular, is £(A) 


Theorem 3.2. Let f be any almost closed mapptnd 


of a space X onto a space Y. 

such that fo» each x € X N B 

and %-paracompact. Then £(B) 
Proof. Let 


и < \ 2035 


Ву Theorem 1.2 there exists 
f-1(y) such that 


Е-1(у) eve VeX\B- 
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ts closed. 


i.e. #-'1(у) Є Х A Be 


Я ; y of 
an open neighbourhood 
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s almost closed, there exists an open set W of Y 


\ Since m 
{ such that 
y ЄМ 
апд 
Е-1(у) e ETW) < a(V) = ЄХ \ В. 


Hence, We have 


y €weY \ f(B) 
and thus Y \ £(B) is open, i.e. 2080 15 closed. 


h. MAPPINGS AND PARACOMPACTNESS 


Theorem 4.1. Let B be any а-ратасотрасъ subset of 
Y. If f is a closed and continuous mapping of a space X onto 
а space Y such that for each y € В, f-'(y) ts a-paracompacz, 


then £-1(B) is a-paracompact. 


Proof. Let 


U = {Use e. Gon 


be any X-open covering of f-1(B). For each point y € B, there 


exists an X-open X-locally finite family Vy which refines U 
Such that 


8-1) c uiv, :V EV}=V 


Sin $ 
се f is closed there exists an open set Sy of Y such that 
е Sy and 


—4 —4 х. 
(К) = (S) c V 
Now 
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$ = iy Y } 


is a Y-open covering of B. Since B is a-paracompact 
exists a Y-open Y-locally finite family 


3 there 


EK tx; ЖЄ J} 


which refines $ and covers В. 
Now, 
(£7! CK) 3 a) s 
is an X-open X-locally finite family which covers f-1(B). 
For each j € J there exists a У; Є В such that 


к, = Sys- 


Hence 
CH (= 2-1 (Sy5) c yy 
For such Уз let 


EN j я СИ lc 
v= {Е (к) n Vy, J G Uy Vys У; 
j j 
efines u. 


The family V is an X-open covering of f-1(B) which Г EE 
£- 


It follows easily that V is X-locally finite, hence 
о -paracompact. 


. yous пар” 
Corollary 4.1. ТЕ f is а closed and contin 


i that for 
ping of a space X onto a paracompact space Y such Ec 
each point y € Y f-'(y) is a-paracompact, then Ho № 
pact. 

sed upper SC 


Theorem 4.2. If F is an almost clo 
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and an open multifunetion of an almost paracompact 
o us 


Y such that for each y € Y the set 


pac? ` g-neariy compact, for each point x Є X the set F(x) 

- 8 Ee = 

р (у) + a paracompact and for every proper closed subset G 
a-near 


ру the get F (6) is.a proper subset of X, then Y is almost 
0 


U = 10 л Є 
i 


ne any regularly open covering of Y. Since for each x € X the 
set F(x) is a-nearly paracompact and U is a regularly open 


covering of Y, there exists a Y-open Y-locally finite family 


m 
O 
Ca. 


JAE Ji} 
wich refines U such that 


F(x) < ute : j € 0,2. 


Let 
= Gq 9 3) © aye 
CU 333 x 
U. Thus 6, is an open set such that F(x) c G,. Since F is upper 
is Semicontinuous, the coilection 


(E^ (б) : x € x} 


is 
an open covering of X. X is almost paracompact, so there 


exi 
Sts an open locally finite family 
= . K 
v= Dirk } 


| ich refi 
| refines Ir rei : x € X} such that 


4 
T 
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Koa UV, tk € EIU Му: кле ку. | 
Next F is almost closed and open such that РЕСЕ о 
compact, hence, by Theorem 56 

FW) = {РО : k € KJ 

is a locally finite and open family. 

For each k € K pick X% € X such that 

+ 
Vk S 18 (GE ) 


k 


then F(V,) © FCF (6, 0) © бу. 
Let 


х = Г д ЖЫ J k € K}. 
з э SUH) (ile ЕВ. as } 


V* is an open locally finite family which refines U. 


Now, we have to prove that 


А U U (у) N 6; SY 


ү КЄК J€Jx, 
А i.e. 
———————ы—ыыы=—=—ы=—ы—=—. VRTI 
U U FOV.) NG. = | FV) A U es © 
KEK JEJx,, J кк j€Jxy 


END = l ECL. = Y. 
MEN ` б рде S 


Wo 
Suppose that U F(V,) is a proper closed subset of 


КЄК that | 

‘There exists a point x € X such | 
F(x)ecY NU FCV). Now, : | 
БУК КЄК t 


ге WM PO ' 
кек 
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| nonempty open set such that 
is а 


+ 
Pu N U EOV DAAMA 
кєк ` P 5 


ғор some к, CEK 
Let u be an element of X, such that 


+ : 
нет N U ЕС ОЕ 
KEK k ko 
eum pO 0 N aot FCV and F(u) c EC Vs we have 


GEN U ЕП РО 0 а 
kEK = k; 


This is a contradiction. 


It follows that 


ESSEN 
EE 


Hence Y is almost paracompact. 
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0 PRESLIKAVANJU | PARAKOMPAKTNOSTI 


U radu se ispituju neke osobineparakompaktnosti, 


a-regularnih, a-Hausdorffovih podskupova, zatvorenih, skoro 


zatvorenih, neprekidnih preslikavanja, kao i 


kavanje skoro parakompaktnog prostora. 
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ABSTRACT 


Two common fixed point theorems for two commuting 
mappings of a complete metric space into itself are given. 
These theorems generalize some earlier of Ćirić and the first 
author. 


sell: 


The first author [3], generalizing a result of 61- 


rié [1], defines a mapping T of a metric space (X,d) into it- 


Self to be a quasi-contraction if 


“i 18y) a(x, T x),d(Py.T у): 


d(TPx,Tly) < cemax{d(T"x, 


nenn <р; 0 < s,s < а} 


fo А 
КУ а X, where 0 < с < 1 and p, 9 are some fixed po- 


Siti 5 

itive integers, 

= a I [и ани 
BI nr а 


Aug 
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nd phrases: Common fixed point, 
Space, quasz-eontraction. 
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The following result holds, see [3], Шс... 
Theorem 1. Let T be a continuous qQuasi-contn 
acti. 


on of a complete metric space (X,d) into itself. Then т h 
Q8 q 


unique fixed point in X. 


An interesting generalization of this theorem was 
proved by Park and Rhoades [7] using a generalized Version of 
a contractive condition of Hegedüs and Szilágyi [6], 

Theorem 1 was also extended in [5] for a pair of 
continuous and commuting mappings S and T of a bounded, com- 
plete metric space into itself. 

Here we give a further generalization of Theorem 1 
for a pair of commuting mappings without requiring necessarily 
the simultaneous continuity of both S and T and by replacing 
the condition that X is bounded by the following condition 


Iv 


(2) aup(a(SP* 13 x,sTTJ x), act? *IJs*x,Ts* x): r 20, 


^ 


9S dot” Sy OS joao Sal = в <>, 


for some particular x in X, p and q being fixed positive in- 
tegers. 


It is well known in the literature that the common 


fixed point of two mappings S and T is deduced as a Limit of 


the sequence 
(3) (x,Tx,STx,..., (ST)? x, T(ST)?x, el 


Usually one first of all shows that the sequence 
ded. As pointed out in [4], inequality (2) is се " 
ed if X is bounded,but generally (2) does not imply Ba o) with 
bounded if X is unbounded. To see this, consider X= ’ 


E 
. allie 
the euclidean metric and Sx = x + 1, Tx = + 2 E? 3, put 
D D e di = a e У 
Then inequality (2), is satisfied, since L= Р * 2a 
the sequence (3) is unbounded. a пон def" 


Given a mapping Т of (X,d) into itself, 
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д pair of commuting mappings with а common 


T ее T NES ._ 
n D, OO by 


= 


e the functio 
n 


Datz) SNE 


tis 
c D D 
11 x in X. Motivated by a paper of Cirié [2], we say that 
a ; у 
is. the property (a) in X if for any хо in X and for any зеа- 
e я h 
S fence {x} converging to x0, We have 
of 
Lim &upDy (x, ) > Dp (xo). 
noo 
> Of course, any continuous mapping T has the proper- 
ty (a). 
1 
ily Theorem 2. Let S and T be commuting mappings of a 
Ч complete metrte space (X,d) into ttself, with S or T having 
property (a), satisfying the inequaltty 
: + 2 32 i = 
(4) a(sPx, Ty) < c+max{a(Stx,S* x),aCTly, T) y),a(S^ x, Ty): 
0 = 3,14 S р; MS ajo = «ly 
` for all x, y in X, where 0 < c < 1 and p, Q are fixed positive 
integers. Suppose further that (2) holds for some particular X 
on ; А 4 
à tn X. Then S and T have a unique common fixed point Z. Further, 
| z ts the unique fixed point of S and T. 
Proof. Using inequality (4) we have for r 2 p and 
Ys j< q 
nr r A D H r-i^ j Ji a 
{63° d(S^TJx,T9x) < cemax als? "TIx,S T3),d(T- х,Т- x), 
) is . . B c s 
ath acs? Erix Ti x) : 0 5 1,17 5 ps 0 S 3454539) 
n X ae 
5 cm P-iqj. срј eil, 11x)+d(14x, T) x): 
t mS ax{L,L,a(s d Se dU x)+d(S T Xo a ? 
efi" бр с=с! 


5 el2L + a(s?r3y 19,5] 
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on using (2). Thus 
a(s?Tix, Tx) < 210/01 - с) 
for р> рапа 0 < ј < о. It follows that the set 
тоу 0 S j < qh 
is bounded. We can prove similarly that the set 
{six : rn 20; 05 i <р} 
is also bounded and it follows that 
(5) supta(s’T)x,s™T) x) acts x, Msi х) :omyn 2 0; 
Оа «p. OS 9,1 Ide ENT 
Let us now suppose that the set 


“Dn? 


АЕТ an 0; 0 < rs п} 


: . ith n-r 2 P 
is unbounded. Then there exist integers г and n, wit 


such that 
(6) ats? phx, Tx) > max{Ke/(1-c),K} 
and 
Sa, a a Als al 

(7) als? Pak x, Tex) > max{a(s™ Tx, Tx) AlS 

0<i<m; 0s m<n; 043 & aalo 

Now choose an integer k such that 
k in) siti x) 

(8) are Frk, Tex) > c emax{alS Tx, 


CC-0. In Ы Dénedin. Edrakli као Chitection, Haridwar 


ps 


x)! 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A pair of commuting mappings wtth a common 
E 


BM CA c 33 
E» — EU d 
ging inequality (4) we have 
! Anse. T1) s е+тах{а( Tip, rn 
Мота та s0,a(9 > me) 
0si,i^s ру Or 
р и. + 
+ а(19х, T3 x) 0s iid < рва 
< ЖОО мз алт л о. 
are rx, Tix) + К: 005 50р) 


because of (5) and (7). 


Now 


- - а 
a(s тх, Tx) < eet ROO EMI 


implies 


acs Fafe, тах) < Ke/(1 - с), 


contradicting inequality (6). We must therefore have 


= cA n-p-i/,r 
(3) ао n тах) Ола атое тх) 


Where р > B 
— =? 


а otherwise inequality (6) would again be contradic- 
ed, : 


a ite can also omit all terms on the right-hand side of ine- 
ality (3) where n 


in -r-i < p and n-r-i~ < p because of (5) and 
“duality (6), 


Inequality (4) can therefore be applied to the 
on the right-hand side of inequality (9) to gi- 
form 


Di Ole 
maining terms 
Ve 
terms of the 
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acs*rx,s* Т) x) 


where 0 < i,i^ < п-г and 0 < 3,3” 5 г. Inequality (y) "e 
) i : NA e 
applied to these resulting terms either indefinitely on un 


terms of the form 


(10) fie mbes? fx) : 0 < i,i° s n=; 0 з ce 

or 

@ tasix, si т) х) поз,“ < ps 0 s ja 

or 

(12) Lasel si ті x) 0) <9 <nn 5 0) SEEN 
ео“ <<) 


are obtained. Terms obtained after К applications of inequali-' 
ty (4) can be omitted because of inequality (8) and terms of 
the form (10) or (11) can be omitted because of (5). We must 
therefore have 


6 e D i ы) 
as" "Torx Tax) < c-max(d(S T) x,8 T) x) 


. 0537 € 
о si^ <p; 0 = 3 5250 7 
19. 29 ar 37) eu 
< c-max{d(S"T)x,T"x) + d(T’x,S T х) : 
92327 «558059 = 089” <a) 
Sefdlsı i x,T?x) + K] у 
A ror m 


o > +гадісї 
because of (5) and (7), again leading to а cont 


quality (6). ond 
The set A therefore must be bounded 8 
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m 2 2 A A d 
Rtas T 5" T x) пп рр = ОЗ = M«e. 


е Without loss of generality, we will now suppose that 


> а and claim that 


^ 


ausm Pu, (ТРУ) < c"-maxtatS та," Т) 0), 


3) airas T) v),d(s оз р 
(1 


Rer 1,17,3,9 Жер) 


for n= 0,1,2,... and all u, v in X. IndsmsNcenudim EUG 
4 v H 


wenn = 0. Assume true for some n. Then 


aan 0*1 Pu, (o p) 05D Py) = 


= a(GT)PP cs p)Pu, cT)? P cs )Pv) 


alte 
of. 
st 


< сћ.мах (acstri(st)Pu,st T) (8т)Рч), 


EH 5 TELE S oc 
асзіті (зт)рРо,5і TI cnPoas Gps T GTY 


И) 


B DO NGC (Po 37 SG 
ai < of *41.max¢acgitiy,s? TI u),as'Tlu,s” T у), 


r; ELE E TI оско (п+1)р}, 


M using inequality (Ч). Inequality (13) follows by unduction. 


Sa Putting u = (st)*x and v = T(ST)"x in inequality (13), 
ave 


пе” i d NUR 1087 
gin accs T Pti Test P +i) Zee паха. о) 


0 < 117,10 = mul 


зе 
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. 4 WS E 
Koza = 1: p and а = 9,1,2,... + We can prove Simia, 
aCT(ST)PP** 1, (gp)P*3y) < спу 


Poorer р апа п = 0,1,2,... + It follows that the 
E 2 Seq. 

uence (3) is a Cauchy sequence in the complete metric a q 
е 


: X 
and so has a limit z in X. 
Now suppose that T has the property (o). Then Sie, 
a~ 
ve 
| 
| | 
7 Lim sup Dp((ST)"x) = Lim 4updCCG T)" x, T(S T)Ày) 
nc no 
= ас) Cx. (0 
2 Dp(z) = 962,12) 


and hence Tz = z. 
Lu Putting u = S*x and v = x in ineguality (13), it fol- 
| lows that 


d(CGT)PPs*x, (ѕт)Рҳ) < c™ 
for i = 0,1,...,p and so the seauence 
(14) СООР n = 1,2,...} 


alsiovconverges to 2 for i = 0,1,....р. 


Further, 


052) 
р пр, 15? 
d((sT)"PSPx 52) =-a(sP(sT)"Px,sT%z) = 4(5Р(51) % 


O D j 562), 
< c-max(dC (S T)Ps3x (sr) PP? х),(7 521 


Uo S 


d((Sm)PPsix pJs2) : 0 « i,i^ S В; ; 


= > 2 ) 
= cemax{d((sT)"Psix, (sr) Ps! x),d(S2,57" 


CC-al NEBI» DoMain Саади Kangri Golléctión; HátiaWal > 


eq. 
X 


ha- 


fol- 
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NU T commutes with S. Letting n tend жор ои се 
gince 


that 


а(2.52) «eds Su» 


л aleo а Ғіхеа р t of S. A similar proof сап of 


oin 
and k ; 
зе ре сіуел if one assumes that S has the property (a) in- 
S 


cour 
stead of T. 
the proof of the theorem. 


The uniqueness of z follows easily. This completes 
H ! p S 


Remark 1. The example given [4] shows that the com- 
ne 


m 
mitativity of S and T i cessary in Theorem 2. 

Remark 2. Note that Theorem 2 is false if neither S 
nor T have the property (a). Indeed, let X = [0,1] with the 
euclidean metric, let SO = 1/2, Sx = x/4 if x + @ and let TO = 1, 
Tx = x/? if x 0. Then S and T commute and inequality (2) holds 
since X is bounded. Further, an easy calculation shows that ine- 
quality (4) is satisfied with c = 1/4, p = 2 anda = Ч. Neuthen 
S nov T has the property (a) because for any sequence {x,,}, with 


X, + 0 for any integer п, converging to 0 


` ^ 3 1 s 
Lim supD,(x_) = Lim supr x =0 < = D (0) 
noo S u Ire ` 5 R с 
and 
Lim supD.(x.) = Lim supt х = 0 Aber DE 
тке Teen = 2 ^m T 
a In the particular case that either p= 1 опа = 1, 
ес 


9ndition that S op T has the property (a) is not necessary 


in 
` Theorem ?. Indeed the foliowing result holds. 


Theorem 3. Let S and T be commuting mappings of a 


“Onple + Wes. | | 
lity ? metrice space (X,d) into itself satisfying the ineguar 
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oo 


a(sPx,Ty) < c«max(d(87x,83x) ,aCy ,Ty) ,a(six y; 
3 
От, $ p] 


for all x, y in X, where 0 5 с < 1 and p is a fixed poster 
integer. Suppose further that for some particula» x in X 
3 


ах. хате S^ x, T SJ) 
(16) 


р> 0; 0 $1, < р} < ® 


Then S and Т have а untque common fixed point z. Further, z is 


the unique fixed point of S and T. 


Proof. It follows as in the proof of Theorem 2 that 
the sequence (14) converges to a point z in X for 3598 росс» 


Then using inequality (15) we have 
a((ST)PPsPx,Tz) < c-max (at cs T) Paix, (ST) Ps х) alz, T 


accet) PST к, в) era 


0 2 Чу) S BI 
and letting n tend to infinity it follows that 


а) 55 cd(z,Tz). 

Ip 
n 

. f Theo ` 

Tnus Tz = z and we then have Sz = z as in the proof ° 
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REZIME 


that PAR KOMUTIRAJUCIH PRESLIKAVANJA SA ZAJEDNICKOM 
oris NEPOKRETNOM TACKOM 


Dve teoreme o zajedničkoj nepokretnoj tački su doka- 
(2,72), гапе za komutirajuca preslikavanja kompletnog metričkog prosto- 
га u sebe. Ove teoreme uopStavaju ranije rezultate eher I fotr = 
vog autora. 


iz): 
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ABSTRACT 


The paper extends the well-known theorem of Cramer 
concerning sufficient conditions for the stochastic process 
to have multiplicity equal to one. 


* 


Let the stochastic process x(t) be given by the 


Cramer representation: 


X5 
(1) x(t) = f g(t,u)dz(u), 

a 
UK t, u,t € (a,b) = T, where z(u) is a process of orthogonal 
increments such that: 


Ez(u) = 0, and Ez (W) = Еш) 


2 

and g(t,u), u < t, is a nonrandom function from space L (dF(u)): 
45 
f g?Ct,u)dr(u) < e. 

oi o MENOR Y 


А 
Prese " 

peed i lications, 
June AS qn Workshop on analysis and its арр 


» 1986, Dubrovnik, Yugoslavia. 


AMS Ma 
t ; : fs З ; 
ee Subject Classification (1980): Primary 60607, 


ey шо А 
"ds and Phrases: Multiplicity of a stochastic process. 
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The second order process x(t), t € T is continuous to th 

DUREE .. e 
left and purely nondeterministic. 


Let us introduce the next conditions. for g(t 


z(u): "DI and 
R4 The functions g(t,u) and gi Cou) are bounded and 
continuous for u & t, u,t € T. 
Ra BCs iE) S оп алдо E T. 
Ra The function F(u) = Ez (u) is absolutely Continuous 


and not identically constant and f(u) = F^(u) has at most a 
finite number of discontinuity points in any finite subintep- 
val of T. 


Cramer in [2] proved the following statement: 


Theorem. The process x(t), t Є Т from (1) which 
satisfies the conditions R4, R2, Ra has a multiplicity one. 

Condition Кә and g(t,t) > 0 for all t € T, are equi- 
valent. 


It is easy to see that R2 implies g(t,t) > 0 for all 
t € T. Since g(t,t) > 0 for all t € T, we may introduce the 
transformations: 


g(t,u) = g(t,u)/g(u,u), 
dz(u) = g(u,u)-dz(u), 


м < t, u,t € T, such that Ra holds for the process x(t): 
t 
x(t) = f g(t,u)-dz(u). 
a 
do 
Remark. When g(t,t) < 0 for all t € Т, WE may im^ 
duce the same transformations. 


the 
:-ions Of 
Cramer also proved that the upper yb ely cano^ 
: А г 3 ur А 
preceding theorem imply x(t), + Є Т is given CET Bate 9" 


р А Д Я theorem 
nical representation (in Hida-Cramer mean), see 
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Б ТТ is not valid. The following example shows it. 


[2]. 
Example. Let x(t) be given by the expression: 
t 
x(t) = f (-3t + 4uddz(u), 
0 


i 
4 
= 
3 
@ 
3 
Ф 


nE +, шї € (0,1) e f(u) = F^(u) = 1. Then, there 


exists a magnitude y: 


e 


u2dz(u), 


ч 
и 
os 


from the Hilbert space H(x) generated by x(t), t € T, such 


that the scalar product: 
(х(Е). У) = EXTENSO 


That means that the family g(t,u) = -3t + 4u satisfying В. and 
R, is not complete in space L?(du), or x(t), t € T is not gi- 
ven by the Cramer representation. 

ТЕ we omit condition R2 from the preceding theorem, 


this gives us the main result. 


Theorem. The process x(t), t € T represented by (1) 


Which satisfies the conditions Ка and Ra has multiplicity N = 1. 


Proof. Let us suppose that N > 1. For example iet N 
be two. By condition R4, the function g(t,t) = (e, (t, t),ga Ct, €), 
seh may be equal to zero in a finite number of isolated points 
9? ON & Ет Ке number of subintervals of positive measures. Let 
„= Ў union of intervals where 8, (t,t) = mre On pP 

intervals where g,(t,t) < 0 "by Bin 


Conds +: 

Е ndition R3 there exists a CUM ЧЫ е АП Tac Un Ze 
= (a,b, ) nd £,(u) are conti- 
uous and 


Such that.the derivatives f,(u) a 
not equal to zero. We choose such T4, but we suppose; 
that T, does not contain the isolated zeros of the 


£1(t,t) and ра (Е. 6). Капаска 2 is contained in 


Moreovep 4 


functions 
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2 d : - Е 
n where Ch is one of the next sets: An: B > TA (a is 


for п = 1,2. For instance, let us take Т, c A, п (т \ (A ms 
2 


5 = B 
Then, on the interval T, : g4(t,t) - 0 and ga(t,t) > ee 2)), 

all 
ee: : 


) 


Let t be any point in T4 and let h(u) be à functio 
n 
in L?(dF4(u) x dF2(u)) such that the next relation is valid: 


2 в 
a. Jf h (ug CS ,u)f, (u)du = 0, 
п=1 a4 


s <t, u<s, t € T. By condition Ri the relation may be dif. 
ferentiated with respect to s, and we obtain: 


d 
ЖЕ gg, (950) h (u) #00) du + 
n=1 81 
2 
+ 2 6650) hols) f(s) = 0, 
n=1 
for s Е (a,,t]. This implies that: 
5 5 
Л 81 (S, u)h4 lu) f 400) + f 85 (s,u)haCuJfa(u)du * 


a4 Д ал 


+ g2(s,s)ha(s)fa(s) = 0, 


$ 5 PUES le: 
for s € (a,,tl. This equation is satisfied, if for pem 


5 
Л gis ha Cu) £4 Cu) du 
a 


1, 


5 = ‘ilo 
(9) = 
J 52 (s,u)ha(u)fa(u)du + ga(s,s)ha(s)fa 
5 
ne 
2 f Volterra of * А 


These are nonhomogeneous integral equations © деа, cones 
u 


. ро 
first and second type, and for each there exist 


to zero solut 
our hy 


jons 
nuous and not almost everywhere equal pothesis 


fa(s)h4(s) anche. Жи Rarfori Саа] агаг 
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) апа £,(u) оп Та, it follows that: 
t 


about £4(u 
B ) te 5 
f niQ)dF4Qu) + f / ha(u)dFa2(u) > 0. 
B2)) (2) 


* а 
а 


> means ptu) = (g4(t,u),ga(t,u)) is not complete in 
Tha 


ar dëstuil, — E | 
We can show in a similar way that (2) holds when T, 
is contained in one of the remaining eight sets. 
When we suppose that N is equal to any natural num- 
per N > 2, the conclusion is the same as before. 


if- The proof is completed. 


The representation (1) of x(t), t € T which satisfi- 


es the conditions К. and Rg can be not purely canonical. 
Example. Let the process x(t) be given by: 


3 2 2 
x(t) = f (2 = 3 = TE = - 3 =, + Е Т5 Ww ydz(u), 
0 


where u < t, u,t € (0,1) = T and f(u) = F^(u) = 1. 


The functions: 


g(t,u) 


U 
ow 
1 


2 3 u; 
B 9 = 2 25), 


1 
сн 
en 
w 
сиб 
[ 

EX 

e 
[y 

+ 


g{(t,u) 


for u < t are bounded and continuous on TxT. From the fact: 

a(t,t) = 5.6, +) = 0 for all t є T, follows the limitation of 

glt,u) and g{(t,u) when t + 0. The process x(t), t € T has 

multiplicity equal to one. But this representation of x(t), 

= T is not purely canonical. There exists the magnitude y € 
Hx); 


T 
f u2dz(u), 


0 
Uch pe 
that the following relation is valid: 
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t NA 
3 ч PUE u? 2 u5 
I ga 2 Зе + тоза у 
0 


Hence, the conditions К: and Rs do not imply that the poen 
x(t), t € T is given by the Cramer representation (or "v 
canonical one). 

The problem is now if we can omit the Condition of 
a purely canonical representation of x(t), t € T in the SE 


of the preceding theorems? 
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REZIME 


JEDNO UOPSTENJE KRAMEROVE TEOREME 


n se 
Cramera Ko ee 
- imao MU 


$ Rad proširuje dobro poznatu teorem 
adnosi na dovoljne uslove da bi stohastički 
plicitet jednak jedan. 


proces 
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A THEOREM ON PARTIAL MIDDLING FOR 
FUNCTIONAL-DIFFERENTIAL EQUATIONS 
OF THE NEUTRAL TYPE 


d aK 
Ta Janiak and E. Zuczak-Kumorek 


* Institute of Mathematics, Pedagogical Univer- 
sity, Zielona Góra, Poland 


+4 Institute of Mathematics and Physics, Techni- 
eal University, Zielona Góra, Poland 


ABSTRACT 


In this paper a generalization of Plotnikov^s res- 
ult from [5] is obtained for functional-differential equati- 
ons of the form: x(t) € F(t,xc,Xt), where F is a multi- 
function with values which are nonempty compact convex sub- 
sets of n-dimensional space В. 


1. INTRODUCTION 


In classical system of functional-differential 
*Quations it is possible to middle both complete and partial 
eguations. Complete middling was presented by Bogolubov (111). 

In this paper, we use a partial middling method in 
t { a 
he case of generalized functional-differential equations of 
the form 

x(t) € F(t x, X) 
<a ОО ees eee 
AMS Е 5 
Mathematics Subject Classification (1980): $4X99. 


Ke u t 
the аха and phrases: Funetional-differential equations of 


futral type, multtfunettons. 


eure 
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where F is a multifunction with values that are nonempty 
Com= 


pact convex subsets of n-dimensional Euclidean SPace m o 
е 


application of this method leads to a reduced form of the 
initial equations system and is useful in the case When the 
means of certain functions do not exist. 

The results of this paper generalize the results 
of W. Plotnikov ([51), where the generalized system x(t) є 
F(t,x) was investigated. 

Let C, and fa a 2 0 denote the Banach spaces of 
all continuous and Lebesgue integrable functions, respective- 


ly, of [-r,a] into КП with the norms 


a 
Ixil, = дир |x(t)| апа lyl = Лус) fat 
-rstsa be A 


for x € Cy and у € fa respectively, where E denotes the 
Euclidean norm. For a given function u : [-r,T] + R" and fix- 
ed t € [0,7], we denote ur (5) = ult + s) for s € 05501 

2 20,T> 0. Finally, e us denote by (Comp ise 5H) and (Conv 
n H) the metric spaces of all nonempty compact and nonempty 
compact and convex, respectively, subsets of n-dimensional 


Euclidean space R? with the Hausdorff metric H. 


2. THE THEOREM ON PARTIAL MIDDLING 


i 1 isfy 
Let FT : [0,9) x Co x £o + Conv Ro (2 = лаў SG 


the following conditions: 


rable for fixed 


(a) Fi(.,u,v) : [0,=) + Conv Rè is measu 
(u,v) € Co x £o, А 
Cb) there exists a M » 0 such that gc rice u v? 07) S 
for (t,u,v) € [0,7) х Co * Lo, P 
We) Fic...) : Co x Lo + Conv R” satisfies for 2215 


orm 


fi 
t € [0,0) the Lipschitz condition of the MT 


H(F*(t,u, v),F(t,u,v)) < kllu - allo + IN 


where k > 0, gel 


(а) there exists a limit 
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~ = ae L Е SCH 
m~ Lim HC E TEE E i 
е ШР 0 9 

uniformly with respect to (u,v) € Co x Lo 
In this part we shall study differential inclusions 
of the form 
ay x(t) ЕЕ P'(t,xb. Xp) for а.е. t 20 
and E - > 
d (05 X2(t) Ее F2(t,x2,%2) for асе: ео 
буса б 0 is a small parameter. We shall consider (1) and 
(2) together with the initial conditions 
(3) x1(t) = x?(t) = 9(t) for t € [-r,0] 
ES a з 5 
where ф : [-r,0]> В is a given absolutely continuous tunc- 
N tion. 
by In paper [4] the following theorem has been pro- 
ved. i 
Theorem 1. Let S : [0,T] > R be a nonnegative 
Lebesgue integrable function and Ф Є Со be absolutely conti- 
nous. Suppose F : [0,T] х Co x £o > Comp К satisfies (a) 
isfy (b) and (с) of the form 
H(F(t,u,v), FCt,u,v)) < k(t)[llu - Шо + Iv - vlol 
xed 


FED NO T] > В is a Lebesgue integrable function, u,U S 


‚ € e р S 
< М М = and v,v € Lo . Furthermore let y : [-r,T] > К be an ab 
2 D 
utely continuous mapping such that 


d 0) 
| WAGE) = (Ge) for t € [5,0], 


(£) 5 
dCy Ct), PUE Mes) < &(t) for а.е. t € [0,T]. 


Th 
7" there is a solution x(+) of an initial-value problem 
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Ш 


X(t) € F(t,x,,X,) for а.е. t € [0 T] 


x(t) = e(t) ORK в © no 
such that 

[x(t) - y(t)| < E(t) for t € [о,т] 
and 

|С) - y(t] S 8(+) + 2kCOECO) for а.е. telom 
where E Е 

Eet Eegiel ав and met) = ко 
0 0 


Now we can prove the main result of this paper. 


Theorem 2. Suppose pis (0,9) х Co x £o + Conv №, 
(i = 1,2) sattsfy the condtttons (a) - (d). Then, for each 
n > 0 and T > 0 there exists a є°(п,Т) > 0 such that for eve- 
ry €€(0,c9] the following conditions are. satisfied: 


(i) for each solution x'(*) of (1) there exists a solu 
tton x?(*) of (2) such that 


(4) [xt(t) - x2(t)| <n for t € [-r,T/e] 


5 (ТЫ 
(it) for each solution x?(*) of (2) there extsts а 80 
tion x'(*) of (1) such that (4) holds. 
S -p o). 
Proof. Let x1(+) be a solution of (1) оп LZ 
To prove this theorem we shall consider the eon А i 
of the inclusion (2) in such a way that for t € UEM 
= x2(t) = p(t) = const., hence |x'(t) - x2(t)| = 9 
that t € [0,T/e] inequality (4) was satisfied too: Ger 


т 
То do this divide the interval [0,Т/=] on p 
. so 

1, i = 0,1,2,...,m-1, and write 2 


2(.) 
AT CONS 


ution 


tervals It, st;,4 
x1(+) in the form: 
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d — MÀ MáÀ— i 
x1(t) = p(t) = const. for t € [75,0], 
t 
4 - 1(4 1 с Gë 2 
D ICE) = жї Ое ef у1(т)ат for t € [ty ots 4] 
TR 
i 
where t; = LT ems ие) © FIt xixi). 
jet us consider a function У1(+) defined by 
m yt) = ФСЕ) = const КЕС ОШЕН escht A 
t 
(6) $ 
y*(t) = yt) + ef 21,1 (ат fort € (t; t] 
n, ti 
where 21.102)» i = 0,1,...,m-1, are measurable functions such 
that 
R', zi a (t) ERICH EE 
3. БАЕ Ee 
n i 
jos and 
vi(t) = Si. TE = абу ВСЕ 
| 1+1 H > , ti ЕТ 
min , [ма СЕ) = z(t). 
lu- z(t)EFI (t, yt; ýti) 
Such measurable mappings 21,1 exist because set-valued funeti- 
оп PIC Yes Vtg) is measurable and has compact and convex va- 
lues ([3]). 


By virtue of (5), for every t € [t; t, 441 we have 


| x* CE) ya Die 


SE о = у' 01 = 
(7) 5 < 
= le f. vicryar| + |9.) - утс 1 & 
Ea 
zb 
S eM(t - ti) + ё 
vh 
= 9x x [x Ct) = EFRI i= 0,1,...,m-i. 
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Furthermore for t € (t,t; +11 
(8) |v!ct) - z4,4(t)| < 
5 H(F'CtxPXD,F'OCyti äi )) < 
2. ak 
s жш ae SME. = lol 


n ab 


But 


TE 1 WS 1 1 & 
lxi - yt Nos ee foe lxi зу 
Я 2 i 


= gup СЕ SD. - xi(t, + s)| + 
-г<5<0 


И СЕ. + 5) - y(t. + s)|. 
-р<5<0 E 2 
By the absolutely continuous function х1(*) it follows that 
exe ue (5 [ts otiga 
for every given above € > 0 there exists 6(є) > 0 such that 
[х1(+ + s) - x(t, + s)|< є for each t € [t,,t,,,] whenever 
|t - tls (T/em) < 6(e). 


Hence 


1, x'(*) is uniformly continuous. Therefore, 


sup |xt(t + s) - MAT +s)| <E 
-rSsS0 


Furthermore 
sup Jeitz, + s) - y!(t; + s)| = 
-pss <0 = 


= sup [х1(т) - y GO |. 
ti “Pstst; 


On the ground of (5) and (6), we have 


1900) = y*€o| s [xc "teil? 
ti 
4 - 21 ds = 
+ ef |v1(s) - 21, (5) | 
(n 
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A theore 
Be 
< 5. + 2eM(t, - [UNES б. + 2eMr. 
Hence 
sup |x'(t, + s) = y" (ty ЗЕ 2р 
_n&s<0 г 
Then 
[хт -yillo < є t6; + 2eMr. 
(9) t t; 5 


py the definition of the norm 1-1 o and the definitions of (5) 


and (6), we obtain 


0 
(a -yi lo = fik Ce + ай СОО 
У 2b 
I. 


0 for every (t + s), (t; +s) є [-r,0], 
0 


ef vie + 5 = 2и 


ups s)|ds < 2eMr 


C" for every (tts), Ct; +8) Е [0,Т/є], 


0 
J levitt +s) - ot; + s)|ds < eMr for every 


30 


(t +s) € Го: andere s) Е [2,0]. 


Hence 


(10) [x1 У lo € 2eMr 
2 


Therefore ineguality (8) for t € Се] сап be written down 
in the form 


ED INC zi aay) S kle + 6; + ЦЕМг) 


В : 
У virtue of (5), (6) and (11), it follows 
+ 
8; pec) = y(t) | < [xt ~y (tz All 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ee ee ntl 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


114 T. Jantak and E. Zuczak-Kumorek 
ti en 
seJ Vic = Ste [ат s 
1211 
$0: + ke(t; - t,_,)(e +6; 4 + ЧЕМр) = 
E kT = 
209 д Y Ze + б; + 4eMr) = 
S kT ЕКТ = 
M GEN Ur + Ki = 
z а, + È 
E 8: 4 * =) Net 


where а = kT and b = ekT(1 + ЧМ»). 


Hence 
a а b b 
84 © CA iid чу 06i S tr) tz 
a.i ad bi Dee 
= (2 + = бо + (1 + =) mi ал ООП wt 
д № а аата 
(12) = mU + (1 + =) dh. Ga SH SS =) ) = 
4-19 asa = IDE = 
а + =) al & z(e 1) = 
= e(1 + Мр) (ек? - 1), 
where i = 0,1,...,m-1. 
eyo 76 G [t;,t,,4] we have 
Е Е 
РОСО = хе о ef ve Cd с SP 
(13) +. 
= ОХ 
= бы = ti) D = 
апа 
МТ 
1 er c S 
(14) I) ADS 


On the ground of (12), (13) and (14), we obtain 


(15) СЕ) - у) s [xt(t) - x'eepl t 
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BEP — 
ео утса ООБА 


2MT yore td + вме) (eX? = lee 
m 


jou ve shall consider the function 
Now 


y2(t) = p(t) = const. fon Бе Е 


15 
(16) yalt) = y2(t,) + ef z?,,(t)dt for t € [t,,t.,,], 
ti i z-0,1,-. ee 
‚here КЕ i = 0,1,...,m-1, are measurable functions, 
such that 27,,(t) € F2(t,yt3 st) апа 121.1 СЕ) - 22409] = 
.1 А 
i az}, COS Piraten ty)? = min Keel, 


z(t )€F2(t,yt, 4) 
let us notice that by virtue of condition (d) for each nı > 0 
and T > 0 there exists a £9(n4,T) > 0 such that for every 


Е < €°,we have inequalities 


iT/em iT/em 
(17) dE о al ш, a | (туз Ai at) < 
0 i i 0 1 1 
Пл 
= тс 
and 
(i+1)T G+)T 
em em 


em . em 2 4 71 
сс у Frai, éi. Dat, ae Л РРСЕЗУр 31,288) 
H i 0 


0 


PORE Na ON. 
E И 


Where ds de EE 


B 4 u Petry 
С virtue of (17), (18) and the Hausdorff metric condition 
Se 

° Lemma 3, ([2] )), we have 


(i+1)T (i+1)T 
em em af 2 
(Г не ра aes d ae an) E 
iT m d iT 
em " em 
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Dum iT 
em em 
s н( f Е (Вуз Jut, f У ыў dat) б 
i i 3 а 
0 0 i 
(i*1)T (i+1)T 
em em 
al ] F'(t yf ve dt, f P*CGoYQ sf dat) s 
0 i al 0 it; 
< MI 
em 
Then 
(i+1)T 
em | 
1 = 22 now 
f (23,4 Рот = TE 
BI 
em 
and 
y(t; +1) = y? Ct; all 5 [УТ (ts) - y? (+; | + 
tied 
(19) v lef Cz1,4 €) - 22,  (T))dr| < 
ti 
4 с nıT «X ve < 
< Js? Ces) my CBE йр «у ч== г 
< E = n4T, where i - ооо opto 
t€ 
Using the inequality (15), (19) and the fact that for 
MT 
СУ СО Суг (єз == we have 
ly!CO - yact)| < |y! cO - y! Cl + 
(20) | 
= 2(t.) - y2(t) 
УСС: 
2MT 


Sm tna. 


By assumption (c) it follows that 
* 
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HO2CCG,y2,3 0, F^ CG YE. 32, )) < 
1 1 


| 
ку? - yi По E E - 31 lol. 
ш i 
(агу, as in the proof of the inequality: (yaaa 
using the definitions of the norm |l*lo and l-lo and the abso- 
lutely continuous function y?(*) and making use of the ine- 
quality (20) we obtain 


2MT 
m 


E aya lo = eit + naT and ly? РУ lo S 2eMr. 
3b 


1 


Непсе 
H(F2Ct,y 2,9, F^ Ct, Е) S 
al 1 


€ k(e + 


E + nıT + 2eMr). 


By virtue of (16), we have 
Aly2lt),eF2(t,y2,y2)) = ОЕ у OD» + 
+ HCeF2(t,y3 yi ),eF2(t,y3,92)) = 
al, al 


< ek(e + a + nıT + 2eMr). 


Now, on the ground of Filippov’s type theorem (see Theorem 1) 
there exists the solution х2(.) of (2) that for t € [0,T/e] 


t 
2€k(t-s) 
ly2(t) - x2(t)| < ek(e + ZMT + пат + 2eMr)/e ds 
i Г 0 
= © b = y Пат + eMe) (е?КТ - 4). 


Hence 


^ and by inequality (15) and (20), it follows 
хее) - хасе < Ieren ут + ly*eo - y*eol + 


2MT , 
m 


+ |y2(t) - x?(t)| < EE + (Е + wemr) (eX? - 1) + 
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Therefore, 


and 


+ nT + 5 + МІ + эт + eMr) (е2КТ -1) < 


2kT nıT 


2 


2KT, , ce ?kT 


< MT (3 +e ) + (1+e 
m 


choosing 


2kT 2n 
m 3MT(3 + e 2d MONA. 


n 


2n 


€ < 
3e^KT(t40Mp + 3) 


we get the inequality 


|x1(t) - x2(t)| sn for t € [0,T/e]. 


(10m + 3), 


Adopting now the procedure presented above we get 


condition (ii). In this way the proof is completed for t € 


Е [-r,T/e] 
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TEOREMA 0 DELIMICNOM USREDNJENJU ZA 
FUNKCIONALNO-DIFERENCIJALNE JEDNAČINE 
NEUTRALNOG TIPA 


U ovom radu dokazana je jedna generalizacija rezul- 
Plotnikova 12 [51 2а funkcionalno-di ferenci jalne jedna- 
= ika x(t) € F(t,xt,Xt) gde je F višeznačno preslikava- 
rednostima koje su neprazni kompaktni konveksni pod- 
n-dimenzionalnog prostora R^. 


ta 
čine obl 
nje sa M 
skupovi 
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ABSTRACT 


In this paper some sufficient conditions for a matrix to be 
an H- or an H- matrix are given. The results include the ones 
fron [1]. 


INTRODUCTION 


We shall begin with some notations: 
N = €1,2,...,n}, N(1) = N\Cid, +16 N. 


For any matrix A = La, Je CP^"(- set of all the complex пхп 
ца 
trices) and ie N, сего, 12, ue define 


Р (А) 
i = 2 Ia 1, 9 (А) = Stal R (A) = 2 la, 1, 
En ЧЕ помор ` 7 jen +i 


m i : х 
tey Mathematics Subject Classification (1980): 65F10. 

vor 
matni 


ds and Phrases: Diagonally dominant matrix, 
v, H-matriz. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


122 Lj. Cvetković and D. Herceg 
* en. _ 
Р, (A) = «P CA)+(1-0)Q, (A), 9; (А) = max la, |, 
d н JEN(i) di 


GNKA) = шах > lal. 
t бө jet 1 
n 19) r 


where гб N and M is the set of all the choices t ={i i 
r 1" Son 
of different indices from N. r 


.52р(1) 
Іеї e ER 


the following condition 


> Ry. р(1)6 М, i=1,2, be two functions Satisfying 


2p(i) 


(3l) B3 2» S => e, (x) 2 е, ty), for any х, у@ PR. 


‚1=1,2. 


For апу АЕ e OU seN and J = Good? c N ue define 


e (A,J, s) = e, (R (A),...,R as 5558500) (A)), 1=1,2 


Let s and J be fixed and t €6.. Then, we define 


i ЕСА, t.) = e (A,t 5) + e (A, J,5). 


1 2 


Let е? " eft? and ЕК) be functions of the above form and 


11 
let K(m,r) = Oy Og DE i=1,...,m?. From now on Ve sha 
suppose that A=D-B, where D is diagonal part of A. 


onally dominant 


Definition 1. A matrix A is called K(m,r)-diag such 


iff for each + Өө, there exists an index ketl,-.- 
that 


. 225 


(k) 
Е) > I о 
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Sn. c EN A NES 
petinition 2. A set K(m,r) is called K-regular iff any K(m,r) 
„diagonally dominant matrix is regular. 
pefinition 3. A matrix A is called K(r(1),...,r(m))-diagonally 
dominant iff for each j€(1,2,...,m) and for each TTL в) 
i) it 18 fulfiled that 
r 
(3) (3) 
Е (Ф, (у) > Е (В, ey): 
ying 
Definition 4. A set K(m,r) is called K,-regular iff any 
K(r(1),...,r(m))-diagonally dominant matrix is regular. 
Definition 5. A real square matrix whose off-diagonal elenents 
1,2. are all non-positive is called an L-matrix. 
Definition 6. A regular L-matrix A, for which Amis Q is called 
an M-matrix. 
967 @ = fen and F = diag(f,,... fi), we shall write. 
nd UO iff c. > © for each 1,10 М andit D O e 
each 16 N. 
11 
S 
UFFICIENT CONDITIONS FOR L-HATRICES TO BE M-HATRICES 
nt 
ch 


Th 
orem 1. Let K(m,r) be a K-regular set. Let A be an L-matrix, 


Who à 
Se diagonal elements are all positive. If А is a K(m,r)- 


iago 
Sonally dominant, then it is an M-matrix. 


Py 
o : = c 
Sf: A = D-B, D > Q, B > о and D 1, = 1 - р В uhere I 
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is identity matrix. Let us prove that p(D 13, <1 


We sh 
suppose that there exists an eigenvalue a of the matr i 


: =] 
ix p 
such that lalž1. Then aD-B is a K(n,r)-diagonally don: i 
inan; 
matrix, because for each + Өбө, there exists an index ket1 


such that зң) 


(k (k 


) ) (k 
E (AD, t.) = Е CIA ID, t.) > Е 


) 
(k) 
(D,t_) › Е (Bit), 


K(m,r) is a K-regular set, so that the matrix aD-B is a regula 
-1 = т 

matrix. But, then the matrix D "(aD-B) = 21-0 В is a regular 

matrix, which contradicts the assumption that a is an aigen- 


value of D (В. 


Hence, pin tB) < 1, the matrix = is regular and 
«o : 
> ris e. 
i-o 
=i =} Siva 
Then A exists and A = (1-0 5B) D > о. 


Analogously we can prove the following theoren. 


Theorem 2. Let A be an L-matrix, whose diagonal elements are 


all positive. Let K(m,r) be а K,-regular set. mä 0" 


an 

K(r(1),...,r(m))- diagonally dominant matrix, then it 13 
M-natrix. 

ts are 
Theorem 3. Let A be an L-matrix, whose diagonal edere spore 

с 
all positive, such that at least one of the following 
is satisfied: 
| S +), 

domina? 

Se а,, > P (A), 10 N (A is strictly diagonally 
I) ыд? Р, (9s 16 N, for some «E[®, 17, 
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p — 
> РИ (АО: (А), 16 N, for some «@L[@, 1], 
(43434) 9,1 i i 
> P.(A)P,CA), 16 М, je N(i), 
ОК ети і j 


o 1-u_x 1-« 
(A) P.(A0Q (А), iG М, je N(1), 
(у) 2.3233 > Р; H, j j i 3 i 


for some 2810, 11, 


(vi) For each 16 М it holds that 


ay, > Py (82 or 


а + Ха, > 9, (А)+ ZO (А), where J:= GEN: а,, < Q (А)2, 
ii jeJ JJ + jeJ J ii 


ОЛО al S"min(P, о. и а 
41 1 1 


а +а > Р (А)+Р (А), iG М, je N(i), 
JJ 1 Ј 


11 


WARE а, > O BAENA i€ N and 


Ха a SZ Р (А), t€ ө, for some ре М, 
jet, 23 jet, i Р Р 


(їх) There exists iG N such that 


11 


a, (a, -P_(A)+ 1) (A)la,,1, je Nti). 
3g "3 nau) 2 P. ji 


Then, А is an M-natrix. 


Proo f 


(4) а, =R. (р) > R,(B)=P (A), i€N. Let rcl, m-l and 
e An eh i i 


1% 1X5 )=x Le =0. Then the matrix A is K(1,1)-diagonally do- 
dominant and K 
Ten 1 


2 
(1,1)=Cte е 


it follows that A is an H- matrix. 


)} is a regular set. So, from Theo- 
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Choosyn 
(i) (i) 
case mor s ,1=1, ,m p ae 
1 2 ` i=1, ;n 
(i) 1 1 n Xi o Tan 
(ii) Wo 3b on Г х tC 1-0) x, Q 
cas soi o o оиа 
172 4 
(iv) ям х 1х2 © 
КИШТЕ бу = 
172 374 
(vi) Zu een x, Ki 
x =x ‚ k=card J 
2 jeJ Jtk 
(vii) 20 Ve nin(x,,x,) 9 
$i Q 
| 2 n xX, +X, 
BEENDEN. tam 
3 (viii) д 
4 viii eC M 39 Xo 
P P я x o 
jet, J 
f Theoren | 
(ix) can be proved in a similar way as in the proof ° SDD) 


( 
ces 
Note that strictly diagonally dominant natri 


satisfy all of the conditions (1i)-(ix). 


been 
u have 
Statements (iii) and (iv) from Theorem 3 


proved in (1). 
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j ONS 
3 g-HATRIX CHARACTERIZATI 


n,n , ү 
For any matrix A= сае E ; we define M(A)- Boy Ae 


gn as follows 


Definition 7. A matrix A is called an H-matrix iff Н(А) is an 


H- matrix. 


Definition 8. A matrix A is called generalized diagonally 
dominant (GDD) iff there exists a regular diagonal matrix W, 


so that AW is SDD. 


- Theorem 4. Let A be a matrix whose elements satisfy at least 


one of the conditions (i)-(ix) from Theorem 3, where аи 4910 
diagonal elements of А are replaced by their modules. Then 

А is an H-matrix. 

Proof : The matrix M(A) satisfies at least one of the con- 
ditions from Theorem З and it is an M-nmatrix. 

Renark: Any irreducible diagonally dominant matrix is an H- 
; | Matrix, too (see (21). 


1. 
1] fs 4 
Theorem 5. A matrix A is GDD if and only if it is an H-matrix 


Proof: Let A be GDD. Then, there exists a regular diagonal 


Matrix W such that AW is SDD. Then, AW is an H- matrix, i-e. 


MON)EMCA) MC) is an M-matrix. Since M(W) is regular and 
Ku) > о, 


it follows that 
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ЕЕЕ 


E 


1 


1 2 МОМО САМ) 7! > 0. 


(MCA)) ` 


Conversely, if A is H-matrix, i.e. if M(A) is an H- 

n,n matrix, 
then there exists a vector 26 К ‚ 2 > 0, such that MlaA)zyg 
It means that 


Ia 12, > 2 la, 12 for each i8 N 
іі 1 yen i) iJ ; 


and we can choose the matrix W = diag(z,,...,2z)). 


Similarly we can prove the theorems analogous to 
Theorems 1 and 2 on the characterizatons of H-matrices. 


D 
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REZINE 
NEKI REZULTATI О M- I H- MATRICAMA 


Matrica koja ima nepozitivne vandijagonalne elemente 
naziva se L-matrica, a regularna L-matrica, čija inverzna mat- 
rica ima nenegativne elemente, naziva se H-matrica. Ako se od 
proizvoljne matrice A napravi L-matrica H(A), Ciji su elementi 
po modulu isti sa elementima matrice A, tada se matrica A na- 
ziva H-matrica ako i samo ako je H(A) M-matrica. U radu su da- 
te neke nove karakterizacije M- i H- matrica, koje sadrze i 
neke od ranije poznatih rezultata, kao posebne sludajeve. 
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THE SINGULARLY PERTURBED SPLINE COLLOCATION 
METHOD FOR BOUNDARY VALUE PROBLEMS WITH 
MIXED BOUNDARY CONDITIONS | 


К. Surka 


University of Novi Sad, Faculty of Science, 
Institute of Mathematics, Dr I. Djuridica 4, 
21000 Novi Sad, Yugoslavia 


ABSTRACT 


The spline collocations method given in [7] for 
solving boundary value problems without a singular perturba- 
tion is adapted for problems with singular perturbation. The 
exponential features of the exact solution are transferred 
to spline coefficients by „artifical уї ѕсоиѕі су". In this way 
а uniformly convergent method for solving problem: ey + 
+ p(x)y* + q(x)y = f(x),y^(0) - ay(0) = ao, у(1) = ао, a 2 0, 
р(х).> 0, q(x) = 0 is achieved. The numerical results indica- 
te a uniform convergence when q(x) * 0. 


The following problem is considered: 


ly = ey” + роду” + абх)у = f(x), 0 <x < 15 


a) Ly» - ay(0) = ag, y(1) = Gas where 


р(х) > p> 0, q(x) < 0; аль ааа, Е € R; a 20; 
12525560021] 8 
Aus Mathematies Subject Classification (1980): 65110, 65D07. 


net ponds and phrases: Spline collocation method, singular 
urbation,artifical viscousity- 
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The approximate solution to problem (1) is"? 
ou 


in the form of a cubio spline ght 


n+1 
S(x) = ) В, В, (x) 
i= -1 
on the mesh xj = ih, і = -3(1)n+1 , n = 1/n. 


В; (x) are basic 
splines determined in [7]. The coefficients Bi are determi- 


ned from the conditions: 


L S(x; ) = б(х,)577(х,) + P(x; 087 (x1) + 


(3) + а(х; )S (x, ) = f(xi), i = 0(1)n, 


S^(0) - aS(0) = ao 
S(1) = 41 
where o(x,) = {hp (x, )/2}eth{hp(x,)/2e}. 
By replacing (2) into (3) and using the characteristics of 


basic splines as in [7] we obtain the following system of 
linear equations: 


В 1а + B;L; + Ва ам = f(x,), i = 0(1)п, 


| 1 +1831 
{| Se B_,(h+3a) + 4Boh + BıCh-30) = Bach 
{ 
| da сэ. = Si 
1 
| where 
(x,)h a(x, dh? 
1 ( PAX; i 
К. = —„{со(х.) - + , 
Soc qe i 2 6 - 
p(x,)h а(х; AP 
Mi = Се ) + = + = 9 
2 6 
Lic - M; - K; асо: Е 
E uation 
Excluding the unknown 8 , and В from the above ёЧ 


for i = 0 and i = n, we obtain the system: 
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Bo Lo + 84Mo = do 
ke ЕВ: БЕ 
© @ Re 
pes + Babn = da 
where 


domes xo)» 


TS = ЗМ, а 


n n n 


Ө рїї A 


ini = fO), 1 = 1(1)n-7. 


Lo = Lo - 4hKo/(h+3a), Mo = Mo - (h-3a)Ko/(h+3a), ! 


- 6aoh/(h+3a), Ka = К -M 


n Mie 


= fx) - SÄI 


System (6) can be written in the form АВ = d, where A is a 


matrix of the type (n+1) x 


= 0(1)n), В and d are vectors with elements B >» and d; ; al, = 


= fo), x в ACAD no 


The matrix A is diagonally dominant and irreducible. System 
(4) has a unique solution which we can obtain by the methods 


given in [4]. 


In order to prove 


(n+1) with elements aij GE 


at 


the uniform convergence in the 


case q(x) = 0, we shall derive the corresponding difference 


Scheme. On each interval xs 


form: 


(6) 
+ 


Constants у. (К) 
3 


(7 
) O.V, (2) + P-V (1) 


o (v(2) (3) 
ne Ys qwe D 
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X +11 the spline S(x) has the 
(0) e, OO) а 
+ (x X3 E 
(2) (x - x: )3v. (2) 
* J o 
3! 


xe Lë xs 5X5 11. 


ə К = 0,1,2,3, satisfy the following system: 


= f., л = 0(1)п-1 


1 


ө алу + ваш ш 
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(8) 


(3) 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


К. Surla 


(0) = y(9) + ylh + h2vf2)/2 + h3y( 
И “лса 5 21 1-1 ЭВ, 


J = 10417. 
vin) = vi + hv{?) + havi) /2, jJ = 10) nea 


v(2 = Wie + Ву), j = 1(1)n-1 


vé!) - avd) = ао, ya) = ал, where 


сід 8 о(х.), Pj = P(x.) f; = F(x). 


By the elimination of ví), Ya and 2 we obtain the 


scheme (see [3]): 


(10) 


ВУ, = ОЕ: > j = 0(1)п-1, where 
. = yfo) 
у У 


- B (о) ap re en 
Betz з жй D iawn PONE 3 = 1(1)n-2 


9) та apod" 


Mc c * Dee SH 
QF. = 9525-1 + 95; + qa Sea j 1(1)n 


Куо = -(1/yı + a)vo + (1/Y4)v4 


Оо = ао + [h2fo(um4 + 1)/(600(ws + 4) v 


+ h2f,wı/(60,(wı + 1))1/Y1 


art с 
SENSE vro * ЕЕ 


+ 
Go c Hy ye en 
9-1 а ап 15а =1 * Эа 18 2 


ВА. ) 
ds pi = EE d 


P3 = 3(u 4 = 1)/(ВА; 1 


с + - 
m © ch > wa 
3 


ur = D 
qj = 2/0; 4A, 4), аў = 1/0314) 
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dore [(205 4 - 1)/As 1 * (205 44 * 1)/А 1/0шрр;) 


= : . = eth(p(x.)/2 
о; SE Wa P 3? 2095 
А; = 30405 44 * 20; = 205 44 = я 
= А : S +1 
У. +1 ВА. / (36. Cos +1 DD 


At the same time, we have that 


(11) Bari = Mans doe SOME 
de f. 
= = nf 29-1 
= aví = Beki? T = + =") 
er 3V3 => ns goo EE о 
hp. GE 
Eie л Bi? Do = Ab 2 ЕВ ү 
1 20 J 20. 
J gll 


Before proving the uniform convergence, we shall show some 
important properties of operators Ki and В. Тре local trun- 
cation errors of these operators are defined in the usual way, 


i.e., 
= = = all = .)) 
Ty) = Ry Gr Ox; vj)? RAY (x5) Q, У (x, 
[Ex CD = К (у Gx) - SCH E RAY 6) - Qy Cy G2) 
Tf y(x) = exp(-px/e) and р(х) = р = const., then т. = 0,9 = 


"Ain, т. = 0, j = 1(1)n. This is the consequence of the 


fact that in Gns case 
4 М = = É 9: 25% (-ph/e). 
Ts г. exp(-ph/e), a,/b: p 


Te Scheme of this type for the Dirichlets boundary conditi- 
ons has been derived in [5]. It has the first order of the 
“Чою convergence. The same has been proved in [6] for 
Scheme (10). We shall outline that proof and show that the 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ES eee nl 


136 


same holds for the first derivative (Theorem 19), 
vergence between grid points we consider іп Theorem 2 


following lemmas are used in the comparison function Proof 
00 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


K. Surla 


The con- 


The 


to bound the truncation error (see [1]). 


Lemma 1. ([6]) Zet {v.} be a set of value 

д Ue ESS. 9 at the 
grid points х; satisfying Ris =, a 8 OC Уга 
Then У: s 0, 3 = 0(1)n-1. 


Lemma 2. 


(161) Let p(x),a(x) € C?[a,bl. Then the 


solution of (1) can be written in the form 


where 


y(x) 


u(x) 


u(x) + w(x), 


блЕеехр( -р(0)х/=), 


[wot x) | < M(1 + e 1t2exp(=260x/€)), (i = 1,2,3,4), 


бо, 61 and М are constants independent of є. 


Lemma 3. 


([6]) There are constants c4 and ca tn- 


dependent of h and є, such that for h < c4, 0 < 5 5 ог, j + 


1(1)n=1, 


a) 


b) 


с) 


а) 


е) 


f) 


g) 


Sie 
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2 


м 


м 


IV 


2 


2 

мї, for n < Бр 

M for Е; sh, 
MyJ(6)/h for e <h, 
h21 j 

Меат (6) for h < Є, 
М 


Me-" exp(-to8) for h S €» 


Mh-1 exp(-tod) for e $ №» 
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tj = x_/€; 9. = => x: Vs = о 


u(6) = exp(-öh/e). 


corollary 1. If kılh,e) > 0 and ka(h,e) > 0 are 
such functions that 


Ry (КФ. * kav.) 2 Ry (524) E +т. (У), j = one i 


then 
(k) (к) (к) 
|2. | < Ка |9; | + ка |01, 25 = y (х5) 7 v4 З 
k=0,1,2,3. 
Throughout the paper, M (or 6) denotes the possib- 


le different constants independent of € andh. 


Theorem 1. Let ivi) and {у51) } be the approxtma- 
tion to y (x5) and y^(xi), j = 0(1)n, obtained by using (10) 
and (11), respectively. Let q(x) = 0, р(х) € с2 [0,1], р(х) 2 
0. 620. 

Then 


Е (1) -v(1)| < M2/(e +h). 
(12) ly (x5) у}! + ly GG) 7 vj | 


Proof. In the main part of the proof we shall es- 
timate the truncation error for u(x) and w(x) separately. 


СОС (EN 
1307) = т: (u) + EISE Zu 2 (u) + 25 (w 
= eres =. (wit) ) 

ALD = SEET ds т. С 


In [6] it has been shown that 


hehe -$t.), h € €, j = 101)п-1 
M ЕЕ ехр( $t), 
ЈЕ | 


М(һ + eexp(-6t._,), Е ЗВ 


31 
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h2 
MR 


Iveco 154 h2 
€+1 


IA 
M 


h2 
+ =20Хр(-61о)), h 


+h exp(-dto)), Е 


IA 
=: 


Mh2exp(-öto)/e?, h < e, 


Ito Is] 
М exp(-6to), Е Sh, 


and by Corollary 1 and Lemma 3 we have that the contributi- 
on to the error from Ba OP satisfies (12). As in [3], we ha- 


ve 

т. (у ) = т. (у y Ps» P5 4? z Ra(X; A: х. › Wo) = 

- В (Хх. 4, Xs» Уу 7970 3 h(n, 1/9571 + nj (97 )/2, 
where 

(x ; EE yitd 
РИСО ых gy gee) а ie БВ 
зс ЖЛ 
х. 
1 
al zd +1 
= T J (xz 5) ji * Рав 
X44 

Xi 5 & 5 ху, п. = y xo - ©). 

Since (о; - €) S Mh?/(eth), we have 

= 2 2 б c2 hse 
(13) |*5(o^,p.,p. ,)| < Mh2/(e+h) + heexp( St; es 

— ^ )) 

= (u^ i-e = Fa Gu Oa” 

т. Cu Pj Pj Al = тб >P} Pj Al U urn д 
because 


т; (u~,p(0),p(0)) = 0 
It; (u^, P4 P. Ai = т; (u~,p(0) po) 1s 


- no/9o)|/2: 


< h| (n; Je j- => По/бо + n,/0; 


= 


After the Taylor development we obtain 
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E 5 n |5 4 B?u(x 4) 
|T. (u 2р; P} 4? | S М5 J + 
(14) J боб. 
sa 
x,h?u(x.) h3 
TA <M ear (sete n S ej y OM (db 
000. 
J 
For j = 1, the first term is equal to zero. 
Since 
me 241) - azd°’ = 0, we have that |z{V| < Mh2/(e+h) | 


and from (13), (14) and 
ш) az} = baal + тубу ‚р р Е о 


we have that (11) holds for h < Е. 
Let € € h. Then we consider zi (u) and ас 


From 
17 (2) = ‚ = p. Z ОИ d 
(17) Z3 (п: р ) às an 
(1) = (1) (2) .a2^ 
оза RATA + ћ2 321 + Ra (xj 4422 ) 
we have 
: (18) = = ; c * 
e zi" = 241) (1 hp, 1/9 ay) hn; 4/9054 
* Ra (X54 9% 28). 
Using the integral form of the remainder term, we 
have 
2 = и = 1(1)n. 
[Ra Cx; 19X55 )| s Mh(h + exp 6t; 49, J 
From (17), (15) and [vi teil < Mn-!, we obtain 
(19) 


|z49 (w| < ма/е). 
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For z240 (ч) we take form (16). Since Е 


бо = о, = ш; (hp(0) = hp(x,))/2+ hp(0) (шо 


> (i, 
3/2 
loo - eil < Mhx, , 
we have 
(20) recaps Py 4)! = Mnexp(-8t D, 3 = 100m. 
Then from (15), (16), (19) and (20) there follows 
(«ЧӨК 


Theorem 2. Let the conditions of Theorem 1 be ва- 
tisfied. Then 


(21) ly(x) - SGO| = Mh?/(eth), 
M $8 a constant independent of h and e. 


Proof. The function z(x) = у(х) - S(x) has the 


form 
(х-х.)2 
(22) 2(х) = 2. + (x - x.)z{ + ——— 202) + 
J da? 21 J 
Leg, )3 
ее 243) + Ra (x5 _1›Ху›У?› 
31 
on each subinterval x € [x3 »X5 +1]. 
Because of 
(3) - (a) = 242) _ : .,y~~))/h 
SE = (23 2324 Ra (x; 4 2X3 


and 


lyG?| S MCL + et*texp(-5t.)), 


from (17) we have 
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-i 
(i+2) h = 
12; | SS ji eth 5 £ = 054 
nd j = otıdn il В ЗЕ c MCD yn а e e du. 
a 


Thus from (22), we obtain (21) for j = 1(1)n. To 
‘complete the proof we must show that the same holds for 
5 2 in апа a) = We 


Indeed, 
|z(x)| s [ze] + [€x = xo)Z (О = м е 


because 


Mh = ve wl к = 1,2,3 


IA 


(1) 
Ei | 


апа 
ve (x)| € M, x € [хо,хя] (ее СБОР, Ср 


|2°( | = 1560) УСЕИН 


Numerical example [2]: 


cu^ + (1 + x2)u~ - (x - Sie = 


= - W(3X2 - 3x + 1)((х - 202 + 2) 
u(0) = u^(0) = 0, u(1) = 0. 


Our test for the order of uniform convergence and the nota- 
tion are taken from [2]. Table 1 contains the results for 
the solution and Table 2 for the first derivative. 

The computed order of uniform conyergence is 1.20 and the 
Classical one 2.02, (Table 1). 

The computed estimate of the order of uniform conver 
1.22 and the classical one 2.00, (Table 2). 


gence is 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


dee DE EL ml 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


form Numerical Methods for DA WA 
Boundary Layers, Boole Press, Dublin, 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


142 К. Surla 
Table 1 
e\k 0 1 2 3 4 Б 
що E 
1/2 0932-00 2.00’ 1.97 2.12 2.02 
1/4 18058901008 2.00 2.00 1.99 1.99 
1/8 ar 1.99 2:00 2.07 4.99 
ТОЛИ Тет 1.87 1.96 1.99 1.96 1.93 
1/32 | 1.89 1.68 1.91 1.98 1.99 1.89 
ИСО. 59 1.74 1.92 1.98 1.75 
ПАРЕТО БЗ 1.76 1.93 1.55 
11/2569 ОЗ. ООВ 1.40 1.77 1.35 
БОД ОЗ. 02 1.09 1.42: 1.42 1.20 
Table 2. 
e\k 0 1 2 3 h P. 
ВОНИ Lo m 
1/2 200 2.00 A200 2.00 7500 HE 
1/4 2.01 2.00 2.00 2.00 2.00 2.00 
d 1/8 12.02 2.00 2.00 2.00 2.00 2.00 
| 1/16 |2.02 1.99 2.00 2.00 2.00 2.00 
i 1/32 |1.82 1.95 1.99 2.00 2.00 1.95 
u 1/64 11.29 1.83 1.92 1.98 2.00 1.80 
MARGO ООО ar 1.82 1.93 1.98 1.61 
109909 0,8 1209 Wed 1.80 1.9217 
1/512 |0.95 0.98 1.01 1.34 1.80 1.22 
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REZIME 


SINGULARNO PERTURBIRAN SPLINE KOLOKACIONI 
METOD ZA RUBNI PROBLEM SA MESOVITIM RUBNIM 
USLOVIMA 


Spline kolokacioni metod dat y [7] za rešavanje 
rubnog problema bez singularne perturkacije je prilagodjen 
2a problem sa singularnom perturbacijom. Ek sponenci jalne А 
karakteri stike tačnog rešenja su prenete na splajn koefici- 
jente pomoću "veštačke viskoznosti". Na taj način dobijen 
je uniformno konvergentan metod za rešavanje problema: 


.. 


+ p(x)y^ + q(x)y = f(x),y (0) - ay(0) = ao, y(1) = ал, 
> 0, p(x) > 0, q(x) = 0. 


Numerički rezultati ukazuju na uniformnu konver 
Je q(x) # 0. 
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ABSTRACT 


This paper is a continuation of previous papers [5] and 
[6] by the same author. In [6] the induced connection coeffici- 
ents which appear in (1.13), (1.14) and (1.15) are determined un- 
der condi tions when pad and Dek are defined by (1.18) and (1.19). 
In [6] it is proved that the mentioned formulae are consistent 
With each other only when relation (1.21) is satisfied. This con- 
dition is satisfied in the several cases. In this paper we shall 
examine the special case when Baptist and NE=NK(X) i.e. when ва 
and NE are not functions of x . Since we suppose (1.1) i.e. that 
Jug (X> x) Bo (x) NK. (x)=0 so our examination is restricted only to 
those Finsler spaces in which the metric tensor has such a special 
form that relation (1.1) is valid. Let us denote such Finsler spa- 
ces by F,: The curvature tensors in Km defined by (2.5), (2.6) 
"d (2.7). In this paper the relations between alternated diffe- 
"ntials of a vector field and the curvature tensors are given. 
The curvature tensors and their alternated differentials are de- 
“mposed in the direction of vectors B and нү. 


QU m ше к А 
5 Mathematics Subject Classification (1980): Primary 53C60. 
y wo rds an 


te d d phrases: Finsler space, curvature tensors, absolu- 
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PRELIMINARIES 


In the Finsler space En the metric function is (ise se 


1X), 
us define m fields of vectors BÀ (x) and n-m fields ye ER) (o T 
СОС ШЕ coon = 1 2,...‚,п; а,Б,с, а еле = Bin... NGC MC 
а = mtl,...,n) in such a way that these vector fields aral Mp, 
linearly independent at each x and satisfy the relations 
\ 
(1.1) JagBa N Ne = 0 for each а = 1,2,...,м, К = nit ly E c 
| 
Let us define 
(ОС = зз; вр 
t 
= % XB 
(1.3) Set" авик Му 
b. а a 
EE Saga I 
"koe km [7 
(1.5) Ng = g 9ав\т 
\ 
) and 


TB! ва and Nk have zero degree of homogeneity in x, (e? 
(gm) EM SN matrices of ( 935) and (Sym) ”’ respectively. 
(1.3) and (1.5) we have 


rom 


К wë _ KR Ba _ El = gk 
(1.6) Ny N5 g ge le e e Str 6 


Usually, we have that: 


k 


a = 
(1.7) 6 B B. 


ара o 

B aB B + NUN 
f 

1 rection ° 

The vectors ах and x are decomposed in the di | 


vectors B2 and NE in the following way | 
(1.8) dx" = ва du? + мр av“ 


(1.9) Я = Ва па + қа ук | 


We shall suppose that 
= 21709 
+1 м oao 
Qc ооо М от, ugla Зо ) E. 9,9 
uatio 
lutions of system of differential ed 
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— E n 


Mer with (1.9) define x and x as the function of u, u, v, 9 іп 
ge 


the form 
Ji m mtl n 
zz (ur, RUS EV. ГА rv) 
‚ . а 1 m m+1 П 5 я ` 
x" = Хо (попу э po Vt e у NNNM 
и = Aber illegal 


ve shall suppose that the tensor and vector fields are homogene- 


ous of degree zero in X.For any vector field ЕЁ, we have 
A pyra @ 2 
(1.10) bee B. 9 E Nee 


iet us denote the absolute differential which -corresponds 


to the motion from (x,x) to (x + dx, x + dk) by D.Then,we have 


mu D&* = (DBŽ)Ę + BY ава + (DNO E + мо ach, 

We shall use the notation 

1.2) ue 1 1 (x, x) x9 = L. (Bou? + № У) = вад + мох 
мехе g = 17! ЦА and a= LK. prom [6] we have 

(1.13) DBA = WE (а) BS + йк (ane, 

0.4) DNO = @Ч(а)в® + Я (адм, 

Where 

(1.15) WY (а) - i, a + TA а + A, SS БР + A ^ n pr 


х=а or х= п, у=а or y =k. 


> 4 Р = а _ да prO 
The induced differentials Dua БЕК are defined by DE = B, DE 


aj? = ЫК 
Ny DE* and 


(1. = 2 
Е DES = BS pet нош 
we have 
D a = a = d (03 ж k 
2 Ва De + Ny D£, 


ББА А 
апа р defined b 
Ro. wd b We e Gurukul and Collection, Haridwar 
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* 
(1.18) 009 = а + bf, au? + РЯ, av? 
— apts Fels с We H 
(1.19) Dl = d$ + Го С duis eta i dv 
nt Xx SEX ye) x m -17%x 
= = d 
(1.20) IS y Г. y* + Гу“ L ү 
х= dorx=k, у= с оргу = ў 


As it was proved іп [6],relation (1.17) is consistent with (1.18) 
- (1.20) iff 


блу ES co мо к 3 = 
(1.21) (äs a^ +09, Ne) v^] ра" = o. 
In EN this condition is obviously satisfied. 
In [6] the induced connection coefficients T and A are deter- 


mined. From Ru DR = 0, using (1.1), (1.17), we obtain 


о, а Ok В zb PONS а Suë ER 
(В. + Neg”) (вр D + NG Dis gab DÉI + gy,* d 


DA 


Зав 2 


i.e. 


b L 


(1.22) fr Dg +2) DÄ = 0. 


For DE? and БЕК ‚ we have 
^ z x k 
(1.23) DE = вё рЕ®= аға + Wy (а) BD ч we (a) Е 


= mae Kk: i k -k a К m 
(1.24) DE" = NG DE%= ағ + Stat: ил(а)&. 


a 
= NC ts of D 
From (1.16) it is obvious that DE" and DE are componer 


in the directions of B2 and NE, respectively. 


2. ALTERNATED DIFFERENTIALS EXPRESSED BY 
` CURVATURE TENSORS 
: ing 
* espona’ 
If A is another absolute differential, Sp 
а са а 
to the motion from (x,x) to (x*óx,x*óx), then we 
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where 


(2.5) 


(2.6) 


(2.7) 
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len = ([лр]вә)&°® + s2[ea]e? + 


k 


[АБ] ме) Е“ + ме [ва] ЕК, 


a де a sm a a 
[AD]B, Na (dö)B, + Qa (ds) No + DB, 


G _ BE а =m a d 
(ADIN, = Я (аб)в + os (og In. + pve 


SN = ВУ bef) a RY b lz k 
&Y(a,8) = 5 Repola ou] +RY, ‚Lau pd A RY, lav бу] + 


- y Ро У bz к = Si mulu m k= 2 
РУ сач 121+ BY Гарм) + BY fave BY, o 1+ 


xb x bk 

lsY ID BAESCH + 38, Lie 

x Є{а, К} УЕ{е, m}, 

Än = 2(Opgl - d ai 
Date Taw) W D PI мр) ^ 

A EA S is GAR 

2 Aye (Oy BES = be г г: = A г E» 


=y ` a*n : n je 
Aen [Gà 152) Ф T Ra Гал) v] 


= AMEN а y c бу M 
SC 21, Buda" Ax bat wI* Axe A miw? 


mm 


md each of the indices x,y,z,w belong to one of the sets 


: a e 
lab, c, d,e...) or (k, lem nye e E and DN, 


mal А 
| 5 of a higher order and have the form 
\ СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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(2.8) 082 = 6, (а,6)ва + 5," a,6)No ‚ , 
(2.9) омо = 9.5 (а,6)Ве + 8," (a,e)NT , 
(2.10) $^ (2,8) 2 SC si MESA CRUDO п + AE т; )] (ва-ав) В + | 
У» т A n F An T JGsa-as) vk 


= х D e 58 
A, ъ(5а-а6)%? + A," (ва-а8) а, 


xE {e, п}, y € (a, p) 


Introducing the notation 
RY S ПУ c m. гаш г г 
(болш) Ke „^2 (85, T z] За Txtz Iw] gd Тур Iy] + 


+72 rY 
V EE La" х[2 Ta м]) 


after some calculation, we obtain 


def 
(2.12) z Y z sa be Ku Si. 
LK, 2 © RE а + M v = 2 (äre ai 
© „Ж * "ky —* 
к у fiv У 2 
So (2.5) has the form 
ДУ -zY у gà У Re 
(2.13) Reon о a Keine) + Ak Ко zw 


= nts of 
THEOREM 2.1. [55] c* апа (ABJE" are the compone 


[Ap] c? in the direction BÀ and Ny respectively. i.e: 


(2.14) [АР] ЕС = B? [25] e* + мр [АБ] ЕК. 
‚nto 
(2.9) and (2.10) e 


PROOF.Substituting (2.2), (2. 3), 
(2.1), we obtaix.o.!n Public Domain. Gurukul Kangri Collection, Harid 
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> len = [8, (3,5 £? + 1,9 (a 6) ЕК] ве + 
(272190 [2,P (a, 8) ва A %,P(a,6) EX] ма + ФЕ 
where 
à Dee = (Dal + 5 ca 0) e? + Sra ec) Be + 
D ([sd]e™ + 6 (az 6) 5%  &,"(a,eye) ne, 
on the other hand, starting from (1.23) we have 
[aD]e* = 6(DE*) + W^ (e)DE7 + 8 2(8) БЕК = 4/6 = 
(09. ^(a) + 7 (8) Ea) si ? (5), P (a) -a/8)eP + 
(08, ^ (a) +9 ^ (o) fig (a) «RB (o) (A) - a/8)g" + 
[6a]£?, 
1.e. 
(2.17) Dën = G3a,6)P + 5204,6) + DÉI, 
where 
(2.18) pe = [sa]t? + & ^ (a, в) + 5204,0)“ . 
In a similar way we obtain 
(2.19) [ab] ex = пка, s) EP + a taS) Е" e DÉI, 
where 
2.20) рғ = [ва]ЕК + брка, oye? + 9, (a, 8) Е" ; 


Substituting (2.18) and (2.20) into (2.16), we get 


(2.21) 


k 
DE" = Bo pE + NPDES 


Substituting (2.17), (2.19) and (2.21) into (2.15), we have (2.14) 


Whi 
“Ch proves Theorem 2.1. 
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THEOREM 2.2. (ADJE, and [AD]E, axe the component 
5 


laD] Ea in the direction of ва and Na” respectively, of Wi 


PROOF. For the covariant vector fiela we Should h 
рва апа DNK . It may be proved that ave 


аа D Na k 
(2.22) DB, = Wy (ав, Wk (а) Na 

NEN UT ск i 
(2.23) ом = - п Саво - W, (ам *, 


and these formulae are consistent with (1.1) and (1.7), 
If DE, and DE, are defined by 
k 


(2.24) DE, = вё DE, +N, DE, , 
then 

CA. -b - k 
(2.25) DE, = db, - WADE, - W (aE, 


(2.26) BE, = de, - WP (n6, - Я, Ca) 6,. 


In a similar way as in Theorem 2.1, we obtain 
(2.27) ` [ap]&g B? Die, + ne [AD]&,, 


where 
(2.28) [25] 5 


z b = К 
- i^ (a,6)& - A, (4,5) Ех, 


H 


(2.29) — Die, = - A, (a,6)E; - б, (а, 6) Е, 


3. ALTERNATED DIFFERENTIALS EXPRESSED BY 
COVARIANT DERIVATIONS 


Starting from [5], 
. = -.b a m = De ı 
(3.1) DE? = E au? + SO ЗН Bala 
К! рут 
x m DL 
Eccc а > EF); Ба + Е av + E Im 


(3.2) DE 
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Be m 
and using 

NE a a _ ра Wi в 

Be? = By DE" = ва (Ев EIER 
(3.3) 


= k 
БЕК = мк DE Na 


(БО dx? + ely Dee 


further, by (1.2) ,(1.3), we have 


(3.4) Be EC Маш др дс, 
(3.5) ne B в = ва E3 к + ND Ek 
(3:6) вр El = Bat p un В 
ang NÉ £"|g = Ba Ely + Nm В be 


Using (1.7) and (3.4) = (3.7), чеваее 
and (3.4)-(3.7), ме get 


k 
Ga Sl, ot р JER 
k а za a £m 
Ns (Bà E ike TN Е ik) 
a a Je о 
(3.9) Eo ls = Ва (By SES T 


k a m 
NF (ВО EP Neen pe 


From (3.3)-(3.6) or (3.8) and (3.9), we canfeasily obtain 


(3.10 m zy og m в 
) E А 


M the Same way for the covariant vector field &£,, we have 
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——— — MÀ T ш 
= a В 
Earb x elt: Ba b 
а nB 
nie в "m.p 
nt nÊ 


Enl d Eule MEK: 


- a — 
We shall express [АБ] E? ana [АБ] c using the covari 
ant derivations. Starting from (3.1), we have 


Caas а Бес, ra Salle, E a с = 
абе? = Tock lge, Se t$ [mje ON du FE DU" gf + 


a РОУ + Plu Del + E mpe aS + PL БЫК + 


b.c 
| 


b- c = Lue 
Els ae +E |1 BIC we ЗУ А00 + ELW, Tt + 


£u lk арм + EET DP + Em le av" док e| lebe МК + 


£f n 85 P gal 25 + pus abv" + El АБУ" 
from which we can get, after some calculation, 


[Ab] £ĉ = ы [ар баб] +2 Sal [аР a6] + 
| 28 ibik] [аР ov] + Sr [аР д) + 
bb al: 


3.12 a b 
Gu») ны [A ae] + E kw] 


a n = LT =P © 
Zë nal? favs д2] + Ga Pr ae 
a b-k a к —,2 ва, 


where 
(3.13) Ва = c? lä ч + Еа [25] vi > б^ (25) vs + £k Di: 


We shall first calculate B? . AS 
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\ £? a [50] ut = bora Кал d/ó = 
a Teal =* 
pestes ne ču" EE n 60 + АЗ д4 м) at 
| 0286 duo + E d ov + лс. 47,0. К 
кос AS А; Ai )ау |}-{а/6}. 
ve E a mv = г IA + (sab + aK (6) av"]}-(a/6), 
"dU et e 2 - = M ? 
+ CL [45] 2 SEN + RP (6)55 + AP (5) 5] Aas), 
ББ] (28 [Бе + Sep + RER) asi, 
and using the evaluated expressions for 6 pe 7 6D; from (5] 
we have 
а га sz*d =* m а 1-а Zei CH 
В = |& а Tre dM на Ee * 
a =d a m 
* BG a Try gt 5 Im Tre ixi “lak кт Bib к а ll 
га *а а шт en u fasst + 
, Ета те т ape g*2 Мар FEE ] 
а SG = a, z*d a, =" ш а та 
[Е ta № ое = la Pons Sq aig vs [бср К 
Ek e V] [ae м] + 
(3.14) a ха а ш а д id E a G oe 
[Ба е + 88 А + 22146 xp Īkb "Е ln 9k Tb 
т* b =k 
-T kp] Jar № + 
a Sa a =m а «etl = ree (à RP - 
j аъ + ema + lal Tor Im к 


-* er 
- 570] [Sv 885] + 
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la A att n A] DPI] [a S, + CLAUS" E 


El Ze t El A d [be ao^] +0, o 
where 
a c EIN. 
he Pe Mares lr Ep + 


(3.15) B e Ue e el. r7 гү] [вау + 


ва, [ва] ға. [ваја 


Writing the coefficient explicitly beside (salu? in (3.15) 
we get the expression 
8а – 3. EN ne aa EE тті (y а аст аккыш x 
% d AP An k be | ds Po ае Uk а 7 + | by 
pS а SEW Cli = а ek 
+L (а E + Аскё + А, Ke IT, , 


which is the same as the coefficient beside [6d] uP in (2.17) be- 
cause we have 


, ^ d ! va 
(sale? =a,e° [sa] usa E [sa] V + 1a, c? [sa]? + га E" [ed]? + u 
aP a Pega ка) [ва]. 
d 
vi ge condition that ES is homogeneous of degree zero in U an 
ve i.e. 
be ‚а Tiny ша. | 
(3.16) L 9), i23 «e H NS = 0, | 
i MM on; (3.25) 
Comparing the coefficients of [a] vx, [45] 2” and [4b]? in an 


and (2.17), we get 


(3.17) DEI = D, Е 


From (3.12)(3.14) and (2.16), we get 
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= 98 а НЕ. ge б de Pm 2l(ga dora 
(3.18) их ld [x y) lm [xy] 2 dy 5 uo 


Buc т Gi SC 
gu) 25у * PA CELL AT га) 
+ EL à, pm. D uc M SE i 
(3.20) Sab: u zla Axy ES m Ах у= Debe ES um ғ", 
15) x elb, k} y e{c, 2} 


Relations (3.18)-(3.20) are valid if index a is substituted in them 
by p(p = mtl,...n). 


4. DOUBLE ALTERNATED DIFFERENTIALS OF 
Eh CURVATURE TENSORS 


In (51 we obtained. the relations which connect the cur- 
vature tensors of the Finsler space Fn and its subspaces Fh and 
La These formulae have the form 

R = 6 

Raab CH Roc ya 


R ° > KBY 
А аьхк Reeg fadbe 


= бк 
j Kamni #вкв y* s 
) I 


| | . А 
| ЧЧ valid for the tensors P and S. Using the relation 
1 
| 


a (4.2) а _ 
"e 


Sey, : 
E times, we obtain 
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+ 


d 
6 + 


art ma? B 
(4.3) Я MY 


Relation (4.3) is valid for the tensors P and S also. 
If the absolute differentials Dj and Dj are defined in a 
similar fashion as D and A , we obtain from (4.3). 


= a 
(4.4) [D,D] R овуб = Њъса ( [0у0,]85) See 


a d а 
Rib c a By (leet G+. at ovate DONE 


R 1 cd D 
Re bcd (bir; Be y 6 KL u R 3, M NUS 8 sl Ee ( 
There are 16.4 = 64 summands of the right hand side of (4.4). 
Using relation (4.1), we have | 
D a k 3 
Ва [2122] вв + № [рур] Ng = | 
(4.5) | 
: = hy EY a a) wk | 
([DD5] Bg) ва ~ сГрур,]мр) Ng 


in 
a pear > 
Using (4.5), (2.2), (2.3) апа summing the terms which ар 
(4.4), we obtain 
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EE Етар —_—_ 
= а са. = 
P^ Rab ca SEDE Sty ca (bp) d еа = 


са ye Ca Diol B+ Ne DD Ne) = 


CH e cd È a А 
С pale BY - (pl м)= 

= cd ze = = { 
; Ў И. (Gap B- &ü P(&dj) №) вё + 

R gd. т (ad = DE є уук 
ebcd Ву 5 к (4,4, mee (821) N, ) pe 

R fi, (азан вар Sr аа ice 

е bed а 1 agys Фьса "a (291) Bag ys 


There are 16.2 pair of summands on the right hand side of (4.4) 
which give by using the above method 16.2.4 summands. Since 


5 P aP 
Reyuw aS (44) -Ryuw б (94) 


bis. 


E де ar 5р = 
В суч д, (4,41) Rep uw Q (aa) 


(4.6) E ү, =p 
WER w Šu (d,4)) -Rypw% (4,4,) 


= Rey oe Я € (dj) РЕ Be dP а Paa), 


D) 
| = each of the indices x,y,u,w belongs to one of the set 
&'®,с,а,...} or {k,2,m,n,...}; (4.4) takes the form 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri E A 


160 I. Comic 
E EECH ab cd i 
[2152] Rag yo [2155 ь сав g y * [5152] в, en Ed Cé 


= = 15 ab d 
ЫҢ, omaa в ү s * DISTR g o mia, | 


= e "es а yê -45- 
DID |R g c n Pa Na BY No BEI S, о 1 


(4.7) 
= = "Te а 2m a m = - b 
BER g m a Вы № y Bs + |Р] Rep n aN вом 
лиса = а. mn 
BEE. а аво 5 + Bl Rae mn Вы № yo? : 
a ES SE n = = Я C 2 
BTR» mn Ng By м X (5, В DE E 
3 
= па ч ы I mn 
PIB, maag ү 85 + (SIR an Ba äi 
(4.7) is valid for the tensors Р and S. 5 
From (4.7), we obtain 
6 
5,5,] Е = NT 
[2152] Rap ca” [0102] В вуз) Pap ca 
| 
- м = 2д = a B Y yê 
(4.8) [2152] Rip cn = (15-1 в, gy 87 Babe pg 
Sc Le a BY S 
[21551 Rg n = (101021 Rug yo “kK emn | 
From (4.7) апа (4.8), we obtain К 
t 
SE ерү condition "a i 
THEOREM 4.1 The necessary and sufficien ne 208 
R of N 


or 
the Finsler space has a reccurent curvature tens 


order i.e. 
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p — — acsi i GE 252 161 
—— —_—_—_ и: 
" 1000 Raye a E ca 

(4.10) [2,5,1 Крета Ee 


[2:62] ала т^ ЕП 


тһе same theorem is true if everywhere in (4.9) and (4.10) inste- | 


ad of tensor В we put P or S with the same indices as those of в. 
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REZIME 


NEKE RELACIJE KOJE ZADOVOLJAVAJU TENZORI KRIVINA 
FINSLEROVOG PROSTORA 


Ovde se posmatraju звес заа Finslerovi prostori u 


e postoje vektorska polja Ba (х) i Ny, (x) za koje važi 

Зав (xk) B a(x) Ny (x) = 0. Dato je эс alternisanog Ten 
piss nekog vektorskog polja kao i tenzora krivine u pravcu De 
№. 
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ABSTRACT 


The paper presents algorithms for solving some com- 
putational geometry problems on a shared memory parallel com- 
puter, where concurrent reads are allowed but no two proces- 
sors can simultaneously attempt to write in the same memory 
location. We present new 0(1o0g2(n)) time with O(n log(n)) 
processors algorithm for construction of the Voronoi diagrams 
and show that the algorithm given in [1] for solving the sa- 
me problem does not work correctly. Also, we make the convex 
hull algorithm described in [1] more efficient by omitting 
their last step which is superfluous due to a too weak lemma 


they have given. 


1. INTRODUCTION 


Since they involve asking basic questions about sets 
of points, lines, polygons, etc, geometric problems arise of- 
ten in many applications [9]. We are interested in finding pa- 
rallel algorithms solving some of these problems which are ef- 
ficient both in terms of their running time and in the number 
ОЁ processors used. In this paper we shall consider two basic 
Seometric notions: the Voronoi diagram and the convex hull of 
З Set of n points. 
AMS Mathematical Subject Classification (1980):Primary 68005, 
Secondary 68Q10. 


computatt onal ge- 


К 4 
°y Words and phrases:Parallel computation, 
metry, 


Voronoi diagram, convex hull. 
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"hroughout this paper, the computational model 


БЕ] 


is the shared memory in which concurrent reads are alloweg 
but no two processors should attempt to simultaneously wae 
in the same memory location. We shall henceforth refer to 
this model as the CREW PRAM (concurrent read exclusive Write 
parallel RAM). 

In [9] it is pointed out that the Voronoi diagram 
can be used as a powerful tool to give efficient algorithms 
for a wide variety of other geometric problems. For example, 
from the Voronoi diagram we can easily obtain the closest 
neighbour of each site (point), or the Delaney triangulation, 
or the Euclidean minimum spanning tree of the n sites, or the 
minimal distance between two convex sets, or the largest point 
free circle with center inside their convex hull, et cetera. 

Geometric algorithms for the CREW PRAM model of con- 
putation have been studied in literature. We shall mention 
two optimal parallel algorithms for computing the planar con- 
vex hull [1,3] and 3-dimensional convex hull [4,1] , an effi- 
cient algorithm for selecting the closest pair of points [3] 
and an algorithm for computing the minimal circumscribing 
triangle to a convex n-gon [1] . 


2. PARALLEL COMPUTATION OF VORONOI DIAGRAMS 


In [1] a O(1og?(n)) time with O(n) processors algo- 
rithm to compute the planar Voronoi diagram of a set of п points 
is presented. We shw that the algorithm does not work correc- 
tly because the main problem in the merge step of the SEET 
tion is not solved (or even mentioned) and give а correct al- 
gori thm. 


: the 
Iet S be a set of n points. Given any р in So ane 
| in 
(open) Voronoi cell V(p,S) consists of all the points me 
; Sd w 
plane closer to p than to any other point in S; it 25 ae 


-known that this is a planar graph with O(n) straight- 


conve* 
edges, O(n) vertices, and the n cells are pounded by 


A de- 
` x is 
polygons. In nondegenerate cases each Voronoi verte |с the 
a е 1 
fined by three points from S, and each Voronot i. 2 Se 
thoa : 


Hsector of two points from S. First sequential те 
computing Vor (S EES патен Suku i Collection, Haridwa 


TA 


T" 
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Suppose that S is partitioned into P U 0) (i.e, there за 
д yertical line L which has all of P to its left and all of : 
to its right). This can be accomplished by sorting the points 
in o (10g (n)) time and O(n) processors [2,6 ] Recursively find 
Vor(P) and Vor(Q). The merging of Vor(P) and Vor(Q) is defined by 
py à polygonal path t, called the contour, separating P from Q. 
The contour t cuts the plane into a left portion t(l) and a 
right portion t(r). Then the Voronoi diagram Vor(S) is the uni- 
on of Vor(P) Nt(1) and Vor(Q)n t(r). 

The main task of a parcilel algorithm is to identify tho- 


se edges (and hence, those cells) of Vor(P) and Vor(Q) which in- 
tersect the contour. As claimed іп [ 1 ], ап edge in Vor(P) inter- 
sects the contour if.and only if one end is closer to P and the 
other end is closer to Q, so to identify such edges it is enough 
to lócate their endpoints in the appropriate cells of Vor(Q) and 
compare distances [ 1 ]. 

The main problem in the algorithms given 1п [1] is that 
they assume that all the vertices of Vor(P) lying inside H(P) 
(the convex hull of Р) are certainly vertices of Vor(P U О) (si- 
milarly for vertices of Vor(Q)). Following the assumption, they 
locate only the vertices of Vor(P) lying outside H(P) into sec- 
tors (see definition in[1]) of в2-н (Q) (the complement of 
H(Q)) and into the correct Voronoi cell for Q if the cell is not 
completely inside H(Q). This enables them to use the binary tree 
Structure of Vor(P)-H(P) to give simpler constructions for loca- 


ting points. Let us consider the counterexample on Fig. 1. 


2 


Digitized by Arya Samaj Foundation Chennai and eGangotri ge, Ap 


| 


166 U Stojmenovid and M. Kula& 


The vertex A of Vor(P) lies inside H(P), put TM 
15 Not 
a 


vertex of Vor(P U O) while vertex В of Vor(Q) lies insig 
ide H 


but still remains as a vertex of Vor(P U О). (0) 


Thus, it is necessary to determine for each Vertex of 
Vor(P) the appropriate cell in Vor(Q) and Similarly for each 
vertex of Vor(Q) the appropriate cell in Vor(P) in Order to 
determine the edges of contour t and the endpoints of the ed- 
ges. 

In order to locate a point into Voronoi cells Of P or 
Q we shall use the chain method described by Lee and Prepara- 
ta in [5,9] for planar straight-line graphs. First we shall 
describe a data structure to support the planar location of a 
point into appropriate Voronoi cell of Vor(S). 

We can organize all the contours that appear in the 
divide-and-conquer solution as nodes of a balanced binary tree 
(Fig. 2). Each contour is a single monotone chain (cf. [10,9]. 
Here a monotone chain is a chain of edges such that any hori- 
zontal line intersects it in exactly one point. Also, in the 
process contours will define a monotone complete set of cha- 
ins (i.e. the set of chains so that for any two chains c(1) 
and c(2) the vertices of c(1) that are not on c(2) are on the 
same side of c(2)). We shall label each contour by the number 


Fig. 2- 
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| of points from S that lie to their left. So, each Voronoi cell 
is situated between two neighbouring contours, In the divide- 
-and-conquer process, each edge of a new contour is assigned 
to the contour. However, each new contour can intersect some 
of the previous ones. In this case all the intersected con- 
tours are modified by discarding their edges that are elimi- 
nated from the Voronoi diagram and including corresponding 
part of the new contour instead. Thus not all the edges that 
belong to a contour are necessarily assigned to the contour 
| because each edge of the Voronoi diagram is assigned exactly 
ones at the time when it appears in a contour by a merge. 
Afterwords the edge can only be intersected or discarded but 
it cannot be assigned to another contour. If an edge e belongs 
to more than one Voronoi chain (i.e. contour) it belongs to 


all the members of a set (an interval) of consecutive chains. 


Each edge e stores the endpoints of the corresponding inter- 
val [C1(e),C2(e) ] of Voronoi chains. Then there is a unique 
member C(e) of the interval [C1(e),C2(e)] which, in the search 
tree, is a common ascendant of all the other members of the 
interval (i.e. hierarchically the highest chain to which e 

| belongs). Let C^be any such other member; then the discri- 

| mination (deciding on which side of С’ the query point P lies) 

| Of a point P against C' is preceded - in the binary search 

| Scheme - by the discrimination of P against C(e). The compu- 

| ting of the common predecessor for the interval of chains in 

| а standard hierarchy is described in [5,7] - 

We have preprocessed our subdivision as in [5,7,8,9] . 

Note that the discrimination of a point against a chain C is 
effected in time O(log(n)) since each chain is the header of 
an adjacency list which contains the edges assigned to C. 
There are at most log(n) such discriminations since chains are 
Organized in a balanced binary tree. So, the entire point 

| location can be achieved in 0 (log? (n)) time (see [5,7,8,9] for 
details). Apparently the technigue can be used for the loca- 

| Hon of O(n) points stored one point per processor in the same 

| Planar subdivision in O(log?(n)) time in parallel [7]. 
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Now, we can describe the merge step of our algorith 

m, 
bisectorg of 
tangent-lines of H(P) and H(Q) ([4,1,3]). We assign à proce 


Infinite rays of the contour can be computed as 


ssor to each edge of Vor(P) and Vor(Q). Let e-AB be an eae 
of Vor(P). Using the above technique we can locate a and B in- 
to Voronoi cells Vor(Al,Q) and Vor(B1,Q) of Vor(Q), respect]. 
vely. Infinite rays can just compare their slopes with the 
slopes of infinite rays of contour. Then A and B compute their 
distances to the points Al and Bl which are respectively their 
nearest points in P. In [1] it is claimed that there are three 
possible cases: 

(1) both A and B are closer to P than to O. Then AB re- 
mains a Voronoi edge [1]; 

(2) both A and B are closer to Q than to P. Then AB can 
be discarded from the Voronoi diagram [1] ; 

(3) A is closer to P than to Q, but B is closer to Q 
than to P (the remaining case is discussed in a similar way). 
Then AB intersect the contour of the Voronoi diagram. The 
point B is discarded from Vor(S). Suppose AB is a bisector 
of points Pl and P2 in P. Then a new Voronoi vertex R is 
obtained as described below. 

The set of all the new vertices R found in (3) can be 
sorted by their y-coordinates [2,6] and every edge defined 
by two neighbouring vertices in the sorted order is a Voro- 
noi edge. The points that an edge UV is bisector of are det- 
ermined by the common points associated with both U and V. 
For each new edge the endpoints of corresponding interval of 
chains it belongs to are just labels (ranks) of points en 
edge is bisector of. All the contours and edges of vor (0) 
that are included in Vor(S) increase their labels ру ЇР! 
(the number of points from Р). 

The algorithm is complete and works in О(109 
time with O(n log(n)) processors. 


3 (n)) 


Vor(P) or Vor(Q) be the edges for which one е = 
Р and the other end is closer to О. A subtechnique 


puting new Voronoi vertices, i.e. the p 
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Let P/ and Q' denote the sets of marked points in P and 
Q respectively, i.e. the points in P and Q whose cells in 
vor (Q) intersect the contour (the boundaries of these cells 
contain at least one marked edge). In [1] it is supposed that 
the marked points are sorted according to the order in which 
their cells intersect the contour. However, computing such an 
order is not a trivial problem, since this order is not nece- 
ssarily the same as the order obtained by sorting according to | 
the y-coordinates of points. Moreover, some points can appear 
twice in the sorted list of cells which intersect the contour. 
In the example in Fig. 1 corresponding orders are P’=(4,1,3,5), 
0’=(9,7,6,9). Each marked edge determines a pair of neighbou- 
ring marked points in the sorted list P' (or Q'). 

We give the correct technique for ordering the marked 
points into a sorted list P^. A neighbouring pair of marked 
points is determined ky a marked edge. Choose the endpoints 
of a neighbouring pair (of marked points) as the first and the 
last point in P^(and discard the pair from considerations in 
steps below). We have to compute the rank of each point in P. 

Let the distance ketween two points in P^ be the difference 
between their ranks in P^. For simplicity, we shall assume 
n=2X although the method can ke easily modified to run for 
arbitrary n. In log(n) steps we proceed as follows: 

For i=l to i=log(n)-1 we can compute all the pairs of mar- 
Кей points that are at distance 2" from each other. One such 
pair EF is determined by a point б such that б is at distance 
2305 from both Е and Е. 

Then, for i=log(n)-1 down to i 


m2" (le icm 2), т оаа) are found since for pach of these po 
from the 


=] the points with ranks 
ints 


the ranks of two points which are at distance 22 
Point are already computed. 

For example let n-8 we are given circuit edges EF, CD, GH, 
DE, IJ, FG, HI where the ranks of C and Jare 1 and 8 respecti- 
Vely. For i-1 we generate CE, EG, СТ, DF, FH, EJ and for i-2 we 


ЧЕ сс, ET, DH, Fg. Then, for 1-2 с азго ns rank 4. 


c- 
For i=1 we compute the ranks of D, E; H, I to ke 2,3,6, 7, xespe 


tive lv 
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Our method requires О (log (п) 


) steps ando (n*1og 
on a CREW PRAM. 


(n 

)) Space 
We present a correct method for finding new Vo 

ces. Choose the marked edge e determined by two medi 


- : an Points 
and B from P^. Let U and V be the endpoints of е suc a 


| 
Tonoi Verti. | 
| 
| 
h that U is | 


closer to P than to Q. By assigning one Processor to each 
Point 


T° from O" it is possible to determine in constant time for | 
each | 

1 

| 


T^, the intersection T between е and the bisector Of AT’, ang 

‚ an 
is chosen go that | 
(we shall consider 
only the intersection points that lie between U and V). 


the distance of T to U. Then a point R^ from O" 
the considered distance RU is the smallest 
Risa 
new Voronoi vertex. It is easy to see that marked edges from the 
sorted list P'above (respectively, below) 


е can only interact vith 


points above (below) R^ in the sorted list Q^. This partitioning 
is iterated log(n) times, after vhich all the contour edges can 


be computed. 


3. PARALLEL CONVEX HULL IN THE PLANE | 


In [1] and [3] two similar convex hull algorithms which 
run іп О (log(n)) time on a CREW PRAM with О (n) processors аге 
described. We shall follow the algorithm in [1] and show that 
their last step is superfluous because they gave too weak a 
lemma. 

Their algorithm divides the sorted list of n points from 
the given set S into ам 2 sets of nV2 points, recursively 


5 
the upper convex chain of each set computes, and then merge | 
all these chains together їп О (log(n)) time (similarly for ining | 

х ssi | 
the lower convex hull chains). The merge step begins by 2 | 


; inding 
a processor for each pair of в 0/2 uppet chains and f ER | 
the “upper tangent line segments" of them. Consider oa A SS | 
ges 
С whose vertices are the points of S and whose 0 (n) eag 


d upper 

dinate ? 
dinate 
can 


either in the upper chains or among the just-compute e 
-соо 
tangent segments. After sorting the edges by the * 6. 
я х- 
their first components, all the edges with the same 


е 
imilarlY " 
in the first component form a contiguous block. 51 г component 


; соп 
sort all the edges by the x-coordinate of their 58 e s, if Be) 
int V 
(this step is not mentioned in[1]. For each pot? ze) БО 


А rocesso 
denotes the edges incident to v, assign lE (у) Р 


and in 9 (log (п)90 ФАЧ етт e ett Geer biz 


m 


ning | 


of 
ate 
can 
ont 
(v) 


| 
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б ooo cT T rU nd 


edges. Notice that if v is a vertex on the Upper chain of H(S) 
. (8), 


put not one of the two extremal vertices, then among the ed 
ong tne edges 


adjacent to v there are two cyclically adjacent edges which 


| form 
a reflex angle with the interior pointing Upward. Delete all th 
2 - ete е 
vertices (except the extremal vertices) which do not have two 
vn 
such incident edges, delete all but these two edges from those 


which do, and delete all the edges from the leftmost (respecti- 


vely rightmost) extremal vertex except that with maximal (respecti 


vely minimal) slope. Denoting the trimmed graph by G; 
following lemma is stated. 


in [1] the 


LEMMA. Graph G consists of one or more vertex chains of 
edges. One of these chains connects the extremal vertices, and 
this is the upper chain for H(S). 

However, this assertion is too weak. We can prove a stronger 
result: 

LEMMA. Graph G^is exactly the upper convex chain of S. 

PROOF. It is obvious that all the vertices of G^ are vertices 
of the upper convex chain of S and for each vertex of С^ there 
are exactly two edges from G^ incident' to the vertex (except the 
rightmost and leftmost vertices which are incident to onlv one 
edge). Therefore, no edge can be discarded from G’in order to 
obtain the upper convex hull. 


Thus, the last step described in [1] is superfluous. 
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REZIME 
PARALELNO IZRAČUNAVANJE DIJAGRAMA VORONOJA 


Rad prikazuje geometrijske algoritme za model paralelnog 
kampjutera u kome je dozvoljeno čitanje iz iste lokacije, ali 
ne i upis u isti registar. Prikazan je novi algoritam za para- 
lelnu konstrukciju Voronoi dijagrama i pokazano da je raniji 
algoritam dat и [1] netačan. Takodje, algoritam za izračunavanje 
konveksnog omotača dat u [1] je napravljen efikasnijim izbaci- 
vanjem jednog suvišnog koraka. 
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| РЕЗЮМЕ 


В работе определяются и исследуются к-<2>-полусети; 
к EN \ (1,2). к-<2>-полусети являются одним из обобщений K- 
-полусетей, введеных автором в [1] как одно обобщение к-сетей 
[2 - 3]. В работе построени и примери конечных к-<2> -полусетей 
являющиеся аналогами аффинных пространств Спернера. 


е Определение 1. Пусть € непустое множество, элементы 

| которого назовем мочки и пусть £ непустое множество неноторых 

| непустых подмножеств множества Ç, элементы которого назовем nu- 
нии. Пусть, далее, множества Lj,...,L,, К € М \ {1,2}, разбива- 
KT множество С. Объект (e, (ir... nasos вм носа EE 


тогда и только тогда, когда выполняются следующие условия: 


М (ve e tegt e дев А О 


= |2n2^|«2)?; и 
ат ees 


1) ольше, чем B 
Две линии различных нлассов пересенаются He 6 2 


Двух точнах. 
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M2 3! 4 Е ШАЛ Cal 
(vA € TI b 1 Є АЕ M К: 
лет. i 
ns т 
k | y 
Объект (€,£), где Es М Ly» Назовем носителем К-<2 > -полусе- 
ти (CG stall, 
Если в определении 1 вместо M1 берется 
MRE ENEE DU eL ar el nie > am 
> e meal <1); | 
| 
TO (€, (L1,...,L()) станет н-полусетью [1]. Отсюда получаем, | 
что имеет место следующее утверждение: | 
| 
Утверждение 1. Если объент (6, (L1, ..., LI) являет- MC ^ 
ся к-полусетью (н-сетью 2)), то (T,{Lı,...,L,}) является н-<2>- Hy 
-полусетью, | | 
à 
Sa OO a N 
— о | 
— o o o ‘o 
| 
Int 
| 
Рис. 1, Рис. 12 FOR 
| 
i ; 
| 
Рис. 14 Praga" de 


E ой 
1) Наждая точна из © находится в одной и только а еа 
линии наждого нласса L., i € (1,...,H)- E обобщени 
2) н-полусети, описанные автором в [1], являются OAH 


ем н-сетей [2 - 3], 
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На рис. 1; - 1, изображена 3-«2»-nonycerg 1) удовле- 
io: ществуют лин L 2 : : 
творяющая условию сущ y инин A € Lj, 2° € Ly ix 
такие что |2 n g-| = 2. Таним образом, имеет место следующее 
утверждение: 
Утверждение 2. Существуют н-<2>-полусети, не явля- 
ющиеся н-полусетями. 
Если в определении 1 вместо нЕ N N(1,2) берется 
KENN {1,...,п}, п Є NN (1), а вместо Mi берется 
М1" (У: EL) ... (v2 € ПЕ, A... AR € Li, ^ 
^ С 280] апо dia fm sss fn я | = 1; 


TO ($7 (51, ago „ВА станет <н, п>-сетью2), Для п = 2 речь идет o 
к-сетях. B <н, п> -сетях имеет место: если Da € Li Л 558 L; A 
дао Gp we № A Ball = 1052418 Отсюда получаем: еслип 2 3 и 
|0] = Um > 2, TO <н,п>-сеть не является н-<2>-полусетью, 


Притом,в «H,n»-cernx?) справедливо: 


М1 (vài ЕЁ)... (VR, € СЕ ЕС МО ELL? 


= [5 se ner, © 17 


1 -полусетях. 
Очевидно, что условие M1 справедливо и в н пр у 
я М1, TO 
В самом деле, если в определении 1 вместо M1 беретс ssa 
сетеи 


у 2 ейз) 
получается обобщение: н-полусетей, <H, п> -полусет , 


) 
Тайлора из [13], сетей Xasena из [14 - ПЕЛ 


5) e 
На рис. 2, - 2, изображена 3-<2>-полусеть (t, {Li 


существуют линии #1 € Li, 


L2,L3)) удовлетворяющая условию: E 


L 
fo Ela M $4 € Ly Tanne, что имеет место [21 N 22 f з 


Отсюда получаем, что справедливо: 
Я ображены 
с 1 14 из 
1) Ha рис. 11 изображен носитель, а на ри 2 


NOCET а <p, п>-сети 


2 >-сети [=] [5], Si = 

› <4,3>-сети введены в [4], €n*1,n?-8 Интер H B работах: [5,8-11. 
в [7]. <н,п>-сети рассматриваны, напр ну в [12] нан обобцение 

D и <н, п> -полусетях. <н,п>-ПОЛубёти Ben 

- к-полусетей и «H,n» -сетей . В. Хавелом в 


рассматриваемых 


Ped сетей AUR. 
b идет о частном случае Me ee смвтривается ч 


[16]. Неноторым образом" условие 


er диче в [17 - 18]. Е 2. изобранены 


P. Га- 


На z итель 
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Утверждение 3. Существуют н-<2>-полусети us р. 
Удовль. 


творяющие условию Mi. 


8590 


Рис. 24 Puc. 22 Pies Za Puc. 24 


Следующее утверждение является следствием ансиомы 
M2: 


Утверждение 4. Пусть (T,{li,...,L,}) H-€«2» -полусеть, 
Тогда имеет место: 


(We € £)(v&^e 2) (2 EL, ^ 2^ € EO s M 
-i2n2^| = O)1). 
H-«2»-nonycerH изображены, в том же порядке, Ha PHO 


1; - 1, и рис. 2, - 2, удовлетворяют следующему условию: | 


Й О ОЛСО УУ єсє, A Ae tan in An 
> (2 i) eel DE 
Ha рис. 3, - 33 изображены нлассы 3-<2>-полусети "° 
удовлетворяющей условию МЗ. ee 
Учитывая М1 и М2, находим, что имвет место следую 
утверждение: j 


}) 


H 


MODE 


L1; 
Утверждение 5. Если B н-<2>-полусети (Cy L 
x L Ga 


ы 
существуют нлассы ЕИЗ + j, такие, что для я | 
сс и ыыы M ы а о Чи accy He ER | 
1 ) и тому We НЛ | 
) Различные линии принадлежащие одному | 
ресенаются. 
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^| < 
Wee Lj meer место |t n 47] < 1, mernokok 


| имеет место М1. 


| Pioo Ski Puc. 32 Puc. 33 


Обратное не имеет место. Именно, в 4-<2>-полусети 
изображеной на рис. 2, - 2s выполняются следующие условия: 
а) М; и 
б) пересечение каждых двух NAH- 
нии принадлежащих различным нлас- 
сам является двухэлементным MHO- 
HECTBOM. 
Пусть (T, {L1s...> L7) нонеч- 
ная к-<2>-полусеть; |T| € М. Пусть, 


далее, имеет место 


(ve-€ с) [8 | = тем {1,2}. 


Тогда, ввиду М2 (и утверждения 4), 
Пиво es имеет место: |1; |*т = ШАБ = || 
для любых i,j € {1,...,H}. Отсюда 


Получаем, что справедливо: 
4 н-<2>-полусети 
Утверждение 6. Если a конечной P 


— | сш к е имеет место 
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зананд 


MA ЕУ € EH = OSI 
тогда в (Ta {Lisee LU) имеет место: 
М5 (vi € {1,...,н})(У} € {1,...,н})] | % 
1 ||. 


Обратное не имеет место. Именно, B 3 -<2> -полусети 
изображеной на рис. 1, - 1, имеет место M5 и не им вет место 
М4. 

Числа max(|2||& € £} и мах Ia € ЛАЛ 
TOM же порядке, позволим себе назвать Т-порядон и |-порядоң 


н-<2>-полусети ($, { ЕВ m, 


Теорема 7. Пусть т = Т-порядон ид = L-nopanok HKO- 
нечной н-<2>-полусети. Тогда имеет место: 


m/2, м = 2s 
{ GHA Cie 


(m+1)/2, m = 25-1 


Доказательство. Пусть ССС Е) конечная к-<2>- 
-полусеть. Пусть, далее, & € С takaa, что Т-порядок = |4| = m, 
а нласс L; такой, что | -порядок = IL, | = а. Притом, пусть нласо 
L; таной, что д € Ly Отсюда получаем, что 


(а) Dk It; | (= L-nopanok). 
Справедливо: 


o и TObHO 
(б) наждая точна A € 5 находится в одной 


в одной линии класса L; (M2); u 


(u) |? n £^| < 2 для наждой £^ € К, (М1). 


Учитывая (б) и (ц), Mn eer Nori с зы 
NUM IE uu m sol 


-noprgoH a 
1) Таним He образом в [1] определени Т-порядон H E 
полусетей. 
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ЖО > Ls 52 . 
(д) ] {27 | Lip ^s = если m s2g1) 
7 
| ^ 2 ^ * 
| (е) (lu ЕЁ; ^ 2^ n $ € ail ПОТ если 
m a e Am 


Учитывая (а), (д) и (е), ввиду отношения РЕ 


> | {27| 27 EL, ^ 2^ n 2 + ф}|3), находим, что теорема доназа- 


J 
на. 
| 
| 
| L В 
— кылы ы у > 
} D 
| 
Puc. 44 Puc. 45 


В 4-<2>-полусети изображеной на рис. 2, - 2s имеет 
= место: q = m/2 = 4/2 = 2. В. 3-<2>-полусети изображеной на рис. 
11 - 1, имеет место: а = (m+1)/2 = (5+1)/2 = 3. В 3-<2>-полу- 


с | сети изображеной на рис. 3, - 33 имеет место; g = 5 > m/2 = 
22:2". 
Теорема 8. Пусть (£,(Li,..., L3) н-<2>-полусеть, а 


I бинарное отношение в £ = {у ш Е р ЕС ЕЕ следу - 
Ющим образом: 


(е) рта 42° реа ee LA 


Тогда в объенте (T,£L,|) имеет место: 


В самом деле: а > m. 


1 
` 
| 
1 
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| 


Me 


AN (VA E C)(Y2 E EJUR + 2° рап tte 25; 


A2 нандая точна А € С находится B н (є N \ {1 2}) 
, H 
только в н (EN N {1,2}) попарно различных Siren 
eH- 


тов множества f; 


АЗ || является РСТ отношением B £; и 
Е ОЛКЕ С) (3095 € £)(2 E 7) 


Доказательство. Al является следствием ансиомы М1 
и утверждения 4. A2 является следствием ансиомы М2, АЗ явля- 
ется следствием определения (е) и фанта, что {L,,. о ал 
ется разбиением множества б. А4 является следствием а 


М2 и определения (е). | 


Теорема 9. Пусть € непустое множество, элементы KO- | 
торого назовем точнами и пусть £ непустое множество неноторых 
непустых подмножеств множества С, элементы которого назовем 
линии. Пусть, далее, | бинарное отношение в £. Тогда, если в 
объенте (T,£, l) выполняются условия АЛ - А4 (из теоремы 8), 
тогда объент Се, {Lli € I}), где {L, li € I} Ago £/N, является 
ң-<2>-полусетью. 


Доказательство. 
1) Ввиду АЗ, пусть {L,|i € I} AS? cyl, Отсюда; 


тывая A4 и A2, находим, что имеет место: 


учи- 


iJ КО e BU GL, A еле 


^ $^ + [2 n 27] 0); M 
ОТОО G Е Ry He NN (1.2%. 


u 


; € IJ 
2) Учитывая А1 и 1,), находим, что B (c, CL, li 


имеет место М1. 
3) Учитывая 12), A2 и А4, находим, 


veer Lit ) имеет место M2. 


wg O олоро. 


Теорема доңазана. 


—_—_ 


1) Ансиома евклидовой“ параллельности. 
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со 


Пусть € HenycTOe множество и пусть Henyeroe MHO- 
| нество £ множество некоторых непустых подмножеств множества 


| с. Множество £ называется разбиением Хартманиса типа n, n € 
D = D 
Е N, множества T1?) тогда и только тогда, Horga выполняются 


следующие у слов HA: 


| H1 (WA, € T) ... (VA, € {А} | =n = 
= (312 € SICA, Е Хм Л A € 1); и 


p (у а] = м 172119. 


| 
| 
| Объект (Е, С) позволим себе назвать пН-геометрией. 
| 
Притом, элементы множества T назовем точнами, а элементы MHO- 


| жества £ линиями. 3) 

| Пусть (T,£) пН-геометрия. Тогда имеет место: 
| 
| 


HI" (v2 € £)(V2à^ € £)($ + 2^ » |g n £^| < n-1); и 


IHE = (WA Е ©) (3% € £)A ER. 


Притом, существуют объенты (T,L) удовлетворяющие условиям H17, 
H1^^, H2 и не удовлетворяющие условию Hi. Объект (U,£) называ- 
| ется РпН-геометрия тогда и тольно тогда, ногда выполняются 
| условия H1^, H1^^ и H2 [25]®. 
Носители н-<2>-полусетей изображеных на рис. 1-3 
являются РпН-геометриями и He являющиеся пН-геометриями. На 


рис. 51 - 5, изображена 3-<2>-полусеть имеющая носитель удо- 
(п = 3) и He удовлетворяющий 
И 


22 


влетворяющий условиям H1~ и H1 
условию H2. Объент (©, С) удовлетворяющий условиям Hi 
n€N \ {1}, позволим себе назвать 0171) --еометрией. 

Носитель 7-<2>-полусети изображеной на рис. 21 


является ЗН-геометрией. Притом, имеет MeCTO: 


- Ze 


1) 


as Короче: пН-разбиением множества C. 


ЕЕ -арное 
Намдому пн-раэбиению множества © соотвествует Xu 1221 
отношение энвивалентности на множестве С, и Е 2H- 
Нандой Ар-нвазигруппе (нандому АЕ ГОА Se ппе соотве- 
| геометрия [23,24]. Подобно, каждой At-3-HB89M PY 

| 

$ 

1 


3) 


ствует 3H-reometpun [26]. E 
S деу частичному А+ -группоиде соответствует Р 
251. 


e CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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Puc. 53 Puc. 54 


Puc, 26 Puc. 27 Puc. 2e 


H3 (ve € g)tv&^ e e)|2| = 1271”: 


n 
v являет 
1) В самом деле, носитель этой 7 -<2> -полусети 


“схемой [28]; (v2 € 6) [5] = 4, || = 8. 
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Теорема 10. Если в нонечной н-<2> -полусети 
| (Gaby epee eee |T| = t, имеет место 
H3 (УХЕ Cla sm ENN 209 
то 
н < LEE EE 
Притом, имеет место: 
H1 e (&-1)(&-20/2% er 
Доказательство. Пусть А произвольная точна из ©. B 
1, || = t, существует (t-1)(t-2)/2 подмножеств {B,C} таних, 


| что j{A,B,C}| = 3. Ввиду A1, находим, что имеет место: суще- 
ствует одна и тольно одна линия & Є £ таная, что {A,B,C} є 7. 
Притом, существует m - 3 точен D € € таних, что DE ио # 
Ё {A,B,C}; НЗ. Takum обоазом, через произвольную точну A Є € 


= 1 
GE ) линий, Ё SESCH gene 


проходит He больше чем (t-1)(t-2)/2 
если через наждую точну А проходит (t- rt: 2)/2+(P? 2 1) линий, 

TO B (Ts {Lisse es L J) справедливо H1, и пбратно. Нанонец, учи- 
тывая M2, находим, что B к-<2>-полусетях удовлетворяющих jC- 


= m-1 
ловию НЗ имеет место отношение: н < (t-1)(t-2)/2*C 5 ). 


Примечание 1. Ввиду теоремы 8 и теоремы 9 имеет 
Смысл объент (T,£,1), e условиям AT - A4, счи- 
Тать н-<2>-полусетью; = |£/1|. Учитывая теорему 10, находим, 
Что нонечные H-<2>- -полусети удовлетворяющие условиям HT и H3 


MOMHO описать следующими условиями: 


одит 
SA1 через наждую тройну попарно различных точен проход 


одна и тольно одна линия”; 


SA2 = me NN dee 


| NGC = EEE, 
— 
DA Be Для n = 3. 
DE 


` СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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SA3 отношение | является PCT отношением на МНожестве 
£7); и 
SA4 — (VR € £)(VA € ©) (3127 € DI 1 2^ A A € ga, | 
| 
Отметим: если в системе SA1 - SA4 вместо SAT берется 
SAT через наждую двойну различных точен проходит одна , 


только одна линия; | 


| то (C,£,l) станет аффинным пространством Спернера [19], | 
Притом, если а = m, rae д = |L,|, i € {1,...,н}, то (TEI) 
является аффинной плосностью. 

На рис. 6, - 625 изображена 28-<2>-полусеть удовлет- 
воряющая условиями HI и НЗ; |t| = 9, m = д = 3. На puc. 7: - | 
735 изображена 35-<2>-полусеть удовлетворяющая условиями HÍ и 
H3; |<] = 16, М = = 4, Ее носитель построен на основании 
теоремы 2 и утверждения B H3,.B TOM же порядке, работ [27] и 
[26]. Отметим: если вместо классов изображеных на PHC. 73 - 
Ze берется классы тех Me линий изобрамченых на рис. 8; - 86, TO 
получаем новую 35-<2>-полусеть. Притом, © в отношении на мно” 
жество нлассов изображеных на рис. 71 - 7s является 5-сетью 


порядна 4, т.е. аффинной плоскостью порядна 4. 


Примечание 2. Условие 


(ve & teg G BM ЕЕ ЕЕ Sio eai 
= |2 n £^| € п-1)3) 


- 2 в yonoBM" 


для п = 3 превращается в условие под M1, а для n 
под HI", 


1 

2) A4. | 
! 

| 
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ee ть 


| 

| ^ 

| Рис. 64 Puc. 62 

| NS 
Puc. 63 А Рис. By 

| 

| = С 
Рис. б» Рис. Be 


РЕС G Рис. бв 


= 
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— ЗЕЕ 


PESMME 


к-<2>-ПОЛУРЕШЕТКЕ 


U radu se uvode i razmatraju k~-<2>-polureSetke kao 
jedno uopštenje k-polureSetaka [1], odnosno k-rešetaka [2 - 3], ° 
Izmedju ostalog, и radu se opisuje i nekoliko k~<2>-poluregeta- 


ka sa najvećim mogućim k € N N (1,2) pri datim uslovima. 
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